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Abstract: In this paper, we deal with Molaei’s generalized groups. This paper is based on a
new algebraic structure called generalized groups and application on intuitionistic fuzzy group.
We defined a new structure called generalized intuitionistic fuzzy groups. In this paper, we ap-
plied an intuitionistic fuzzy property on a generalized groups.We researched a generalized in-
tuitionistic fuzzy group is a intuitionistic fuzzy group under which conditions.We defined some
proposition about relations between identical element and elemnts in G, means that a set which
element have same identical element also it was defined by M.R Molaei in membership function
and a-level set.
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1 Introduction

The concept of fuzzy sets was introduced by Zadeh [9] as an extension of crisp sets by expanding
the truth value set to the real unit interval [0, 1]. Let X be a set. The function p : X — [0,1] is
called a fuzzy set over X (F'S(X)). For x € X, p(z) is the membership degree of = and the non-
membership degree is 1 — (). Intuitionistic fuzzy sets have been introduced by Atanassov [3],
as an extension of fuzzy sets. If X is a universal then a intuitionistic fuzzy set A, the membership
and non-membership degree for each x € X, respectively, pa(z) (ua : X — [0,1]) and va(x)
(va:X — [0,1]) such that 0 < pa(x) + va(z) < 1. The class of intuitionistic fuzzy sets on X is
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denoted by 1 F'S(X). While the sum of membership degree and non-membership degree is 1 for
fuzzy sets, this sum is less than 1 for intuitionistic fuzzy sets.

2 On Molaei’s generalized groups

Definition 1 ([6]). Let G be a non-empty set. For an operation on G, if the following properties
are satisfied then G is called generalized group.

D) Vo,y,z € G,z(yz) = (xy)z
i) Vo, e(x) € G, ze(x) =e(z)r =2
iil) Vo, 3 I1(X) € G, zl(z) = I(z)x = e(x)
The elements e(z) and /(z) are called neutral element and inverse of x respectively.
Example 1 ([6]). R x (R — {0}) with operation (a,b)(c,d) = (bc, bd).
In fact e(a,b) = (%,1), I(a,b) = (%, 1),where (a,b) € R x (R — {0})
Solution 1.

i) Y(a,b), (¢,d) and (e, f) € R x (R — {0}),

(a,b)((c,d)(e, f)) = (a,b)(de, df ) = (bde, bdf) (*)
((a,b)(c,d))(e, f) = (be,bd)(e, f) = (bde,bdf)  (xx)
From (x) and (xx*) we have, (a,b)((c,d)(e, f)) = ((a,b)(c,d))(e, f)

ii) VY(a,b) € R x (R—{0}), (a,b)e(a,b) = (a,b) and let e(a, b) = (a*, b*) then,
(a,b)(a*,b*) = (a,b) = (ba*,bb*) = (a,b) = ba* = a and

bb*=b = a* = Jandb* =1
Now we assume that e(a, b) = (%,1),

(a’ b)e(av b) = (CL, b)(%v 1) = (b%’ bl) = (av b) (*)
e(a,b)(a,b) = (¢,1)(a,b) = (a,b) (%)
From () and (*), we get e(a,b) = (%,1)

i) V(a,b) € R x (R — {0}),

(a,0)I(a,b) = e(a,b) , from (i) we know that e(a, b) = (£, 1) and
let]( b):( ,b)then
<a=b><aibl>=<% ) = — (b0 W) = (31) — ba’ = fand
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@@ = (@85 7)=05b) = (11) = c(a,b)
= (a,b)I(a,b) = e(a,b) (1)

b)) = (5 @b)=(a ) =(11)=clab)
= I(a,b)(a,b) = e(a,b) (2)

From (1) and (2), we get I(a,b) = (4, %)
(R x (R —{0}),.) satisfies (i), (ii) and (iii) so it is a generalized group.

Proposition 1. [6] If G is a generalized group and x € G then

D) e(e(z)) = efx)

ii) e(I(x)) = e(a) = I(e(z)
iii) () is unique

i) I(I(z)) =z

Proof. Letx € GG be given. Then

I
5
2
=
I
5
*

i) we(e(r)) = (ve(r))e(e(r)) = z(e(x)e(e(x))
ee(x))z = e(e(r))(ze(r)) = e(e(x))(e(z)x

)
From (%) and (xx) we have, ze(e(z)) = e(e(x
The uniqueness of e(x) implies that e(e(x)

z(e(z)e(I(x))) = w(zl(x)e(l(2))) = x(zl(x)) = ze(r) =z (*x)
From (x) and (*x), we have that e(z) = e(x)e(I(x)).
Similarly e(z) = e(I(z))e(z) so e(x) = e(e(z)) = e(I(z))

iii) Let z*and z** be inverse elements of . Then z* = e(x*)z* = e(z)z* = (2™x)z* =
l.**(xx*) — ZC**G(IE) — 33**6(1'**) — ZE** —_— .17* — ZE**

iv) The uniqueness of /(z) implies that I (/(z)) = x.

Proposition 2 ([8]). Let G be a generalized group and let vy = yx for some x,y € G. Then
e(zy) = e(x)e(y).
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Proof. e(z)(zy) = (e(x)z)y = zy and (zy)e(r) = (yr)e(z) = y(ze(r)) = yr = 2y so
e(ry) = e(z) (%)
e(y)(zy) = e(y)(yz)) = (e(y)y)z = yr = xy and (zy)e(y) = x(y(e(y)) = vy so e(wy) =

e(y) (+)
From (x) and (xx), e(zy) = e(x) = e(y) O

Corollary 1 ([8]). If G is a generalized group and xy = yx for all x,y € G then G is a group.

Definition 2 ([8]). Let G be a generalized group. Then N C G is a called an e-component of G
ife(x) =e(y) forallz,y € N

N is the maximal subset of GG with this property

Lemma 1 ([6]). Let N be an e-component of generalized group G and x € N,e(x) € N,I(x) €
N. In particular, N is a group.

Proof. Let N be e-component of G and z € N. If e(z) € G — N, then e(e(z)) = e(z) makes
contradiction with the maximality of V.

Hence we have e(x) € N similarly I(z) € N.

All elements of N have the same identity element so /V is a group. ]

Corollary 2 ([6]). If G is a generalized group then it is a disjoint union of groups. G = UG,
where,G, = {x € G : e(x) = e(a)} are e-components of G.

Definition 3 ([6]). (Normal generalized group) A generalized group is called a normal gener-
alized group. if Va,b € G, e(ab) = e(a)e(b)

Theorem 1 ([6]). Let H be a non-empty subset of G. Then H is a generalized subgroup of G if
and only if Ya,b € H,al(b) € H.

Proof. “ =" Let H be a generalized subgroup of G.
Thena,b € H,I(b) ¢ H = al(b) € H.
“«=" LetH # @and, b€ H,al(b) € H.
Then we have e(b)I(b) = I(b) € H and ab = al(I(b)) € H. O

3 Generalized intuitionistic fuzzy groups

M. Bakhshi and R. A. Borzoei gave the defininition generalized fuzzy subgroups such that, G
denotes a generalized group, F'S(G) the set of all fuzzy subsets of G, unless otherwise specified.

Definition 4 ([4]). Let i € FS(G). pis called generalized fuzzy subgroup if for all xz,y € G,
D) p(ry) > p(x) A ply)
i) p(I(z)) = p(x)

Definition 5. Let G be a generalized group, A € IFS(G). Then A is called a generalized
intuitionistic fuzzy group if A satisfies propertsies which are given below;
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i) Ya,be G, A(ab) > A(a) N A(D)
ii) Va € G, A(e(a)) = sup,cq, A(2)

iii) Va € G, A(I(a)) > Ala)

For the special case of an intuitionistic fuzzy sets seen as a fuzzy set, we get the definition of
a fuzzy generalized group as follows,

Definition 6. Let 1 € F'S(G); then 1 is called generalized fuzzy subgroup if for all x,y € G,
i) p(zy) > p(z) A ply)
ii) pe(x)) =1
iii) p(I(x)) = p(x)

Example 2. Let G be a generalized group which is given above. Let V(a,b) € G, pn: G — [
andv : G — I.

Let al
a
pu(a,b) =
2(lal + [o])
and al
a
v(a,b) = ,
3([al + [b])
then
|a] lal |al |al
< <— <1 =0<—" =<1 = 0<ypu(a,b) <1
2(lal +[b) ~ lal+ 6] |a] 2(|al + 16])
and
la] |al |al |al
0< < =<1 =0<———""--<1 = 0<v(ab) <l.
3(lal+ o)~ lal+ 6]~ |a] 3(lal + [o])
From these inequalities, we get
|a] lal 5]al la|

< = < <1 = 0<p(a,b)+v(ab) <1
2(lal +[ol) — 3(lal +16l)  6(lal +[b) ~ laf + |b]

|be] ]

(e, b)le, d)) = ulbe,bd) = 5= s = 27 1D

and ‘ |
a
wla,b) =
(@:0) = Sal+ o)
and ’ |
C
wie,d) =
(@4 = g+ 1



fora>aANb.
Thus,

Let (a,b) € G,

and let (x,y) € Gap),

wz,y) = u((fv,y)e(x,w)Zu((%w(g,l):u(?y)

g »
BE R RN R R
ple(a,b)) = sup  p(z,y) = p(z,y)
(%,9)€G (a,p)
= ple(a,0) > sup  p(z,y).
(z,9)€G (ap)
(i, 0) = %, 1y = -1 i “
b0 2(|&|+ 5 204 +1)  2(al + b))
= p(a,b) = p(I(a,b)) = pu(a,b)
v((a,b)(ec,d)) = v(be,bd) = il = g =v(e,d)
B ’ 3([bel + [bd])  3(Je] + [d]) ’
and al
A EaT)
Fora < aVbuv((a,b)(c,d)) <v(a,b)Vv(cd)
v(e(a,b)) =v($,1) = 3("’)‘|+ 5 (|a|\(1\b\) v(a,b) and arbitrary (z,y) € G(ap),
v(z,y) = v((z,y)e(r,y)) = vz, y)ela, b)) = V((w,y)(%,l) = V(%y)
g 3 o
BE R R R R
v(e(a,b)) = (z,y)igcfv‘(a,b) v(a,b) =v(a,b) = v(e(a,b)) < (:r,y)i?é(a,b) v(z,y)

a 1 E |
D)= ) = STl T A

— w(I(a,h)) < v(a,b)
Therefore, A € 1FS(QG) is a generalized intuitionistic group.
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Proposition 3. Let G be a generalized group and A € 1FS(G) be a generalized intuitionistic
fuzzy group. IfVr.y € G, xy = yx, then A is a intuitionistic fuzzy group.

Proof. We know that, if G is commutative then G is a group. Therefore, A is a intuitionistic fuzzy
group. [

Proposition 4. G is a generalized group and A € IFS(QG) be a generalized intuitionistic fuzzy
group, Va € G, A(1(a)) = A(a).

Proof. In a generalized intuitionistic fuzzy group, We know that A(/(a)) > A(a) (x)
So, we can see A([(I(a)) > A(I(a)) = A(a) > A(I(a)) (**)
From (x) and (*x) then we get A(I(a)) = A(a). O

Proposition 5. All intuitionistic fuzzy groups are generalized intuitionistic fuzzy groups.
Proof. All groups are generalized groups. Therefore, the proof is clear. ]

Definition 7. A : G — [ is a generalized intuitionistic fuzzy group and let A have the property;
sup,cp A(a) = A(c), 3¢ € X. Then we define the following sets.

E={e(z) :z € G}

e = {e(x) . A(e(x)) = sup A(a)}

acE

The elements of ¢ are called universal elements. The set < is not empty.

Proposition 6. Let G be a generalized group, e be a universal identity element and A € I1FS(QG)
be a generalized intuitionistic fuzzy group. Then ¥z € G, A(e) > A(x).

Proof. From the definition of universal identity elements, A(e) > A(e(x)) > sup,cp A(a) and
from the definition £ and generalized intuitionistic fuzzy group. Therefore, Va € E, A(a) >
Sup,cq, A(a). From this properties, we get

Ae) > Ale(x)) = sup sup A(z) > Alz) = Ale) > Aw),

a€A z€G,

]

Remark 1. Let G be a group and A € IFS(G) is a intuitionistic fuzzy group then Yz € G,
A(xz™) > A(x), but it may not be like that in the generalized intuitionistic fuzzy group.

Proposition 7. Let G be a generalized group, A € [FS(QG) is a generalized intuitionistic fuzzy
group and e and I be identity functions. Then n € N, A(e(2™)) = A(x)

Proof. Let us take arbitrary a,b € G. We can easily see that in a generalized group such that e
and [ are identity functions.

e(ab) = ab = e(a)e(b)
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Therefore, for a € G, A(e(a")) = A(e(a)) = A(a) = A(e(a™) = Ala). O

Proposition 8. Let G be a generalized group and A € 1FS(G) be a generalized intuitionistic
fuzzy group. ThenNa € G, A, _is a intuitionistic fuzzy group.

Proof. 1f we use the property, G, is a group. Then the proof is easily seen. [

Theorem 2. Let G be a generalized group, A € IFS(G) be a generalized intuitionistic fuzzy
group. Then A, 5 is a generalized group for every t,s € I, where

A ={x e G: Ax) > (t,s),t,s € I}.
Proof. For arbitrary x € A, ;,Va € G,

Ale(a)) > xS;le Alx) > A(z) > (t,s) = e(a)) € Ars = Ais # .

Forz,y € Ars, A(x) > tand A(y) > (¢, 5) = A(z) AN A(y) > (1, 5).
A(zI(y)) = Alz) NA(I(y)) = Alz) NAly) = (t,5) = 2l(y) € Ags.

Therefore, A, ; is a generalized subgroup of G. Then A, , is a generalized group. [
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