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1 Introduction and Preliminary Results

In a series of papers the author introduced a set of new negations and implica-
tions over Intuitionistic Fuzzy Sets (IFSs, for all notations about IFSs see [2]).
Two of these negations were described in [6]. They generalize the classical nega-
tion over IFSs, but on the other hand, they have some non-classical properties.
The set has the form

N = {¬ε,η | 0 ≤ ε < 1 & 0 ≤ η < 1},

where for each IFS A = {〈x, μA(x), νA(x)〉|x ∈ E}:

¬ε,ηA = {〈x, min(1, νA(x) + ε), max(0, μA(x) − η)〉|x ∈ E}.

For numbers ε and η there are two cases.
• η < ε. As it is shown in [5], this case is impossible.
• η ≥ ε. Let everywhere below 0 ≤ ε ≤ η < 1 be fixed.
First, in [6] we showed that

¬0,0A = {〈x, min(1, νA(x)), max(0, μA(x))〉|x ∈ E}

= {〈x, νA(x), μA(x)〉|x ∈ E} = ¬1A,

where ¬1 is the classical intuitionistic fuzzy negation.
Second, we checked that set ¬ε,ηA is an IFS, because

min(1, b + ε) + max(0, a − η) = min(1, b + ε) ≤ 1.

Third, we constructed a new implication, generated by the new negation:

A →ε,η B = {〈x, max(c, min(1, b + ε)), min(d, max(0, a − η))〉|x ∈ E}

= {〈x, min(1, max(c, b + ε)), max(0, min(d, a − η))〉|x ∈ E}.
Fourth, in [2] the concepts of Tautological Set (TS) and Intuitionistic Fuzzy

Tautological Set (IFTS) were introduced as follows: the IFS A is a TS iff for
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every x ∈ E : μA(x) = 1, νA(x) = 0; the IFS A is an IFTS iff for every x ∈ E :
μA(x) ≥ νA(x). Obviously, each TS is an IFTS.

In [6], we checked the axioms of intuitionistic logic (see, e.g., [18]) in the case,
when A, B and C are IFSs.

Fifth, in [7], a series of new versions of operation “subtraction” was introduced.
As a basis of the new versions of operation “subtraction” from [7], the well-known
formula from set theory:

A − B = A ∩ ¬B (1)

was used, A and B being given sets.
On the other hand, as we discussed in [3], the Law for Excluded Middle is

not always valid in IFS theory. By this reason, we can introduce a new series of
“subtraction” operations, that will have the form:

A −′′ B = ¬¬A ∩ ¬B. (2)

In some papers, e.g., [7,19], the properties of some IF-subtractions were studied.

2 Main Results

2.1 In [8], using (1), we obtained the following two operations of subtraction:

A −′ε,η B = A ∩ ¬ε,ηB

= {〈x, min(μA(x), 1, νB(x) + ε), max(νA(x), 0, μB(x) − η)〉|x ∈ E}
= {〈x, min(μA(x), νB(x) + ε), max(νA(x), μB(x) − η)〉|x ∈ E}.

Also, using (2) and having in mind that

¬ε,η¬ε,ηA = ¬ε,η{〈x, min(1, νA(x) + ε), max(0, μA(x) − η)〉x, |x ∈ E}
= {〈x, min(1, max(0, μA(x) − η) + ε), max(0, min(1, νA(x) + ε) − η)〉x, |x ∈ E}
= {〈x, min(1, max(ε, μA(x)−η+ε)), max(0, min(1−η, νA(x)+ε−η))〉x, |x ∈ E}

= {〈x, max(ε, μA(x) − η + ε), max(0, min(1 − η, νA(x) + ε − η))〉x, |x ∈ E}
we obtain the following form of the operation −′′ε,η :

A −′′ε,η B = ¬ε,η¬ε,ηA ∩ ¬ε,ηB

= {〈x, max(ε, μA(x) − η + ε), max(0, min(1 − η, νA(x) + ε − η))〉x, |x ∈ E}
∩{〈x, min(1, νB(x) + ε), max(0, μB(x) − η)〉x, |x ∈ E}

= {〈x, min(max(ε, μA(x) − η + ε), 1, νB(x) + ε),

max(0, min(1 − η, νA(x) + ε − η), μB(x) − η)〉x, |x ∈ E}
= {〈x, min(max(ε, μA(x) − η + ε), νB(x) + ε),

max(0, min(1 − η, νA(x) + ε − η), μB(x) − η)〉x, |x ∈ E}.
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Here, using the subtraction of sets A and ¬ε,ηA, we will introduce the following
two (ε, η)-norms for element x ∈ E:

||x||′ε,η = 〈min(μA(x), νA(x) + ε), max(νA(x), μA(x) − η)〉, (3)

||x||′′ε,η = 〈min(max(ε, μA(x) − η + ε), νA(x) + ε),

max(0, min(1 − η, νA(x) + ε − η), μA(x) − η)〉. (4)

Theorem 1. The two (ε, η)-norms are intuitionistic fuzzy pairs.

Proof. Let

X ≡ min(μA(x), νA(x) + ε) + max(νA(x), μA(x) − η).

If νA(x) ≥ μA(x) − η, then

X = min(μA(x), νA(x) + ε) + νA(x) ≤ μA(x) + νA(x) ≤ 1.

If νA(x) > μA(x) − η, then

X = min(μA(x), νA(x) + ε) + μA(x) − η

≤ νA(x) + ε + μA(x) − η ≤ 1 + ε − η < 1.

Therefore, the first norm is an intuitionistic fuzzy pair.
Let

Y ≡ min(max(ε, μA(x) − η + ε), νA(x) + ε)

+ max(0, min(1 − η, νA(x) + ε − η), μA(x) − η).

If max(0, min(1 − η, νA(x) + ε − η), μA(x) − η) = 0, then

Y = min(max(ε, μA(x) − η + ε), νA(x) + ε) + 0 ≤ max(ε, μA(x) − η + ε) ≤ 1.

If max(0, min(1 − η, νA(x) + ε − η), μA(x) − η) = min(1 − η, νA(x) + ε − η),
then

min(1 − η, νA(x) + ε − η) ≥ μA(x) − η,

i.e., νA(x) + ε ≥ μA(x). Hence,

μA(x) − η) ≤ νA(x) + ε − η) ≤ νA(x)

and therefore

Y = min(max(ε, μA(x) − η + ε), νA(x) + ε) + min(1 − η, νA(x) + ε − η)

= min(ε + max(0, μA(x) − η), νA(x) + ε) + min(1 − η, νA(x) + ε − η)

= ε + min(max(0, μA(x) − η), νA(x)) + min(1 − η, νA(x) + ε − η)

= ε + max(0, μA(x) − η) + min(1, νA(x) + ε) − η
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≤ max(0, μA(x) − η) + min(1, νA(x) + ε).

If μA(x) ≥ η, then

Y ≤ μA(x) − η + min(1, νA(x) + ε) ≤ μA(x) − η + νA(x) + ε ≤ 1 − η + ε ≤ 1;

if μA(x) < η, then Y ≤ min(1, νA(x) + ε) ≤ 1.
If max(0, min(1 − η, νA(x) + ε − η), μA(x) − η) = μA(x) − η, then

Y = min(max(ε, μA(x) − η + ε), νA(x) + ε) + μA(x) − η

≤ νA(x) + ε + μA(x) − η ≤ 1 + ε − η ≤ 1.

Therefore, the second norm is also an intuitionistic fuzzy pair.

All norms and distances, defined over IFSs up to now (see, e.g. [10,11,13,14,
15, 16, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]), have been real numbers, that may in
some cases be normalized to the [0, 1] interval. As we see, the two norms (3) and
(4) have the form of intuitionistic fuzzy pairs and they are the first of this form.

Let e∗, o∗, u∗ ∈ E so that μA(e∗) = 1, νA(e∗) = 0, μA(o∗) = 0, νA(o∗) = 1,
μA(u∗) = 0, νA(u∗) = 0. Then the norms of these three elements are:

x ||x||′ε,η ||x||′′ε,η

e∗ 〈ε, 1 − η〉 〈ε, 1 − η)〉
o∗ 〈0, 1〉 〈ε, 1 − η〉
u∗ 〈0, 0〉 〈ε, 0〉

2.2 There are two ways for introducing distances between elements of a fixed
universe E, as it is shown on Fig. 1.
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Up to now, all distances, similarly to all norms, have been real numbers. Here,
and below, we will introduce distances, having forms of intuitionistic fuzzy pairs.

First, we will introduce the following five (ε, η)-distances between the values
of one element x ∈ E about two IFSs A and B, by analogy with the first (ε, η)-
norm:

d′ε,η;str opt(A, B)(x) = 〈min(μA(x), νB(x) + ε) + min(μB(x), νA(x) + ε)

−min(μA(x), νB(x) + ε). min(μB(x), νA(x) + ε),

max(νA(x), μB(x) − η). max(νB(x), μA(x) − η)〉,
d′ε,η;opt(A, B)(x) = 〈max(min(μA(x), νB(x) + ε), min(μB(x), νA(x) + ε)),

min(max(νA(x), μB(x) − η), max(νB(x), μA(x) − η))〉,

d′ε,η;aver(A, B)(x) = 〈min(μA(x), νB(x) + ε) + min(μB(x), νA(x) + ε)
2

,

max(νA(x), μB(x) − η) + max(νB(x), μA(x) − η)
2

〉,
d′ε,η;pes(A, B)(x) = 〈min(min(μA(x), νB(x) + ε), min(μB(x), νA(x) + ε)),

max(max(νA(x), μB(x) − η), max(νB(x), μA(x) − η))〉,
d′ε,η;str pes(A, B)(x) = 〈min(μA(x), νB(x) + ε). min(μB(x), νA(x) + ε),

max(νA(x), μB(x) − η) + max(νB(x), μA(x) − η)

−max(νA(x), μB(x) − η). max(νB(x), μA(x) − η)〉.
Second, we will introduce the following five (ε, η)-distances between the values

of two elements x, y ∈ E about the IFS A, by analogy with the first (ε, η)-norm:

d′ε,η;str opt(A)(x, y) = 〈min(μA(x), νA(y) + ε) + min(μA(y), νA(x) + ε)

−min(μA(x), νA(y) + ε). min(μA(y), νA(x) + ε),

max(νA(x), μA(y) − η). max(νA(y), μA(x) − η)〉,
d′ε,η;opt(A)(x, y) = 〈max(min(μA(x), νA(y) + ε), min(μA(y), νA(x) + ε)),

min(max(νA(x), μA(y) − η), max(νA(y), μA(x) − η))〉,

d′ε,η;aver(A)(x, y) = 〈min(μA(x), νA(y) + ε) + min(μA(y), νA(x) + ε)
2

,

max(νA(x), μA(y) − η) + max(νA(y), μA(x) − η)
2

〉,
d′ε,η;pes(A)(x, y) = 〈min(min(μA(x), νA(y) + ε), min(μA(y), νA(x) + ε)),

max(max(νA(x), μA(y) − η), max(νA(y), μA(x) − η))〉,
d′ε,η;str pes(A)(x, y) = 〈min(μA(x), νA(y) + ε). min(μA(y), νA(x) + ε),

max(νA(x), μA(y) − η) + max(νA(y), μA(x) − η)

−max(νA(x), μA(y) − η). max(νA(y), μA(x) − η)〉.
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Theorem 2. The ten (ε, η)-distances are intuitionistic fuzzy pairs.
The proof is similar to the above one.
As illustration, we will calculate the distances between the pairs (e∗, o∗),

(e∗, u∗) and (u∗, o∗).

(e∗, o∗) (e∗, u∗) (o∗, u∗)
d′ε,η;str opt(A) 〈1, 0〉 〈0, 1〉 〈0, 0〉
d′ε,η;aver(A) 〈1, 0〉 〈0, 1〉 〈0, 0〉
d′ε,η;opt(A) 〈1

2 , 1
2 〉 〈0, 1〉 〈0, 1

2 〉
d′ε,η;pes(A) 〈0, 1〉 〈0, 1〉 〈0, 1〉
d′ε,η;str pes(A) 〈0, 1〉 〈0, 1〉 〈0, 1〉

Third, we will introduce the following five (ε, η)-distances between the values
of two elements x, y ∈ E about the IFS A, by analogy with the second (ε, η)-
norm:

d′′ε,η;str opt(A, B)(x) = 〈min(max(ε, μA(x) − η + ε), νB(x) + ε)

+ min(max(ε, μB(x)− η + ε), νA(x)+ ε)−min(max(ε, μA(x)− η + ε), νB(x)+ ε)

. min(max(ε, μB(x)−η+ε), νA(x)+ε), max(0, min(1−η, νA(x)+ε−η), μB(x)−η)

. max(0, min(1 − η, νB(x) + ε − η), μA(x) − η)〉,
d′′ε,η;opt(A, B)(x) = 〈max(min(max(ε, μA(x) − η + ε), νB(x) + ε),

min(max(ε, μB(x) − η + ε), νA(x) + ε)),

min(max(0, min(1 − η, νA(x) + ε − η), μB(x) − η),

max(0, min(1 − η, νB(x) + ε − η), μA(x) − η))〉,
d′′ε,η;aver(A, B)(x) = 〈1

2
.(min(max(ε, μA(x) − η + ε), νB(x) + ε)

+ min(max(ε, μB(x) − η + ε), νA(x) + ε)),
1
2
.(max(0, min(1 − η, νA(x) + ε − η), μB(x) − η)

+ max(0, min(1 − η, νB(x) + ε − η), μA(x) − η))〉,
d′′ε,η;pes(A, B)(x) = 〈min(max(ε, μA(x) − η + ε, νB(x) + ε),

max(ε, μB(x) − η + ε), νA(x) + ε),

max(0, min(1−η, νA(x)+ε−η), μB(x)−η, min(1−η, νB(x)+ε−η), μA(x)−η)〉,
d′′ε,η;str pes(A, B)(x) = 〈min(max(ε, μA(x) − η + ε), νB(x) + ε).

min(max(ε, μB(x) − η + ε), νA(x) + ε),

max(0, min(1 − η, νA(x) + ε − η), μB(x) − η)

+ max(0, min(1 − η, νB(x) + ε − η), μA(x) − η)

−max(0, min(1 − η, νA(x) + ε − η), μB(x) − η)

. max(0, min(1 − η, νB(x) + ε − η), μA(x) − η)〉.
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Fourth, we will introduce the following five (ε, η)-distances between the values
of two elements x, y ∈ E about the IFS A, by analogy with the second (ε, η)-
norm:

d′′ε,η;str opt(A)(x, y) = 〈min(max(ε, μA(x) − η + ε), νA(y) + ε)

+ min(max(ε, μA(y) − η + ε), νA(x) + ε)

−min(max(ε, μA(x) − η + ε), νA(y) + ε)

. min(max(ε, μA(y) − η + ε), νA(x) + ε),

max(0, min(1 − η, νA(x) + ε − η), μA(y) − η)

. max(0, min(1 − η, νA(y) + ε − η), μA(x) − η)〉,
d′′ε,η;opt(A)(x, y) = 〈max(min(max(ε, μA(x) − η + ε), νA(y) + ε),

min(max(ε, μA(y) − η + ε), νA(x) + ε)),

min(max(0, min(1 − η, νA(x) + ε − η), μA(y) − η),

max(0, min(1 − η, νA(y) + ε − η), μA(x) − η))〉,

d′′ε,η;aver(A)(x, y) = 〈1
2
.(min(max(ε, μA(x) − η + ε), νA(y) + ε)

+ min(max(ε, μA(y) − η + ε), νA(x) + ε)),

1
2
.(max(0, min(1 − η, νA(x) + ε − η), μA(y) − η)

+ max(0, min(1 − η, νA(y) + ε − η), μA(x) − η))〉,
d′′ε,η;pes(A)(x, y) = 〈min(max(ε, μA(x) − η + ε, νA(y) + ε),

max(ε, μA(y) − η + ε), νA(x) + ε),

max(0, min(1 − η, νA(x) + ε − η), μA(y) − η,

min(1 − η, νA(y) + ε − η), μA(x) − η)〉,
d′′ε,η;str pes(A)(x, y) = 〈min(max(ε, μA(x) − η + ε), νA(y) + ε)

. min(max(ε, μA(y) − η + ε), νA(x) + ε),

max(0, min(1 − η, νA(x) + ε − η), μA(y) − η)

+ max(0, min(1 − η, νA(y) + ε − η), μA(x) − η)

−max(0, min(1 − η, νA(x) + ε − η), μA(y) − η)

. max(0, min(1 − η, νA(y) + ε − η), μA(x) − η)〉.

Theorem 3. The last ten (ε, η)-distances are intuitionistic fuzzy pairs.
The proof is similar to the above one.
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2.3 Now, we will discuss new distances between two given IFSs A and B.
Up to now, they have also been real numbers. Here, for the first time, we will
introduce a whole IFS, representing the distances between the origins of each
element x ∈ E with respect to the two sets. This set-form of distances can have
different forms, but we will describe the following ten of them:

D′(A, B)ε,η;type = {〈x, μd′(A,B)ε,η;type(x), νd′(A,B)ε,η;type(x)〉|x ∈ E},

D′′(A, B)ε,η;type = {〈x, μd′′(A,B)ε,η;type(x), νd′′(A,B)ε,η;type(x)〉|x ∈ E},
where

〈μd′(A,B)ε,η;type(x), νd′(A,B)ε,η;type(x)〉 = d′ε,η;type(A, B)(x),

〈μd′′(A,B)ε,η;type(x), νd′′(A,B)ε,η;type(x)〉 = d′′ε,η;type(A, B)(x)

for “type” ∈ {“str opt”, “opt”, “aver”, “pes”, “str pes”}.
The so constructed sets are IFSs and the proof of this fact is similar to the

above proof. Now, we can introduce the numerical form of the distances between
IFSs A and B by analogy with ordinary intuitionistic fuzzy distances (see, e.g.,
[2]).

3 Conclusion

The so constructed norms and distances generalize the norms and distances from
[2]. The latter are obtained from the above ones in the case when ε = η = 0. On
the other hand, the new objects generate different problems, e.g., for construction
of their integral representations. The idea for set-forms of the distances can be
transformed for all other forms of the intuitionistic fuzzy norms and distances,
discussed in the literature.

On the other hand, the above idea was generated in respect of author’s re-
search on Conway’s Game of Life (see, e.g., [12]). It is a popular zero-player game,
devised by John Horton Conway in 1970, and it is the best-known example of a
cellular automaton. Its “universe” is an infinite two-dimensional orthogonal grid
of square cells, each of which is in one of two possible states, live or dead. Every
cell interacts with its eight neighbours, which are the cells that are directly hor-
izontally, vertically, or diagonally adjacent. In a stepwise manner, the state of
each cell in the grid preserves or alternates with respect to a given list of rules.

In future we shall propose an intuitionistic fuzzy estimation of the cells’ state
in a modified Game of Life. For each cell we can define its IF estimation as a pair
consisting of the degrees lp and la, namely degrees of presence and absence of
life, where lp + la ≤ 1. In the classical Conway’s Game of Life, the live and dead
states correspond to the elementary IF estimations 〈1, 0〉 and 〈0, 1〉. In a future
research, using the above formulas for norms and distances, we can calculate the
IF state of liveliness of each cell, as functions of the current states of the cell’s
neighbours. Criteria of liveliness will also be determined in terms of IFS.
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