18" Int. Conf. on IFSs, Sofia, 10-11 May 2014
Notes on Intuitionistic Fuzzy Sets

ISSN 1310-4926

Vol. 20, 2014, No. 2, 69-74

Uncertainty inspired by economical models

AlZzbeta Michalikova and Beloslav Riec¢an

Department of Informatics, Faculty of Natural Sciences
Matej Bel University
Tajovského 40, 97401 Banska Bystrica, Slovakia
e-mails: alzbeta.michalikova@umb.sk,beloslav.riecan@umb. sk

Abstract: Some applications of the sets theory in economical problems are presented. Especially
the generalized Choquet and Sipo¥’s integrals are exposed. We present two possibilities how to
extend mathematical models of the problem. The first is the Atanassov intuitionistic fuzzy sets
theory for the domain, the second one is the Riesz vetor space theory for the range of considered
mappings.
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1 Introduction

In economical models similarly as in other areas of theory and practice some uncertainty plays
an important role. The classical model was probabilistic, objective, based on measurements (see
[5,8]). 50 years ago another model has been constructed, subjective, based on impressions (see
[12]).

In [4] an economical model has been developed with basic notions: prospect, what is a map-
ping defined on a set S of states of nature and capacity defined on subsets of S. In the present
article we extend the mathematical model in two directions. First, the set of states need not be
finite. Second, the value of capacity need not be real number but it can be a member of an ordered
space. The main instrument in the general situation is integration theory from [2,3,11,12].

2 Prospect theory

In [4] a finite set S of states is considered. Further there is given an ordered set X of consequences
with a neutral element 0. An uncertainty prospect is a function f : S — X.
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A capacity is a function W : 2% — [0,1] assigning to each set A C S a real number
W (A) such that W (@) = 0,W(S) = 1 and such that A C B implies W(A) < W(B). If
T < Topy1 < ... <21 <x9 < w1 <2y < ... <z, are outcomes and

Ai = T {z}),

then §
V(f)= Z v (T;),
where
™ = W(A,),
WJZW(A_mUUAJ) - W(A_mU...UAj_l),—m—l—l S]SO,
Tom = W(A_n) (1)

is called a utility function.

3 Atanassov space

Let us look for the Atanassov generalization of the notion of fuzzy set so-called IF-set (see [1])
what is a pair
A= (ua,va): Q2 —[0,1] x [0,1]

of fuzzy sets pa,va : Q@ — [0, 1], where g + pa < 1.
Evidently a fuzzy set ¢4 : 2 — [0, 1] can be considered as an IF-set, where

pa=@a:Q—=100,1,va=1—¢4:Q2—1[0,1].

Here we have
Ha +va= 17

while generally it can be p14(w) + va(w) < 1 for some w € 2. Geometrically an IF-set can be
regarded as a function A : {2 — A to the triangle

A ={(u,v) € R*:0<u,0<vu+v< 1}.
Fuzzy set can be considered as a mapping ¢4 : {2 — D to the segment
D ={(u,v) € R{u+v=10<u<1}
and the classical set as a mapping ¢ : {2 — Dy from {2 to two-point set
Dy = {(0,1),(1,0)}.

In the next definition we again use the Lukasiewicz operations.
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Definition. By an IF subset of a set () a pair A = (4, v4) of functions
pa:Q—[0,1],v4;Q — [0, 1]

is considered such that p4+v4 < 1. We call i 4 the membership function, v 4 the non-membership
function and
A< B <= us < pup,vas > vgp.

If A= (pua,va), B = (up,vp) are two IF-sets, then we define
A®B=((pa+pp) N1 (vatrvpg—1)VO0),
AOB = ((pa+ps —1) V0, (vatwvp) A1),
—A=(1—pa1l—vy).
Denote by F a family of IF sets such that

A BeF—=A@pBeF,A0BecF -AcF.

Example 1. Let F be the set of all fuzzy subsets of a set 2. If f : 2 — [0, 1] then we define

A:(f>1_f)a

1.€. Vg = 1-— HA-.

Example 2. Let (2, S) be a measurable space, S a o-algebra, F the family of all pairs such
that a4 : Q — [0,1],v4 : © — [0, 1] are measurable. Then F is closed under the operations
D, O, .

4 Riesz space

A prototype of a Riesz space is the space R of real numbers. Generally a Riesz space is a linear
space (Y, 4+, <) with an ordering < such that

a<babeYacRa>0=—a+c<b+c aa< ab.

We write
la|l=aV 0+ (—a)VO0.

We say that a net (1,);e7 in Y converges to an element r € Y, if there exists a net (p;);er in Y
such that

| re —T |§ yg;
and
e N\ 0.
We write
limr, = 7.
teT
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Example 3. Let R" be the space of all n-tuples a = (ay,...a,) of real numbers with natural
operations
a+b=(ay+0by,...,a,+by),

aa = (aay, ..., aay),

and ordering
a<b<=a; < bl,...,an < b,.

Evidently
[al=(arl],....[an]).

Example 4. Let Y be the set of all real functions defined on an interval [a, b]. Here we have for
fgeY
(f +9)(@) = f(z) + 9(x),x € [a, ],

(af)(x) = af(z), = € [a, b],
f <9 flz) <g(x)
for every = € [a, b],
| f (@) =] f2) ]
If Y is a Riesz space, then an Y -valued capacity is a function
W:2°5 5Y

such that W (()) = 0, and W (A) < W(B), whenever A C B C S.

5 Sipos integral

Consider a set S, a Riesz space Y, a Y-valued capacity W : 2° — Y and a real function
f S — R. Let F be the family of all finite subsets of R containing 0. Let F' € F,

F = {bk, bi—1, .-, bo, ag, ..., an}:

where
b, <b._1<..<byp=0=qay < ... <a,.
Put
n k
Sr(f) =3 (a; — ai)W(A) + 3 (b; — b1 )W(B;)
=1 7—1
where

A = f_l([az-, 00)),i=0,1,...,n,
Bj = f'((—00,b;]),7=0,1,..., k.

gipoé integral is defined as the limit

s) /S fdW = lim S¢(/).
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6 Generalized theory

An uncertainty prospect is a mapping f : S — R. where S is an arbitrary nonempty set. Further
a capacity W with values in a Riesz space Y is defined as a mapping assigning a vector

W(A)eY

toany set A C S.
Expected utility function assigned to any prospect f : S — R a member V(f) € Y by the
formula

Vu>=<syéfmv

Proposition 1. If f, g are two nonnegative prospects, f < g, then V(f) < V(g).
Proof: By [2] Theorem 8.7

) [ 1aw = [T Wits e wiss) =

Similarly
S dW = w W dt.
S) [aaw = [ W(is € Wigls) = thya
Of course
{seW;f(s) =1} C{seW;gls) >t}
Therefore o
V(P = () [ W = [ W(ls e Wip(s) = ) <
S 0
< / W({s € Wig(s) > thdt = V(g).
0
This completes the proof. L]

Proposition 2. Let f : S — R, fT = fVO0,f~ = (—f) V0. Then
V() =V =V

Proof: Use Theorem 8.10 of [2]:

V() = (S) / Fdw = (3) / Fraw — (s) / faw =

=V =V
U
Proposition 3. If S is finite set, and f : S — R has n values 1, ..., x,, then
VI(f)= ZWW(%);
i=1"
where 7; is defined by formulas (1) in Section 2.
Proof: Tt follows by Definition of Sz(f) in Section 4. O

73



References

(1]

(2]

(3]
(4]

[5]

[6]

[7]

[8]
[9]

Atanassov, K., Intuitionistic Fuzzy Sets: Theory and Applications, Springer Physica—Verlag,
Heidelberg, 1999.

Boccuto, A., B. RieCan, M. Vrabelova, Kurzweil-Henstock Integral in Riesz Spaces. Betham
Books, 2009.

Choquet, G., Lectures on Analysis, Benajmin, New York, 1969.

Kahneman, D., A. Tversky, Prospect theory: An analysis of decision under risk. Economet-
rica. Vol. XLVII, 1979, 26-291.

Kolmogorov, A. N., Basic Notions of the Probability Theory, Moskow, Nauka, 1933 (in
Russian).

Mundici, D. Interpretation of AFC*-algebras in Lukasiewicz sentential calculus. J. Funct.
Anal., Vol. 65, 1986, 15-63.

Riecan, B., D. Mundici, Probability on MV-algebras. — In: Handbook of Measure Theory
(E. Pap ed.), Elsevier, Amsterdam, 2002, 869-909.

Riecan, B., T. Neubrunn, Integral, Measure, and Ordering, Kluwer, Amsterdam, 1997.

Schmidt, E., J. Kaczprzyk, Intuitionistic fuzzy sets in some medical applications. Notes on
Intuitionistic Fuzzy Sets, Vol. 7, 2004, No. 4, 58—64.

[10] gipoé, J., Integral with respect to a pre-measure. Math. Slovaca, Vol. 219, 1979, 141-155.

[11] §ipo§, J., Non linear integrals. Math. Slovaca, Vol. 29, 1979, 257-270.

[12] Zadeh, L. A., Fuzzy sets. Informations and Control, Vol. 8, 1965, 338-358.

74



