About OWA operators of
dimension 2 and Atanassov’s
operators. Generalization.

H. Bustince, C. Guerra, J.Fernandez,

M. Pagola, E. Barrenechea.

Dpt. Of Automatic and Computation,
Public University of Navarra

u p ILI‘,EJ I' Research Group of Artificial Intelligence and Approximate Reasoning
Publica de Navarra
ok Publikon



Qutline

o
e Introduction

e Motivation

e OWA operators and Atanassov s
operators |

e Generalized Atanassov’s operators
e Conclusions

u Universidad
Piblica de Navarra
Nafarroako
Unibertsitate Publikoa

Research Group of Artificial Intelligence and Approximate Reasoning



Introduction

C
A-IFSs A ={(u, pq(u),v4(u))|u € U} where
pv:U—0,1]
pa(u) +va(u) <1

e L([0,1])= {x = |z, EH(fE) c [0, 1]? and x < x}
e L([0,1], <L) is a partial ordered set, with

x <r yifand only if z < y and = < .
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Introduction
o<

IVFSs A ={(u, M4(u))|lu € U} where
My U — L([0,1]); that is

Ma(u) = [Mag (w), Mag(u)] = [M (u), M ()]
— A
Equivalence IVFSs and A-1FSs

p— Mr,
l —v+—— My
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Atannassov’s operators
c 7]

Let o € [0,1]. The Atanassov’s operator K, i1s a mapping
K, : L([0,1]) — [0,1] defined by

(1) Ko(x) =z for all x € L([0,1]).

(i) Ki(x) =x for all x € L(]0, 1]).

(i) K, (x) = Kq([Ko(x), Ky(x)]) = @Ky (%) + (1 — ) Ko (%)
Ko(pov)=a+ (1 —a)p—av
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Motivation

e 1983: Atanassov’s operators

K. Atanassov, Intuitionistic fuzzy sets, In: VIIth ITKR
Session,Deposited in the Central Science and Technology
Library of the Bulgarian Academy of Suences Sofla

Bulgaria, 1983, pp. 1684-1697.
e 1988: OWA operators

R.R. Yager, On ordered weighted averaging aggregation
operators in multicriteria decision making, IEEE Trans.
Syst. Man Cybern, 18 (1988) 183-190.

Can we relate both concepts?
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Aggregation functions

-]
An aggregation function 1s a function

A: J[0,1]™ — [0,1] such that

nelM

(2) A(zq, -+ ,2n) < Alyg, - -+, yn) Whenever
r; <y foralln e Nand € {1,--- ,n}.

(ii) A(0,-+,0) =0and A(L,- - ,1) =1.
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OWA Operators
c 7]

A mapping F': |0,1]" — |0, 1] is called an OWA operator of dimension n if there exists

a weighting vector W, W = (wy,ws, - -- ,wy,) € [0,1]"™ with >, w; = 1 ,and such that
Flai,az, - ,an) = Z w;b; with b; the j-th largest of the a;
=1
for any (a1, --- ,a,) € [0, 1]".

F:[0,1]? — [0,1] is called an OWA operator of dimension 2
if there exists a weighting vector W, W = (wq,wq) € [0,1]>
with wy + wy = 1 and such that

F(aq, ag) = wyby + wyby

with by = max(ay, as) and by = min(ay, ag)
for any (ay,as) € [0,1]2
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Relation between Atanassov's

and OWA operators 1
c 7]
We want to relate Atanassov’ operators and OWA

operators in dimension 2.

Flai,a2)= wibi  + (1 —wi)by  with by > by
Ko(x)= al{{(x) + (1 — o) Ky(x) with Ki(x) > Ky(x)

Ko(pv) =a+ (1 —a)p —av with p+v <1

Problem:
They are defined over different spaces

[0, 1]* «— L([0, 1])
up%ﬁ 10
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Relation between Atanassov’s
and OWA operators 1

=
= |

L([0,1])
0, 1]’
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Relation between Atanassov’s

and OWA operators 1
(T

A Solution:
it [0,1]x[0,1] —> L([O,1])
(XIY) —> [min(XIY)I maX(X,Y)]
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Relation between Atanassov’s
and OWA operators II

Co ]
Theorem 1 Let the function:

i:[0,1]2 — L([0,1]) given by
i(r,y) = min(z, y), max(z, y)].

Let oo € [0, 1] and
K, : [0,1]* — [0,1] given by
Koz, y) = (Kyo0i)(z,y)

where K is the Atanassouv’s operator.
Under these conditions the following items hold:

(a) K, is commutative e idempotent;

(b) Ko(z,y) = min(z, y) and Ki(z,y) = max(z, y);

(c) K, is monotonic, K,(0,0) =0, K,(1,1) =1;

(d) Let 3 €[0,1]. If o < 3, then Ky(z,y) < Ks(z,y) for all (z,y) € [0,1]*;
(e) K,(0,1) = c.
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Relation between Atanassov’s
and OWA operators 111

Theorem 2 (K, operators are OWA operators of dimension 2)
Let a € [0,1] and K, = K, oi. Then, if F(x,y) is the OWA operator
(of dimension 2) defined by the weighting vector W = (a,1 — a),

we have that

Ko(z,y) = F(z,y) for all z,y € [0,1]

upﬂﬁ 14
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Relation between Atanassov’s
and OWA operators 1V

—~
.
I Y

Theorem 3 (OWA operators of dimension 2 are K, operators)
Let F an OWA operator of dimension 2 with weighting vector
W = (wy,wy). Then for any (z,y) € [0,1]* we have that

F(z,y) = K\(z,v)

with o = wy.
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Relation between Atanassov’s

and OWA operators 1V
S

Ku(x) = ali(x) + (1 — a) Kp(x)

£

i N\

] >
N\

/ \"\

Proposition 1

If F1s an OWA operator of dimension 2 defined by the

weighting vector (wy,wy), then, for any x,y € [0, 1]
F(r,y) =wiKy(z,y) + (1 — wy)Ko(x,y).

uphna 16
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Generalized Atanassov’'s operators

-]
Definition 1 Let a € [0,1]. An operator GK, is a mapping

GK, : L([0,1]) — [0,1] such that it satisfies the following conditions:

(i) Ifz =z, then GKqa(x) = z.

(ii) GKo(x) =z, GK1(x) = z for all x € L([0,1]).

(iii) If x <py, with x,y € L([0,1]), then GK,(x) < GK,(¥).
(iv) Let 3 €[0,1] ifa < 3, then GK,(x) < GK(x) for allx € L([0,1]).
(v) GK,([0,1]) = a for any o € [0, 1].

H. Bustince, J. Montero, M. Pagola, E. Barrenechea, D. Gomez: A Survey On Interval-Valued Fuzzy Sets.
In W. Pedrycz, A. Skowron, V. Kreinovich (Eds.): Handbook of Granular Computing John Wiley and sons,
NewYork,(2008), Chapter 22.

uphna 17
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Generalized Atanassov's operators II

-]
Example 1

ifr < a

/

T
GKo(fr.2) ={ zifz>a |
. |

H
i
i

{

!

otherwise |

Proposition 1
For any a € |0,1], Atanassov’s operator K, is a GK, operator.
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Generalized Atanassov's operators II
S

On the other hand, the K, operators can be considered as the "simplest” GK, opera-
tors, n the sense of the following proposition.

Proposition 2 Let H, be a family of GK, operators such that, for any o € [0,1], H, is
a linear mapping of the extremes of the interval, i.e.

H,(x) = ﬂlir:r;'l{ +bla)r
for some mappings a,b: [0,1] — [0,1]. Then

1. ala) =1-b(a) for any a € [0,1];

2. b(a) is a monotone, increasing function such that b(0) = 0 and b(1) = 1.

uphna 19
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Generalized Atanassov’s operators III.
Construction.

Theorem 4 Let ¢ an automorphism on the unit interval.
Then, for any a € |0, 1] the operator

GK, : L([0,1]) — [0,1] defined by
GKalx) =57 ((a)ol@) + (1~ pla)o(o)

1s a generalized Atanassov’s operator.

Example 2

For each q > 0 the function p(xr) = x9 defines the farmily
of GK_ operators given by

GKax) = (1@ + (1 —an@)1) "

=
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Fuzzy sets associated to IVFSs.

Let A € ZVFSs(U) we can associate a fuzzy set A, € F'Ss(U)
to A m the following way:

Ay ={(u, pa, (u))|uw € U} with pa, (u) = GKo(MAa(u))

where M s denotes the membership function of A.

Theorem 5

Let A€ ZVFSs(U), let g € [0,1] and let GK,.

Then {Ag }faco,1] 1s a totally ordered family of fuzzy sets with
respect to the order

A, < Ag if and only if o < 3
upna 21
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Conclusions

]
e In dimension 2, Atanassov’s operators and OWA

operators provide the same numerical results.
e OWA operators of dimension 2 can be obfained
from Atanassov’s operators. '
e In particular, OWA operators can be obtained

from the “extremal”Atanassov’s operators K, and
K.
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