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Abstract 
In the present paper a three dimensional geometric interpretation of six 
operators defined over intuitionistic fuzzy sets (IFSs) is given. Each of the 
operators is adjustable by two parameters through which the direction of 
translation is determined. This permits better selection of an appropriate 
operator for the needs of practical problems.  
Keywords: Intuitionistic fuzzy sets, Operators over IFSs. 
 
 
1 INTRODUCTION 
 
The theory of the IFSs is introduced by Atanassov [1] as an extension of the 
theory of fuzzy sets by Zadeh [2]. According to the definition in [1] the set А* 
is called intuitionistic fuzzy set if: 

( ) ( ){ }XxxxxA AA ∈= /,,* νµ  

where the mappings :Aµ ]1,0[→X  and :Aν ]1,0[→X  define, respect-
ively, the degree of membership and non-membership of the element Xx∈  
to the set А, which is a subset of X and for every Xx∈ : 

( ) ( ) 10 ≤+≤ xx AA νµ  

The function Aπ , which is defined by: ( ) ( ) ( )xxx AAA νµπ −−=1  gives the 
degree of indeterminacy of the membership of the element Xx∈  to the set 
А. 

It is probably more correct though a bit too cumbersome to write: 



9 

( ) ( ) ( ) ( ){ }10&,, ≤+≤∈= xxXxxxxA AAAA νµνµ . 

A three-dimensional geometrical interpretation of IFS is given by Szmidt and 
Kacprzyk [3, 16, 17]: 
 

 
Figure 1 

 
where an intuitionistic fuzzy set X is mapped into the triangle EJI (see Fig. 1) 
which is the intersection of the plane passing through the points (0,0,1), 
(0,1,0), (1,0,0) and the unit cube. Thus, any element belonging to an IFS 
corresponds to an element of the triangle EJI. 

In the literature devoted to IFS different operators, operations and 
relations are defined [4-9], and their geometrical interpretations are studied 
[10-14].  
 
 
2 OPERATORS 
 
In [15] for ]1,0[, ∈βα  and 1≤+ βα  the following operators are defined: 

( ) ( )( ) ( )( ){ }XxxxxAP AA ∈= νβµαβα ,min,,max,, ;  

( ) ( )( ) ( )( ){ }XxxxxAQ AA ∈= νβµαβα ,max,,min,, ;  

( ) ( )( ) ( )( ){ }XxxxxAP AA ∈=′ πβµαβα ,min,,max,, ;  

( ) ( )( ) ( )( ){ }XxxxxAQ AA ∈=′ πβµαβα ,max,,min,, ;  
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( ) ( )( ) ( )( ){ }XxxxxAP AA ∈=′′ πβναβα ,min,,max,, ;  

( ) ( )( ) ( )( ){ }XxxxxAQ AA ∈=′′ πβναβα ,max,,min,, .  

 
3 GEOMETRICAL INTERPRETATIONS 
 
In this section we will geometrically present the results of using the above 
operators. We will use the geometrical interpretation of IFSs in the sense of 
Szmidt and Kacprzyk [3, 16, 17]. The geometrical interpretations of the 
operator  ( )AP βα ,  are shown on Fig. 2. 
 

 
Figure 2 

 
 
Here RU is the segment containing all the elements corresponding to a degree 
of non-membership equal to β ; VS is the segment containing all the elements 
corresponding to a degree of membership equal to α ; T would correspond to 
an element with degree of membership equal to α and degree of non-
membership equal to β . BO and BQ are equal to β  and α . 
 
1 case: The image of the element Xx∈  is in the area TUJS on Fig. 2 – then 
the operator preserves it.   
 
2 case: The image of the element Xx∈  is in the area VUT on Fig. 2 – then 
the operator moves it to a point from the segment TU. 
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3 case: The image of the element Xx∈  is in the area RTSI on Fig. 2 – then 
the operator moves it to a point from the segment TS. 
 
4 case: The image of the element Xx∈ is in the area EVTR on Fig. 2 – then 
the operator moves it to the point T. 
 
From cases 1, 2, 3 and 4 it can be concluded that the operator ( )AP βα , , from 
geometrical point of view, moves all elements to the region TUJS. 
 
The geometrical interpretations of the operator  ( )AQ βα ,  are shown on Fig. 3. 
 

 
Figure 3 

 
 
Here RU is the segment containing all the elements corresponding to a degree 
of non-membership equal to β ; VS is the segment containing all the elements 
corresponding to a degree of membership equal to α ; T would correspond to 
an element with degree of membership equal to α and degree of non-
membership equal to β . BO and BQ are equal to β  and α . 
 
1 case: The image of the element Xx∈  is in the area EVTR on Fig. 3 – then 
the operator preserves it.   
 
2 case: The image of the element Xx∈ is in the area VUT on Fig. 3 – then 
the operator moves it to a point from the segment VT 
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3 case: The image of the element Xx∈ is in the area RTSI on Fig. 3 – then 
the operator moves it to a point from the segment RT 
 
4 case: The image of the element Xx∈ is in the area TUJS on Fig. 3 – then 
the operator moves it to the point T 
 
From cases 1, 2, 3 and 4 it can be concluded that the operator ( )AQ βα , , from 
geometrical point of view, moves all elements to the region EVTR. 
The geometrical interpretations of the operator ( )AP βα ,′  are shown on Fig. 4. 
 

 
Figure 4 

 
 
Here MN is the segment containing all the elements corresponding to a degree 
of indeterminacy equal to β ; VS is the segment containing all the elements 
corresponding to a degree of membership equal to α ; T would correspond to 
an element with degree of membership equal to α and degree of 
indeterminacy equal to β . BZ and BQ are equal to β  and α . 
 
1 case: The image of the element Xx∈ is in the area VJNT on Fig. 4 – then 
the operator preserves it.   
 
2 case: The image of the element Xx∈ is in the area EVTM on Fig. 4 – then 
the operator moves it to a point from the segment VT. 
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3 case: The image of the element Xx∈ is in the area TNS on Fig. 4 – then 
the operator moves it to a point from the segment TN. 
 
4 case: The image of the element Xx∈ is in the area MTSI on Fig. 4 – then 
the operator moves it to the point T. 
 
From cases 1, 2, 3 and 4 it can be concluded that the operator ( )AQ βα , , from 
geometrical point of view, moves all elements to the region  VJNT. 
 
The geometrical interpretations of the operator  ( )AQ βα ,′  are shown on Fig. 5. 
 

 
Figure 5 

 
 
Here MN is the segment containing all the elements corresponding to a degree 
of indeterminacy equal to β ; VS is the segment containing all the elements 
corresponding to a degree of membership equal to α ; T would correspond to 
an element with degree of membership equal to α and degree of 
indeterminacy equal to β . BZ and BQ are equal to β  and α . 
 
1 case: The image of the element Xx∈ is in the area MTSI on Fig. 5 – then 
the operator preserves it.   
 
2 case: The image of the element Xx∈ is in the area EVTM on Fig. 5 – then 
the operator moves it to a point from the segment MT 
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3 case: The image of the element Xx∈ is in the area TNS on Fig. 5 – then 
the operator moves it to a point from the segment TS. 
 
4 case: The image of the element Xx∈ is in the area VJNT on Fig. 5 – then 
the operator moves it to the point T. 
 
From cases 1, 2, 3 and 4 it can be concluded that the operator ( )AQ βα ,  moves 
all elements to the region MTSI. 
 
The geometrical interpretations of the operator  ( )AP βα ,′′  are shown on Fig. 6. 
 

 
Figure 6 

 
 

Here MN is the segment containing all the elements corresponding to a degree 
of indeterminacy equal to β ; RU is the segment containing all the elements 
corresponding to a degree of non-membership equal to α ; T would 
correspond to an element with degree of non-membership equal to α and 
degree of indeterminacy equal to β . BZ and BQ are equal to β  and α . 
 
1 case: The image of the element Xx∈ is in the area EUTM on Fig. 6 – then 
the operator preserves it.   
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2 case: The image of the element Xx∈ is in the area UJNT on Fig. 6 – then 
the operator moves it to a point from the segment UT. 
 
3 case: The image of the element Xx∈ is in the area MTR on Fig. 6 – then 
the operator moves it to a point from the segment MT. 
 
4 case: The image of the element Xx∈ is in the area TNIR on Fig. 6 – then 
the operator moves it to the point T. 
 
From cases 1, 2, 3 and 4 it can be concluded that the operator ( )AP βα ,′′ , from 
geometrical point of view, moves all elements to the region EUTM. 
 
The geometrical interpretations of the operator  ( )AQ βα ,′′  are shown on Fig. 7. 
 

 
Figure 7 

 
 
Here MN is the segment containing all the elements corresponding to a degree 
of indeterminacy equal to β ; RU is the segment containing all the elements 
corresponding to a degree of non-membership equal to α ; T would 
correspond to an element with degree of non-membership equal to α and 
degree of indeterminacy equal to β . BZ and BQ are equal to β  and α .  
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1 case: The image of the element Xx∈ is in the area TNIR on Fig. 7 – then 
the operator preserves it. 
 
2 case: The image of the element Xx∈ is in the area UJNT on Fig. 7 – then 
the operator moves it to a point from the segment TN. 
 
3 case: The image of the element Xx∈ is in the area MTR on Fig. 7 – then 
the operator moves it to a point from the segment RT. 
 
4 case: The image of the element Xx∈ is in the area EUTM on Fig. 7 – then 
the operator moves it to the point T. 
 
From cases 1, 2, 3 and 4 it can be concluded that the operator ( )AP βα ,′′ , from 
geometrical point of view, moves all elements to the region TNIR. 
 
 
4 A NOTE ON ONE PROPERTY 
 
We would like to emphasize the following inherent property of the unordered 
couples ( ) ( )AQAP βαβα ,, , , ( ) ( )AQAP βαβα ,, , ′′ , ( ) ( )AQAP βαβα ,, , ′′′′  where 

for each of them the composition of its elements moves all images of the IFS 
to the point T.  
 
 
5 CONCLUSION 
 
The visual representation of the work of the operators permits the selection of 
the most suitable operator which would realize the translation of the images 
from a given IFS in the direction, determined by the problem to be solved.  
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