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1 Introduction

The concept of fuzzy sets was initiated by L. A. Zadeh [10], then it has become a vigorous area
of research in engineering, medical science, graph theory. Rosenfeld [9] gave the idea of fuzzy
subgroup. Bipolar valued fuzzy sets was introduced by K. M. Lee [6] are an extension of fuzzy
sets whose membership degree range is enlarged from the interval [0, 1] to [-1, 0]. In a bipolar
valued fuzzy set, the membership degree 0 means that the elements are irrelevant to the
corresponding property, the membership degree (0, 1] indicates that elements somewhat satisfy
the property and the membership degree [-1, 0) indicates that elements somewhat satisfy the
implicit counter property. The author W. R. Zhang [11] commenced the concept of bipolar
fuzzy sets as a generalization of fuzzy sets in 1994. Chakrabarthy, Biswas and R. Nanda [4]
investigated note on union and intersection of intuitionistic fuzzy sets. G.
Prasannavengeteswari, K. Gunasekaran and S. Nandakumar [8] introduced the definition of
Primary Bipolar Intuitionistic M Fuzzy Group and anti-M Fuzzy Group. A. Balasubramanian,
K. L. Muruganantha Prasad, K. Arjunan [3] introduced the definition of Bipolar Interval
Valued Fuzzy Subgroups of a Group. In this study some operations on primary interval-valued
intuitionistic fuzzy M group and anti-M group and some properties of the same are proved.

2 Preliminaries

Definition 1. Let G be a non-empty set, let A be an interval-valued intuitionistic fuzzy set
(IVIFS) in G and be an object of the form A = {(x, [ (x), ux ()], [vs (x),v5(x)]) | x € G},
where pi: G- [0, 1], uz: G- [0, 1] and vi: G- [0, 1],v;: G- [0, 1] and
(Vx € G) (ug (x) < uf(x), v (x) <vf(x),uf(x)+vf(x) <1) are called the degree of
positive membership, the degree of negative membership, the degree of positive non-
membership, and the degree of negative non-membership, respectively.

Definition 2. Let G be an M group and A be an interval-valued intuitionistic fuzzy subgroup of
G, then A is called a primary interval-valued intuitionistic fuzzy M group of G. If for all
x,y € G and m € M, then either uf(mxy) < ut(x?) and v} (mxy) = v (xP), for some
p € Z, or else uf(mxy) < uf(y?) and vj(mxy) = v (y?), for some q € Z, and either
us(mxy) = puy(xP) and vy (mxy) <v,(xP), for some peZ, or else u,(mxy) =
us(y?) and v, (mxy) < vy (y?), forsomeq € Z,.

Example 1.
0.7if x=1 02ifx=1
pi(x) =14 06ifx=-1 vf(x) =4 03ifx=-1
04 if x =1i,—i 0.5 if x =i,—i
06 ifx=1 0.1ifx=1
s (x) =4 05 ifx =-1 vy(x) =< 0.2 ifx =-1
0.3 if x =i,—i 0.5 if x =i,—i
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Definition 3. Let G be an M group and A be an interval-valued intuitionistic anti fuzzy
subgroup of G, then A is called a primary interval-valued intuitionistic fuzzy anti M group of
G.ifforall x,y € G and m € M, then either uf (mxy) = uf (x?) and vf (mxy) < v (xP), for
some p € Z,orelse uf (mxy) = uf(y?) and v} (mxy) < v (y?), for some q € Z, and either
pus(mxy) < uz(xP) and vy (mxy) =v;(xP), for some peZ, or else u;(mxy) <
us(y?) and vy (mxy) = vy (y?), forsome q € Z,

Example 2.
04 ifx=1 05ifx=1
pi(x) =13 0.6 ifx=—-1 vf(x)=1{ 03 ifx=-1
0.7 if x =1,—i 02 ifx=1i,—I
03 ifx=1 04 ifx=1
s (x) =< 05 ifx =-1 v;(x) =1 0.2 ifx =-1
0.4 if x=i,—i 0.1 if x=1i,—i

Definition 4 ([1, 2, 5]). Let A be an interval-valued intuitionistic fuzzy set of the universal set
E, then the Necessity operator is defined by

DA™ = %, 04 = {{x, uf(x),1 — pj (x)) |x € E},
DA™ = *; 04 = {(x, 3 (x),1 — p; (x)) | x € E}.

Definition 5 ([1, 2, 5]). Let A be an interval-valued intuitionistic fuzzy set of the universal set
E, then the Possibility operator is defined by

0AY =%, 0 A ={(x,1 —v] (x),uf(x)) | x € E},
0A” = %, 04 ={(x,1—v; (x),v;(x))|xEE}.

Definition 6. Let G be an M group and A be an interval-valued intuitionistic fuzzy subgroup of
G, then A is called a primary interval-valued intuitionistic fuzzy M group of G.

If for all x,y € G and m € M, then either uf(mxy) = infM,(mxy) < infM,(x?) =
wi(x?) and vjf(mxy) = supN,(mxy) = supN,(xP) = vf (xP), for some p€Z, or
else u}(mxy) = infM,(mxy) < infM,(y?) = ut(y?) and v} (mxy) = supN,(mxy) >
supN,(y?) =vf(y?), for some q€Z, and either u;(mxy) = supM,(mxy) >
supMy(xP) = uz (xP) and vy (mxy) = infN,(mxy) < infN,(xP) = vy (xP), for some
p€Zy or else py(mxy)=supM,(mxy) = supMy(y?) = ps(y?) and v, (mxy) =
infN,(mxy) < infN4(y?) = v, (y?), forsome q € Z,.

Definition 7. Let G be an M group and A be an interval-valued intuitionistic fuzzy subgroup of
G, then Ais called a primary interval-valued intuitionistic fuzzy anti M group of G.

If for all x,y € G and m € M, then either uf(mxy) = infM,(mxy) = infM,(x?) =
wr(x?) and vf(mxy) = supN,(mxy) < supN,(xP) = vf(xP), for some p€Z, or
else u}(mxy) = infM,(mxy) = infM,(y?) = ui(y?) and vj(mxy) = supN,(mxy) <
supN,(y?) = vf(y9), for some gqeZ, and either u;(mxy) = supM,(mxy) <
supMy(xP) = uy (xP) and v, (mxy) = inf Ny(mxy) = infN,(xP) = v, (xP), for some
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peZ, or else py(mxy)=supMu(mxy) <supMu(y?) =py(y?and v, (mxy) =
infN,(mxy) = infN,(y?) = v; (y?), forsome q € Z,

3 Some operations on primary interval-valued intuitionistic
fuzzy M group and primary interval-valued intuitionistic
fuzzy anti M group

Theorem 1. If A is a primary interval-valued intuitionistic fuzzy M group of G, then

A = Ais a primary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € A and m € M. Now
wz (mxy) = vj (mxy)
= pz (mxy)
= infM, (mxy)
< infM, (xP)
= s (xP).
Therefore, ut (mxy) < pj (xP), for some p € Z,. Consider
vi (mxy) = pg (mxy)
= v4 (mxy)
supN, (mxy)
SupN, (xP)
vi(xP).
Therefore, v;{(mxy) > vj (xP), for some p € Z,. Consider
uz (mxy) = vz (mxy)
pa (mxy)
supM,(mxy)
supM, (xP)
pa (xP).
Therefore, uz(mxy) = uy (x?), for some p € Z,. Consider
vz (mxy) = uz (mxy)

v

v

= Uy (mxy)

= infN, (mxy)

< infN, (xP)

= vy (xP).
Therefore, vz (mxy) < v, (x?), for some p € Z,. Therefore A=A is a primary interval-
valued intuitionistic fuzzy M group of G. L]

Theorem 2. Intersection of any two primary interval-valued intuitionistic fuzzy M group is
again a primary interval-valued intuitionistic fuzzy M group of G.
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Proof. Let A and B be two primary interval-valued intuitionistic fuzzy M group of G.
Consider x,y € Aand x,y € B and m € M. Now
Winp(mxy) = min(u} (mxy), uh (maxy))
= min(inf My (mxy) , inf Mg(mxy) )
< min(inf M, (xP) ,inf Mg (xP))
= min(uy; (xP), ug (x?))
= ting (xP).
Therefore, utp(mxy) < utng(xP), for some p € Z,. Consider
Uinp(mxy) = max(vy (mxy), vg (mxy))
max(sup Ny(mxy), sup Ng(mxy))
max(sup N, (xP),sup Ng(xP))
max(vg (xP),vg (xP))
= U/JlrnB (xP).
Therefore, v,h 5 (mxy) = vl 5(xP), for some p € Z,.. Consider
Hang (mxy) = max(uy (mxy), ug (mxy))
max(sup My (mxy), sup Mg(mxy))
max(sup My (x?),sup Mg (xP))
max(uy (xP), ug (xP))
= Uznp(xP)
Therefore, uyng(Mmxy) = uyng(xP), for some p € Z,.. Consider
Uang (Mxy) = min (v (mxy), vg (mxy))
= min(inf Ny (mxy), inf Ny (mxy))
min(inf N4 (xP), infNg (xP))
min(v; (xP),vg (xP))
Uang (xP)
Therefore, v 5 (Mxy) < vin5(xP), forsomep € Z,.
Therefore, A N B is a primary interval-valued intuitionistic fuzzy M group of G. O

v i

v

VAN

Theorem 3. Union of any two primary interval-valued intuitionistic fuzzy M group is also a
primary interval-valued intuitionistic fuzzy M fuzzy group if either is contained in the other.

Proof. Let A and B be two primary interval-valued intuitionistic fuzzy M group of G. To prove
that A U B is a primary interval-valued intuitionistic fuzzy M group of G, if A € B or B € A.
Consider x,y € Aand x,y € B and m € M. Now
Hup (may) = max(uf (mxy), uh (maxy))
= max(infM,(mxy) ,infMz(mxy) )
< max(infM, (x?) ,infMg(x?) )
= max(uy (xP), ug (x?))
= paup (xP).
Therefore, u},z(mxy) < ui,z(xP), for some p € Z,.. Consider
vAup(Mmxy) = min(vj (mxy), vg (mxy))
= min(supN,(mxy), supNg(mxy))
> min(supN4(x?), supNg(xP))
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= min(v; (xP), v} (xP))
= Uzzll_UB (xP).
Therefore, v,5, 5 (mxy) = v, 5(xP), for some p € Z,. Consider
taus (mxy) = min(uy (mxy), ug (mxy))
= min(supM,(mxy), supMg(mxy))
> min(supM, (xP), supMg(xP))
= min(uy (xP), ug (xP))
= UauB (xp)
Therefore, u,,5(Mmxy) = uz,s(xP), for some p € Z,. Consider
vaup(mxy) = max(v; (mxy), vy (mxy))
= max(infN, (mxy), infNg (mxy))
= max(infN, (xP), infNg (xP))
< max(v, (x?),vg (xP))
= vaup(xP)
Therefore, v, 5 (Mmxy) < vy,5(xP), forsomep € Z,.
Hence, the union of any two primary interval-valued intuitionistic fuzzy M groups is also an
interval-valued intuitionistic fuzzy M group if either is contained in the other. ]

Theorem 4. If A is a primary interval-valued intuitionistic fuzzy M group of G, then o4 is also
a primary interval-valued intuitionistic fuzzy M group of G.
Proof. Consider x,y € A and m € M. Consider
pia (mxy) = pi(mxy)
= infM,(mxy)
< infM, (x?)
= pz (xP)
= uy (xP).
Therefore, u*, (mxy) < u, (xP), for some p € Z,.. Consider
via(mxy) = 1 — pu} (mxy)
= 1 — infM,(mxy)
> 1 — infM,(xP)

- )
=1- :u;A (xp)
= vi (xP).

Therefore, v, (mxy) = v, (xP), for some p € Z,. Consider
Hop (mxy) = py (mxy)
= supM, (mxy)
> supM, (xP)
= pia (xP)
= u, (xP).
Therefore, u_, (mxy) = u_, (xP), for some p € Z,. Consider
uoAmxy) = =1 = iy (mxy)
= —1 — supM,(mxy)
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< —1 — supMy(xP)
=—1—py(xP)
= =1—pu,(xP)
= va (xP).
Therefore, v, (mxy) < v, (xP), forsomep € Z,.
Therefore, oA is a primary interval-valued intuitionistic fuzzy M group of G. [

Theorem 5. If A is a primary interval-valued intuitionistic fuzzy M group of G, then
OA is also a primary interval-valued intuitionistic fuzzy M group of G.
Proof. Consider x,y € A and m € M. Consider
Higy (maxy) = 1= v, (mxy)
= 1 — supN,(mxy)
< 1 — supN,(xP)

=1-— v (xP)
=1— vga (xP)
= 1, ()

Therefore, uf, (mxy) < u;,(xP), for some p € Z,. Consider
vga(mxy) = v (mxy)

= supN,(mxy)

> supN,(xP)

= vz (xP)

= via(xP)
Therefore, v{, (mxy) = v, (xP), for some p € Z,.. Consider

toa (Mxy) = —1 — vy (mxy)

—1 —infNy(mxy)
> —1—infNy(xP)

—1—va (xP)
= =1 — vga (xP)
= toa(*¥?)

Therefore u;, (mxy) = p, (xP), for some p € Z,. Consider
voa(mxy) = vy (mxy)
= inf Ny(mxy)
= infNy(xP)
<v, (xP)
= vya (xP).
Therefore, vy, (mxy) < vy (xP), forsomep € Z,.
Therefore, 0 A is a primary interval-valued intuitionistic fuzzy M group of G. ]

Theorem 6. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then
A = A is a primary interval-valued intuitionistic fuzzy anti M group of G.
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Proof. Consider x,y € A and m € M. Now,
i (mxy) = vj (mxy)
= pu (mxy)
= infM, (mxy)
> infM, (xP)
= ua (xP).
Therefore, pt (mxy) = pj (xP), for some p € Z,. Consider
vz (mxy) = pj(mxy)
= v4 (mxy)
= supN,(mxy)
< supNy(xP)
=v4 (xP).
Therefore, v;{(mxy) < vj (xP), for some p € Z,. Consider
pz(mxy) = vz (mxy)
= py (mxy)
= supM,(mxy)
< supM,(xP)
= uz (xP).
Therefore, uz(mxy) < p, (x?), for some p € Z,,. Consider
vz (mxy) = iz (mxy)
= Uy (mxy)
= infN,(mxy)
> infN, (xP)
= v, (xP).
Therefore, vz (mxy) = v, (xP), forsomep € Z,.
Therefore, A=A is a primary bipolar interval valued intuitionistic anti M-fuzzy group
of G. 0

Theorem 7. Intersection of any two primary interval-valued intuitionistic fuzzy anti M group
is again a primary interval-valued intuitionistic fuzzy anti M group of G.
Proof. Let A and B be two primary interval-valued intuitionistic fuzzy anti M group of G.
Consider x,y € Aand x,y € B and m € M. Now
Whnp (mxy) = min(uf (mxy), uj (mxy))
= min(infM, (mxy) , infMg(mxy) )
> min(infM, (xP) , infMg (xP) )
= min(uj (xP), ug (xP))
tinp (xP).
Therefore, u} s (mxy) = ui 5 (xP), for some p € Z,. Consider
Udng (Mxy) = max(v (mxy), v (mxy))
= max(supN,(mxy), supNg(mxy))
< max(supN,(x?), supNg(xP))
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= max(vy (xP),vg (xP))
= Uing (xP).
Therefore, v,hg(mxy) < ving(xP), for some p € Z,. Consider
Hang (mxy) = max(uy (mxy), uz (mxy))
= max(supM, (mxy), supMg(mxy))
< max(supM,(x?), supMg(xP))
= max(uy (xP), up (xP))
= pznp(xP).
Therefore, uynp(Mmxy) < uzng(xP), for some p € Z,. Consider
Vang(mxy) = min(vy (mxy),vg (mxy))
= min(infN, (mxy), infNg (mxy))
min(infN, (xP), infNg (xP))
> min(v; (xP),vg (xP))
= vinp(xP).
Therefore, v g (Mmxy) = vi,5(xP), for some p € Z,.
Therefore, A N B is a primary interval-valued intuitionistic fuzzy anti M group of G. O

Theorem 8. Union of any two primary interval-valued intuitionistic fuzzy anti M group is also
a primary interval-valued intuitionistic fuzzy anti M group if either is contained in the other.
Proof. Let A and B be two primary interval-valued intuitionistic fuzzy anti M group of G.
To prove that A U B is a primary interval-valued intuitionistic fuzzy anti M group of G, if
AC BorB c A
Consider x,y € Aand x,y € B and m € M. Now
whus(mxy) = max(uj (mxy), u (mxy))
= max(infMy (mxy) ,infMg(mxy) )
> max(infMy (x?) ,infMg(xP) )
= max(uz (xP), ug (xP))
= uaup (xP).
Therefore, i, z(mxy) = uh,z(xP), for some p € Z,.. Consider
UAup (mxy) = min(v; (mxy), vg (mxy))
= min(supN,(mxy), supNg(mxy))
< min(supN,(xP), supNg(x?))
= min(ug (x7), v (x7))
= vAup(xP).
Therefore, v,z (mxy) < vi,z(xP), for some p € Z,.. Consider
taug (mxy) = min(uy (mxy), ug (mxy))
= min(supM,(mxy), supMg(mxy))
< min(supMy, (x?), supMg(xP))
= min(uy (xP), ug (x?))
= aup(xP).
Therefore, uy,5(Mmxy) < uz,s(xP), for some p € Z, . Consider
Vaup(mxy) = max(vy (mxy), vg (mxy))
= max(infN, (mxy), infNg(mxy))
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= max(infN, (xP), infNg (xP))

= max(u; (xP), vg (xP))

= Ugup(xP).
Therefore vy g (mxy) = v ,5(xP), forsomep € Z,.
Hence, the union of any two primary interval-valued intuitionistic fuzzy anti M group is also
a primary interval-valued intuitionistic fuzzy anti M group if either is contained in the
other. [

Theorem 9. If A'is a primary interval-valued intuitionistic fuzzy anti M group of G, then o4 is
also a primary interval-valued intuitionistic fuzzy anti M group of G.
Proof. Consider x,y € A and m € M. Consider
pra (mxy) = pi(mxy)
= infM, (mxy)
> infM, (xP)
= pz (xP)
= uj (xP).
Therefore, u, (mxy) = u*,(x?), for some p € Z,.. Consider
via(mxy) = 1 — it (mxy)
=1 —infM,(mxy)
< 1 —infM,(xP)

= 1 i} (<)
=1- lu;A (xp)
= va (xP).

Therefore, v, (mxy) < v¥,(xP), for some p € Z,. Consider
u-, (mxy) = uz(mxy)
= supM,(mxy)
< supM,(xP)
= pa (xP)
= 5 (xP).
Therefore, u~, (mxy) < u”,(xP), for some p € Z,. Consider
via(mxy) = =1 — u, (mxy)
= —1 — supM,(mxy)
> —1 — supM,(xP)
=—1—py(xP)
=-1- #;A(xp)
= v (xP).
Therefore, v, (mxy) = v, (xP), forsomep € Z,.
Therefore, oA is a primary interval-valued intuitionistic fuzzy anti M group of G. [

Theorem 10. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then 0A
is also a primary interval-valued intuitionistic fuzzy anti M group of G.
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Proof. Consider x,y € A and m € M. Consider

gy (mxy) =1 — vy, (mxy)
=1 — supN,y(mxy)
> 1 — supNy(xP)

—1- v ()
=1- v, (xP)
= ug, (xP).

Therefore, 7, (mxy) = uj, (xP), for some p € Z,.. Consider

vga(mxy) = vg (mxy)
supN, (mxy)
supN, (xP)
s (xP)

= U<-)|-A(xp)-

VA

Therefore, vi, (mxy) < v, (xP), for some p € Z,.. Consider

—1 — g, (mxy)
—1 — infN,(mxy)

typ (mxy)

< —1 —infN,(xP)
=—-1-v,(xP)

= —1— vy (xP)
= py, (xP).

Therefore, u;, (mxy) < ug,(xP), for some p € Z,. Consider

voa(mxy) = vy (mxy)

= infN,(mxy)
= ianA(Xp)
= vy (xP)

= voa(xP).

Therefore, vy, (mxy) = vy (xP), forsomep € Z,.

Therefore, 0 A is a primary interval-valued intuitionistic fuzzy anti M group of G. ]
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