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Abstract

This paper shows that intuitionistic fuzzy sets (IFS) can be used efficiently
as structuring elements in fuzzy hit-or-miss transform to find objects with a
given (or close to a given) shape on digital images. Thus IFS are found to be
useful in document processing, X-ray and MR tomography etc.
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INTRODUCTION

Fuzzy sets are generalization of conventional set theory as a mathematical way to
represent vagueness in everyday life and natural phenomena.lt is useful to work with
fuzzy or imprecise geometrical objects in the study of natural images, for instance
created by microscopical, X-ray or ultrasound scanning, i.e. fuzziness is an intrinsic
quality of images and the natural outcome of most of the image processing techniques.

Shape analysis is of great importance for different applications, for instance in the
recognition of pathological objects on X-ray or microscopic images. In the monogra-
phies of Serra [8] and Heijmans [4] it is demonstrated that the hit-or-miss transform
plays an essential role in shape analysis.

Here we see that in fuzzy hit-or-miss transform it is natural to use intuitionistic

fuzzy sets (IF'S) as structuring elements.
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MATHEMATICAL MORPHOLOGY - PRELIMINARIES

Mathematical morphology has been created as an approach in the field of image
processing for extraction of geometric information from an image.

The basic morphological operations — erosions and dilations — are introduced
by Matheron and Serra [8] to examine the structure of binary images which can be
represented mathematically as sets. Dilations and erosions over sets are represented as
Minkowski addition and subtraction by means of a fixed set, usually called structuring
element. Morphological operations have been extended to grey-scale images modelled
mathematically as functions. Serra and Heijmans [4] have shown that morphological
operations can be extended to any complete lattice. However, in this paper we will
not study the lattice properties and the erosion-dilation adjunctions, which play main
role in image filtering.

Let us for example consider only the lattice £ with elements the subsets of a linear
space E, i.e. L= P(E). Here and henceforth, by P(X) we denote the power set of
X, i.e. the family of all subsets of the set X fhi

The supremum operation in £ is the union, and infimum is the intersection op-
eration. Let the group of automorphisms be the group of translations, i.e. 7,(A) =
Ay ={z|lx =a+b,a € A}. Then d4(B) = dp(A) = A® B is the standard Minkowski
addition and e4(B) = B © A is the Minkowski subtraction operation:

A®B={a+b|a€Abe B} = U (A),

beB

A6 B=()1(A) ={z | z(B) C 4}.

beB

Then closing and opening of A by B are defined as

AeB=(A®B)eB > 4, (1)
AoB=(A©B)@®B. (2)

Let denote by X € the complement of the set X, i.e. X¢= M\ X. Then the following
simple equalities hold [8] :

(A® B)°= A°6 (—B),
(Ao B)*= A°e (—B),
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where by —B we denote the centrally symmetric set of B. Therefore opening and

closing operations can be represented as follows:

XoA = |J{m(A)|h € E and 7,(A) C X}, (3)

XeA={keFE|hen(A) =
Th(—A)ﬂX 75@}

This operations d5(X), ep(X), ¢p(X) = XoB and ¢5(X) = X eB are usually referred
to as classical or binary morphological operations with the structuring element B. A
very useful combination of erosions is the hit-or-miss transform [8]. It is determined

by a pair of structuring elements with empty intersection:
WA,B(X) = {h€E|Th(A) C X and Th(B) ch} (4)

It is evident that 74 p(X) = X © AU X°© B. This operation is very well suited for
locating points inside an object with certain local geometric properties, for instance
finding the place of a given letter in text.

More generally, this operation forms the primary building block for translation-
invariant mappings and is used extensively for pattern matching. For completeness
we shall introduce two more morphological operations - morphological gradient and
skeletonization (medial axis transform):

The morphological gradient locates the edges of the object X. It is defined as:
V(X) = é5(X) \ e5(X) ()

The skeleton is much more complicated.
Let K € L be bounded centrally symmetric structuring element.

Let A be an arbitrary subset in the lattice. Consider the function d[A4, K] : E — N

defined as follows:

max{m € Njz € Ao (K® 1)} ifzecA

d[A’K](w):{ 0 ifzg A

Denote Ao, K =A6(K®)=A06 (K®...®K),forn>1and A5, K = A.

n—times
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This function is called distance transform of A by the structuring element K [3] .

One can easily demonstrate, that if x € A then,
d[A, K](x) = max{m| (K®™') C A}, (K®) = K. (6)

Distance transform holds the following properties, see [7]: Forany z € A d[A, K|(z) =
1 + min,eg\o d[A, K](z + 2). This lemma is proved in [3] . It is easy to demonstrate
also that for circular structuring element with radius r centered at the origin it follows

immediately that If A C R" be a compact set and if let x € A, then

dM&M@:[ +1.

Here [s] denotes the integer part of s.
Finally we define medial azis (skeleton) of the set A by the structuring element K

in the following way:
MA(AK) ={z € A|d[A,K](z) > d[A, K](y) for every y € K},

i.e. the medial axis M A(A, K) is the collection of extremal points for the distance
transform. In [3] it is proved that in the case of discrete domain M the following
proposition holds: Let A C Z", and let K C Z" be bounded and symmetric. Define
the sequence Sy, S1,...,5,... by S, =A6, K\ (A6, K)o K. Then

AM%M:D&

n=0

Since the sequence {S,} consists of a finite number of nonempty elements, then

the upper union is finite.

FUZZY SETS, INCLUSION INDICATORS AND MORPHOLOGICAL

OPERATIONS

Consider the set U called the universal set. A fuzzy subset A of the universal set
U can be considered as a function py : U — [0, 1], called the membership function of
A. pa(z) is called the degree of membership of the point z to the set A. The ordinary
subsets of U, sometimes called ’crisp sets’, can be considered as a particular case of a

fuzzy set with membership function taking only the values 0 and 1.
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This definition leads to two possible interpretations:

— in image representation the value of the membership function u4(x) at a point
x may be interpreted as the grey level value associated with that point of the image
plane,

— in pattern recognition, the value 0 < pa(z) < 1 indicates the probability that
the point z is in the foreground of an image.

Let 0 < @ < 1. An a-cut of the set X (denoted by [X],) is the set of points z, for
which px(z) > a.

The usual set-theoretical operations can be defined naturally on fuzzy sets: Union
and intersection of a collection of fuzzy sets is defined as supremum, resp. infimum of

their membership functions. Also, we say that A C B if pa(z) < pup(z) forallz € U.

The complement of A is the set A° with membership function pgc(x) = 1 —

pa(z) for all z € U.

Let now consider that the universal set U is the n-dimensional vector space E.
Then any geometrical transformation, like scaling, translation etc., of a fuzzy set can

be defined by transforming its a—cuts.

Let us represent a scene by a fuzzy subset of the image plane. Let assume that the

image is noisy. Consider two sets A and B such that A C B.

When we observe these sets, we shall obtain due to the noise slightly different
sets A’ and B' and it may be the case that A’ ¢ B’. Sinha and Dougherty [9]
have developed the fuzzification of set inclusion for fuzzy sets in terms of an inclusion
indicator. The indicator gives the degree to which a fuzzy set is a subset of another

fuzzy set. Here we remind the definition of a fuzzy inclusion indicator [9, 6] :

Definition: An inclusion indicator is any two - argument function, mapping a couple
of fuzzy sets into the interval [0, 1] satisfying the following 8 properties : Al. I(A, B) =
0 if and only if {z|pa(z) = 1} N {z|ps(z) = 0} # 0.

A2. From B C C it follows that I(A, B) < I(A,C).

A3. From B C C it follows that I(C, A) < I(B, A).

A4. I(A,B) = I(1,(A),7,(B)) for all z, I(A,B) = I(—A,—B).

A5. I(A,B) = I(B¢, A°).
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A6. I(U; B;, A) = inf; I(B;, A).

A7. I(A,N; B;)) = inf; I(A, B;).

A8. I(A,U; B;) > sup,;I(A, B;).

It is easy to see that the upper eight axioms are not independent: For instance A4
can be deduced from A2 and A5, and A6 can be deduced from A5 and A7.

As examples of inclusion indicators in [6] following functions, which satisfy all

eight axioms has been considered:
I\(A,B) = inf min[L, A(pa(z)) + A(1 = pg(2))]; (7)

where A : [0,1] — [0,1] is a strictly decreasing concave function with A(0) = 1,
A(1) =0, and
LAB) = inf maxlun(a),1 - pa@) ®

The indicator I has the property that if A C B then I)(A,B) =1. f \(z) =1—z
then I(A, B) =1 if and only if A C B. We denote the indicator I for A(z) =1 -z
by I*.

If I,(A, B) = 1 then A C B. But it may happen that A C B and I,(A4, B) < 1.

Following [9] , given an indicator I satisfying the eight axioms and a fuzzy set A,

we may define fuzzy erosion and fuzzy dilation operations £(., A) and D(., A) by

pex,a(@) = I(1z(4),B), (9)

D(Xa A) = (D(Xc’ _A)))C . (10)

As a simple consequence from A4 and A5, we can conclude that that D(A, B) =

D(B, A). Thus defined dilation is a generalization of the crisp Minkowski addition
operation.

Consider the indicator I,. Then it is easy to show that dilation and erosion with

respect to I, have the form:
HD(A,B) (x) == Sl;p min(MA(b),MB(fE i b)), (11)
pea()(@) = inf max(up(8), 1~ pa(d — ), (12)

Hence we can derive a simple representation of the dilation:
b,y (z) = sup{a|z € [Ala @ [Bls}, where @ is the standard crisp Minkowski
additionin E: X @Y ={z|z=z+y,z€ X,ye Y}
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Henceforth we write A @ B instead of D(A, B) or D(B, A), when the dilation is
taken with respect to I,. The properties of I(A, B) and the respective erosions and
dilations are studied in details in [9] and [5]

Let us first consider the morphological gradient, which is defined in classical binary
morphology by Eq. (5). In the event that B is a symmetric structuring element and
0 € B, then we obtain that eg(X) C X. Therefore we can rewrite the binary gradient
operator as Vg(X) = dp(X) \ (X N ep(X)).

In the fuzzy case, £(A, B) C A only under rather stringent conditions. Then we
can define a fuzzy morphological gradient operator as follows: Vp(X) = D(X,B) \
(X N &(X, B)).

The hit-or-miss transform

From Eq. (4) it is clear that the classical binary morphological hit-or-miss trans-
form can be rewritten as

ma(X) = €4(X) Nep(X€) where A and B make a pair of disjoint structuring

elements. It naturally lifts to the fuzzy morphological operator
7TaB(X) = E(X,A)NE(XC, B).

A key difference is that, since A and B are fuzzy sets, we do not assume that AN B =
(). The experiments indicate that, in the case of noisy images, it is preferable for
the structuring elements to be slightly fuzzy, which means that the values of their
membership functions have to be close to one. Also, for the indicators I, A(X) =1—z

appears to work the best.

USING INTUITIONISTIC FUZZY STRUCTURING ELEMENTS

Remind that an intuitinistic fuzzy subset A of the universal set p4(x) is the degree
of membership of the point z to the set A, while v4(z) is the degree of nonmembership
of the point z to the set A. It is natural that for every z € calU pa(z)+va(z) <1 [1].
Now let us consider again the fuzzy hit-or-miss transform. Given an IFS 7', we can
define hit-or-miss pair < A, B > like u4 = pur and up = vp. This is natural because,
as mentioned above, we do not need that AN B = (0. An example of the usage of such
element is given on figure 1. This example was prepared by S. Dobreva for her master’s

thesis. The example is to find a ’c’-shaped pattern with a given size on a grey-scale
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