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In this paper we introduce some operations on IFS [1]. P. Burillo and H. Bustince 

introduced T- and S- norms as follows: 

P(A, B) = {< 2, T(ua(2), ta(z)), S(va(2), va(x)) > /a € EB} 

where 

0 <T(ua(2), pa(z)) + Sva(2), va(e)) <1 

We shall define: 

P(A, B) = {< 2, S(ua(z), ua(2)), T(va(2), va(2)) > /2 € B} 

Therefore —P = P, where = is the “‘equivalence" relation between operations. 

For example, from De Morgan's law we have (see [1]): 

N=vU 

+=- 

When T = S, then P = P. 

For example ([1]): _ 

@=@ 

Me Ki 

x= * 

If A= {(x, wa(x), va(x))/x € E}, then (see[1]): 

7A = {(a, va(x), wa(a))/x € E} 

We have that [1] 

3P(-A, 7B) = P(A, B)



We see that J’ and S define P. Thus, it is very important to study the forms of T’ and S. 

Below we demonstrate the conditions that T and S must satisfy in order for the operation 

P(A, B) to have some desired properties (associativity or commutativity). 

It is commutative when 

P(A, B) = P(B, A) 

> 
T(ua(2), Ha(x)) = T(ua(2), Ha(z)) 
S(va(@), va(@)) = S(va(), va(z)) 

It is associative when 

P(P(A, B),C) = P(A, P(B,C)) (1) 

where 

P(P(A, B),C) = {(z, T(T(ua(2), ta(2)), Mo(2)), 

S(S(va(2), va(x)), vo(x)))|2 € EB} (2) 

P(A, P(B,C)) = (x, T(ua(2), T(ua(), uc(2))), 

S(va(x), S(ve(2), vo(x)))) | € EB} (3) 
Replacing (2), (3) in (1), we get the equalities 

T(T(ua(2), ua(2)), Ho(®)) = T(wa(a), T(ua(2), uo(2))) 
and S(S(va(2), vp (x)), Yo(x)) = S(va(z), S(va(), vo(2))) 
where 

0<T(T(Ha(2), ua(2)), Hc(x)) + S(S(va(2), va(@)), Yc(e)) <1 

0<T(ua(e), T(ua(x), uo(x))) + Sva(z), S(va(2), vo(2))) <1 
It is possible for P(A, B) to be both commutative and associative only if T and S are 

solutions of the two systems 

T(T(ua(2), a(2)), uc(2)) = T(ua(z), T(ua (2), uc(2))) 
T(Ha(2), Ha(z)) = T(ua(2), wa(z)) 

and 
{ S(S(va(z), va(2)), vo(x)) = S(va(x), S(va(2), ve(@))) 

S(va(z), va(@)) = S(va(z), va(z)) 
We will look for a solution of the above systems of the kind 

P(P(a,y), 2) = P(«, Pty, z)) 
P(z,y) = Ply, 2) 

where P is a polynomial with real coefficients and (x, y,z) € I? , (p,q,l) € I? and I = (0, 1]. 
For this purpose we will prove the next lemma. 
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Lemma 1. If R(z,y,z) and Q(z, y,z) are two polynomials with real coefficients for 

which R(x, y,z) = Q(x, y,z) for all (x,y,z) € I* (where I = [0,1]) then R(z,y,z) = 

Q(c,y, 2). 
Proof: In the proof of the above statement, we will use the following well-known result 

from algebra (see [3]). 

(*) Ifk is a field and T,,T»,...,Tp are infinite sets from k and f(x1,...,£n) is a polynomial 

of n variables over k, then whenever f(a,,...,@n) = 0 for all a; € T;(t =1,..,n), we have 

that f = 0. 

Let R(z, y, z) # Q(a, y, z). From R(2, y, z) = Q(a, y, z) there follows 

W(2,y, z) = R(z,y, z) ™~ Q(z, y; z) =0 

for (x, y, z) € I3(where I = [0,1]) where W(z, y, z) is not a zero polynomial. 
Therefore, when n = 3, (*) contradicts (**). 

Lemma 2. If P(x,y) is a polynomial with real coefficients which is a solution of the 

system 

P(a,y) = Ply, 2) (4) 
P(P(az,y), 2) = P(a, Ply, z)) 

then P(z,y) = a(a + y) + b(zy), where a = 1 or a=0 
Proof: From (4) it follows that > P(z,y) = ax"y* + Q(a, y) + ax*y” where n is the 

maximal degree of x and y in P(x, y) and the maximal degree of x and y is less than n in 

Q(x, y). 
Let n > 1. Then we have two possibilities 

P(z,y) = ax”y* + Q(a,y) + ax*y” when n ~ kh (5) 

P(z,y) = ax"y” + Q(z,y) when n =k (6) 
From (5) it follows that 

P(P(x,y), 2) = a(aa"y* + Q(x, y) + ax*y")"2* 

+Q(az"y* + Q(x, y) + aa®y”, z) + afaa"y* + Q(a,y) + aaty”)*2” (7) 

P(x, Ply, z)) = ax™(ay"z* + Q(y,z) + ay*z")* 

+Q(a, ay"2* + Q(y, z) + ay*2") + aax*(ay"z* + Q(y, 2) + ay*2")” (8) 
If we want the second equation of (4) to hold, then by Lemma 1, P(P(a, y), z) should 

coincide with P(x, P(y, z)). The maximal degree of x on the right side on (7) is n?, but in 

(8) it is n. Therefore case (5) is impossible. 

P(P(a,y), 2) = alaa"y” + Q(a,y))"2" + Q(aa"y” + Q(z, y), 2) (9) 

P(x, Ply, z)) = aa™(ay"z” + Q(y, z))” + O(a, ay2” + Q(y, z)) (10) 
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Again, if we want the second equation of (4) to hold, then by Lemma 1, P(P(z, y), z) 

should coincide with P(x, P(y, z)). 

On the right side on (6) the addend with maximal degree of x is azz” y™ 2”, but in (10), 

it is aay” 2”. 
Therefore case (6) is impossible. 

Thus n = 1. We have therefore that P(z,y) = a(% + y) + bry. It is also true that 

P(z,y) = Ply, 2). 

P(P(2,y), 2) = a(a(x + y) + bry + z) + D(a(a + y) + bry)z = 

=a’a+a’y + absy + az + baxz + bayz + Payz 

P(a, Ply, z)) = a(x + aly + z) + byz) + br(a(y + z) + byz) = 

= az +a*y+a?z+4+ abyz + abry + abrz + b*xyz 

We want system (4) to hold, but this is only possible when a*x + a?y + abry + az + 

baxz + bayz + Bayz = ax + a?y + a*z + abyz + aby + abrz + Bayz 

aa +a*yt+az=art+a*y+ az (z,y,z) € 

6@=a6a(a—1)=06a=0anda=1 
Theorem. From all polynomials with real coefficients that can participate in the con- 

struction of the operation 

P(A, B) = {(z, T(ua(z), #a(z)), S(va(z), Vp(z)))|x € E} 

(where A,B are IFS) 

in place of T and S, so that P is commutative and associative, only a(x + y) + bry are 

such that 
_ f 1;b€ [-2,-]] 

~ 0;b € [-1,-1] 

Proof: We have from (7) and Lemma 2 that every such polynomial have the form 

a(x + y) + bry where a = 1 or a= 0. Let us consider cases 1) a = 1 and 2) a=0 

1) a = 1 from Lemma 2 and 0 < P(P(z,y),z) < 1 we have r+y+24+d(ry+az+ 
yz) + Bayz <1 but < 2,y,z >€ I? then 34+ 3b4+ 6? < 1. We solve this inequality and 

obtain that 6 € [—2, —1] 

2) a = 0 from Lemma 2 and 0 < P(P(z,y),z) < 1 we have b’xyz < 1 where 
< x,y,z >€ I? then & < 1. We solve this inequality and obtain that b € [—1, 1]. 
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