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1 Introduction

The concept of intuitionistic fuzzy is introduced by K. Atanassov (1983) [1, 2, 3]. This concept
is a generalization of fuzzy theory introduced by L. Zadeh [12]. Several works made in the study
of the Cauchy problem with intuitionistic fuzzy initial condition [7].

The concept of complex fuzzy sets as sets with complex membership functions was first in-
troduced by Ramot et al., who in [11] demonstrated the increased expressive power gained by
endowing a set S with a complex membership function pg(x) = r5(2)e*?s®), where rg(z) and
¢s(x) are real-valued functions with 7 solely responsible for the fuzzy information and ¢g func-
tioning as a phase term containing additional crisp information.

In [5], we discussed the existence and uniqueness for a solution of the intuitionistic fuzzy
differential equation

{ U'(t) = H(t,U®), tel 0
U0)="U, €F,
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In this paper, we consider the following problem:

{ U'(t) = AU(t) + H(t, U(t)), tel, @)

U(O):U()EF,

where A is the generator of a strongly continuous semigroup {7 (¢),¢ > 0} on F and
H : I x F — F which we take to be continuous in both arguments and satisfies some condi-
tions. And it will be extensive as an initiation to study other concept, stability, etc., which is
defined in the fuzzy case [6].

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used through-
out this paper.
Let us denote by Py (IR) the set of all nonempty compact convex subsets of R.

Definition 1. We denote
IF ={(u,v) : R —[0,1? |Vz € R /0 < u(z) + v(z) < 1}

where

1. (u,v) is normal i.e. there exists x,x1 € R such that u(zy) = 1 and v(z,) = 1.

2. w is fuzzy convex and v is fuzzy concave.

3. w is upper semicontinuous and v is lower semicontinuous

4. supp(u,v) = cl({x € R:v(zx) < 1}) is bounded.
For a € [0,1] and (u,v) € IF, we define

[(u,0)]* ={z e R|v(r) <1-a}
and
[(u, V)]0 = {z € R [u(z) = a}.

Remark 1. We can consider [(u,v)], as [u]® and [(u,v)]* as [1 — v]* in the fuzzy case.

Definition 2. The intuitionistic fuzzy zero is intuitionistic fuzzy set defined by

) (1,0), =0
01,0) () —{ 0.1), z40°
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Definition 3. Let (u,v),(u',v") € IF and A € R, we define the addition by:

() ® (o,0)) <z>:(sup min(u(e), o (y);_inf max<v<x>,v'<y>>)

z=z+y z=z+ty
Mgy f Q) ifAZ0
0(071), Zf A=0

According to Zadeh’s extension principle, we have addition and scalar multiplication in intu-
itionistic fuzzy number space [ F' as follows:

[(u,v) @ (2, w)]* = [(u, v)]* + [(z, w)]*, 3)
(A, 0)]* = Al(u, )], )
[(u,v) ® (2, w)]a = [(4,v)]a + [(2, w)]a, (5)
(A, v)]a = Al(w, v)]a, (6)
where (u,v), (z,w) € [F and A € R.
We denote
[(u, 0)] (@) = inf{z € R| u(x) > a},
[(u,v)};" () = sup{z € R | u(z) = a},
[(u,v)]; (o) =inf{x e R |v(z) <1—a},
[(u,v)]; (@) = sup{z € R v(z) <1 —a}
Remark 2.

Theorem 1. let M = {M,, M* : « € [0, 1]} be a family of subsets in R satisfying Conditions
() — (i)
i) a<pB= MzgCM,and MPB c M~

ii) M, and M* are nonempty compact convex sets in R for each o € [0, 1].

iii) for any nondecreasing sequence o; — « on [0,1], we have M, = (\, M,, and M* =

ﬂi M,
iv) For each o € |0, 1], M, C M* and define u and v, by

= sup{a €[0,1] : x € M} ifre My’

(z) = 1 if v ¢ M°
= 1—sup{a€(0,1] : z € M*} ifre M°

Then (u,v) € IF.
Proof. See [10]. O
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The space [ F' is metrizable by the distance of the following form:

e (w,0), (2,w)) = = sup [[(w, )] (@) = [(2, W) (@)

4 p<a<1

+2 s G l 0) [l )

45 s ([0 0)]; (@) = [ 0] ()

+3 s [0l (@) = [ )] (@),

where |.| denotes the usual Euclidean norm in R.
Theorem 2. (I F,d,) is a complete metric space.
Proof. See [10]. O

We recall the definition of a complex fuzzy set:

Definition 4. A complex fuzzy set A, defined on a universe of discourse X, is characterized
by a membership function pa(x) that assigns any element v € X a complex-valued grade of
membership in A. By definition p4(x) a value in the unit circle in the complex plane in the polar

case. And a value in the unit square in C in the Cartesian case.

2.1 Complex intuitionistic fuzzy set

In this section, we recall some basic notion on complex intuitionistic fuzzy sets defined in [4]. As
the definition of complex fuzzy set, we give here a definition of complex intuitionistic fuzzy set:

Definition 5. A complex intuitionistic fuzzy set A, defined on a universe of discourse X, is char-
acterized by a membership function 1 4(x) and non-membership function v4(z) that assigns any
element v € X a complex-valued grade of membership and non-membership in A. By definition,
the values ji4(x), va(z) and pa(x) + va(x) may receive all lie within the unit circle in the com-
plex plane in the polar case. And jia, Vs and pa(z) + va(x) a value in the unit square in C in
the Cartesian case.

2.2 Cartesian representation of complex grades
of membership and non-membership

The complex membership function p, is defined as
u(V.2) = pr(V) +ipr(2),
likewise, we can define the complex non-membership function as
v(V,z) =vg(V) +iv(2),
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where V' is to be interpreted as a set in a intuitionistic fuzzy set of sets and z as an element of V' .
This definition can be easily extended to R, for x € R, let

Ale) =u(@) +iv(e)  and  fole) = o'(2) + i (2),

where [ = (u,u’) : R — [0,1]? and g = (v,v’) : R — [0, 1]%. For ease of notation, denote F by
(f,g). Thus, f1, fo assigns to each z € R a value in the unit square in C, representing a complex
grade of membership and non-membership. Note that u, v, ' and v" considered individually
define non-complex fuzzy sets in R.

Now, for f = (u,u'), g = (v,v') : R — [0, 1]%, a-level sets are classically defined as follows:

17 =[(w,u)]* ={z eR[u(z) <1-a};  [fla=[wu)a={zeR]|u)>a}

and

[ = [(uw, )’ ={z e R[w(x) <1} [flo=[(u,u)]o = {z € R]u(z) > 0}.
We use the above to define (v, 3)-level sets for F = (f,9),0 < a, f < 1:
[F1@2 = [(f, )" = [f1* 0 [9)”, )

and

[Fliapy = [(f: D@, = [fla N g]s- 8)

Consider the following set of conditions as an alternative definition of [F]?) and [F| (4 s):

(FIe?) = {z e R|u/(2) <1 —a, v'(z) <1 -5}, ©)

[F1e0 = {z e R[w/(2) <1—a, v'(z) < 1}, (10)

[F]O9 ={z e R|u/(z) < 1, v'(z) <1— B}, (11)

[F]O0 = {z e R|u/(z) < 1, v/(z) < 1}, (12)

and

[Flap ={z e Rlu(z) > o, v(z) = B}, (13)

[Flao = {z € Rlu(z) = o, v(z) > 0}, (14)

[Flog) ={z € Rlu(z) >0, v(z) = £}, (15)

[(Flo = {z € R|u(z) >0, v(xz) > 0}. (16)
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Note that (9) and (12) are equivalent to definition (7), likewise (13) and (16) are equivalent to
definition (8) for the corresponding «, 3, but (10), (11) and (14), (15) are not: (7) and (8) may not
yield closed sets in the case when exactly one of «, 3 is equal to 0, but (10), (11) and (14), (15)
would yield the respective closures of those sets.

For f,g € I'F, wehave [f]*N[g]?, [f]aN[g]s are always compact and [f]'N[g]* < [f]*N[g)® C
[f1° N [g]° and [f]: N [g]: C [fla N [gls € [flo N [g]o are nonempty as in order to ensure this,
it is sufficient that [f]' N [¢]* and [f]; N [g]; be nonempty, meaning that there should exist some
Tg, 1 € R such that zq € [f]', ie., v/(x9) = 0, 29 € [g]", i.e., ¥'(x9) = 0 and z1 € [f]1,
ie.,u(z) =1, z; € [g]1,i-e., v(z1) = 1. With that in mind, we define the following set:

7 = {((wu’)7 (U,U’)) € IF x IF|3xg, 1 € R, s.tu(zy) =v(z1) =1, v (20) = v'(20) = 0} V)]

Then for (f,9) € 15, [F©9) = [f]* 0 [g)’, [Flias) = [fla N [9]s € Pe(R) forall o, § €
[0,1]. And the compactness of the [F](“?) sets guarantees the complete equivalence of definition
(7) and the set of definitions (9)—(12), and the complete equivalence of definition (8) and the set
of definitions (13)—(16).

We recall that /F is closed under addition and scalar multiplication, to establish a similar
result for I7”. For functions f = (u,u), g = (v,v') € IF, addition and scalar multiplication
can be defined via level sets as (3)-(6).

For F = (f,9) = (wu/), (1,v")), G = (f,¢) = ((z,2), (y,¢/)) € [F" and X is a scalar,
let

F+G=(fg)+(f9)=U+[9+9), (18)
AF = Af.9) = (Af. Ag). (19)

Theorem 3 ([4]). [ FQ is closed under addition and scalar multiplication.

Consider the product metric on IF2 = [F x IF, dy : IF2 x [F? — R by:
. 2
doo(F,G) = max{ds(f, '), dc(9.9)},  F=(f9),G=(f,g)€lF" (20)

Since IF" C IF2, d,, is also a metric for I i Hence, (/ AF2, Czoo) is a complete metric space.
A2
It will also prove useful to define a zero element in /F' . Recall that on /F' we define zero

element O(1 ) € IF' by
(1,0) ,xz=0
dnote) = { (0,1) ,z#0"

The zero element on I F then reads
0 = (01,0, 0(1.0) € TF?.
We have 0(0) = ((1,0), (1,0)), verifying that 0 € IF".
Theorem 4 ([4]). [ FQ C I F x IF is embeddable into a Banach space.

Remark 3. In the same manner can be defined 1 }7’”, n > 3 and it is shown that is embeddable

into a Banach space.
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2.3 Polar representation of complex grades
of membership and non-membership

The polar representation of the membership function p, is defined as
w(V,z) = r(V)e"?),

likewise, we can define the polar representation of complex non-membership function as
U(V.z) =/ (V)er?O),

where o is a scaling factor, does not translate directly to and from the respective Cartesian repre-
sentation. Therefore, the two representations of the corresponding extension to R are not equiva-
lent as defined, which will be seen below. Thus, depending on the application, one may be more
appropriate to use than the other.

For x € R, the polar form of f; and f, is defined as follows:

file) =r(@)e D, fo(w) = r'(@)err

where f = (r,7'),9 = (¢,¢) : R — [0,1]>.

We denote f; = (r,¢) and fo = (r’, ¢'). The scaling factor is taken to be 27 , allowing the
range of fi and f to be the entire unit circle. Because ¢>™* is periodic, we take the value of ¢
giving the maximum distance from €°, ¢ = 0.5, to be the “maximum” membership value.

A% =[(r,)]* ={z e R|7'(z) <1 -a},
and
[fla =[(r,7")]a = {z € R|r(z) > a}.

And we define the level sets for g = (¢, ¢'), denoted [g]'* and [g] ), must be defined differ-
ently to account for the periodicity:

(9] = {z eR|¢/(x) € [a,1 — @], a € (0,0.5]}, (21)

9]y = {z eR|o(z) € [a,1 — o], ar € (0,0.5]}, (22)

9]V = {z e R[0 < ¢/(z) <1}, (23)

[0y = {z € R|0 < ¢(z) < 1}, (24)

91 =16, N, [glia) = [(¢, )] 1-a) forall a € [0,1]. (25)

For F = (f, g), We can then define the level sets [F]*? and [F], 6 as
[FI@ = [(£, )P = [ [g)D, and [Fliag) = [(f; Dhap) = e N lole),  26)
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or by the relations:

[F1@) ={z e R|r'(z) < 1—a, ¢/(x) € [8,1— B},

[Fliasy ={r € R[r(z) = a, ¢(x) € [3,1 - ]},

[F0 ={z eRr(2) S1—a, 0 < ¢'(a) <1},

[Fliaoy ={r € R|r(z) > a, 0 < ¢(x) < 1},

[F]*P = {z e R[r"(x) <1, ¢/(2) € [B,1 - B]},

[Flog ={r eR|r(z) >0, ¢(z) € 8,1 — ]},

[F1O0 = {z eR[r(z) < 1,0 < ¢(z) < 1},

[Flioo ={zr e R|r(z) >0,0 < ¢(x) <1},
together with

[Flle? = [Fle=8 and  [Fliag = [Fli-g, foralla, s € [0,1].

(27)

(28)

(29)

(30)

1)

(32)

(33)

(34)

(35)

It is clear that, for g = (¢, ¢') € IF, [g]' C [g]* and [g](a) C [ga for all a € [0,0.5]. However,

[9)*?, [g](a) need not be compact or convex. In order to address this issue, we define
G = {(u,v) : R — [0, 1]? satisfying all of the following conditions} ,
1. There exists zo, 21 € R such that u(zg) = v(z) = 0.5.
2. w and v are monotone.

3. w is upper semi-continuous on K5 and lower semi-continuous on /5, with

Ki={zeR|0<u(z) <05}, and K;={zeR|05<u(z)<1}.

4. v is lower semi-continuous on K| and upper semi-continuous on K/, with

Ki={z€eR|0<v(z) <05}, and Kj={xeR|05<v(z)<1}.

5. K; U Ky and K7 U K, are compact.
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Theorem 5 ([4]). There exists an embedding [ : Q — IF x IF.

Now, we define
IFi = {<(r, ), (¢, gb')) € IF x G|3zg, 1 € Rst r(xo) =1, ¥'(z1) =0, ¢p(x0) = ¢/ (x1) = 0.5} .

Note that, for F € 1 Fi, definition (26) is equivalent to the set of definitions (27)—(35).
Theorem 6 ([4]). [ Fi is embeddable into a Banach space.

The following results, therefore, apply equally to the space [ 3 in the Cartesian case and to
the space Fi in the polar case.

For brevity, we shall let F = I ° when dealing with the Cartesian complex form, and
F=1 Fi when dealing with the polar complex form.

We define differentiability as in terms of the Hukuhara difference. For F,G € T, if there
exists I € F such that G + K = F, we write F — G = K and call K the difference of F and G.

Definition 6. We call a mapping R : [ = [0,a] — T is differentiable at to € I if there exists
some R (ty) € F such that the following limits exist and are equal to R'(to) € F:

LR+ =Rt R{te) = Rite—h)

h—0+ h h—0+ h

Let R : I — F be a continuous mapping. We define S : [0,a] — F by

S(t) = /OtR(s)ds, tel.

Note that

d o
S8t =S'(t) =R, tel.

3 Main results

3.1 Complex intuitionistic fuzzy semigroups
We give here a definition of semigroup on [F similar to that defined in the fuzzy case in [6, 8, 9].

Definition 7. A family {T (t),t > 0} of operators from F into itself is a complex intuitionistic
fuzzy strongly continuous semigroup on I if

(i) T(t)(0) = i, the identity mapping on F,
(ii) T(t+s)=T(@t)T(s)forallt,s >0,

(iii) the function H : [0, 00|— F, defined by H(t) = T (t)U is continuous att = 0 forallU € F
ie.,

lim T(H)U = U.

t—0t
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(iv) There exist two constants M > 0 and w such that
d (T(t)U, T(t)V) < Mt do(U,V), fort>0,U,V eF.

In particular, if M = 1 and w = 0, we say that {T (t),t > 0} is a contraction semigroup
onF.

Remark 4. The condition (iii) implies that the function t — T (t)U is continuous on [0, oo for
allU € .

Definition 8. Ler {7 (t),t > 0} be a strongly continuous semigroup on ¥ and U € F. If for
h > 0 very small, the Hukuhara difference T (h)U — U exits, we define

AU = lim M

h—0+t h ’

whenever this limit exists in the metric space (F,ds. ). Then the operator A defined on

D(A) = {U € F| lim T =

U . }
exists p CIF
h—0Tt h

is called the infinitesimal generator of the semigroup {T (t),t > 0}.

Lemma 1. Let A be the generator of a semigroup {T (t),t > 0} on F, then for all U € F such
that T (t)U € D(A) for all t > 0, the mapping F : t — T (t)U is differentiable and

_4d
Cdt

Proof. For U € F, t > 0 and h very small, since 7 (t)U € D(A), so

Py = (TOU) = ATWHU, ¥ >0

F(t+h)—F(t) T+ h)U—-T(H)U

hlg})1+ h - hli%l+ h
~ fim Th)TU -T@)U
h—0*t h
= AT@)U
This completes the proof. []

Example 1. Define on T the family of linear operators T (t) : F — F by
TOU =T#)(f,9) = ("f,e™g), U=(f,g)€F,nmeN,t>0.
1. {T(t),t > 0} is a semigroup on F. It is easy to see that 7(t) is well-defined.

(i) for U € E, we have

TO)U =U.
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(ii) ForU = (f,g) € F, t,s > 0, we have

Tt+s)U=T)(f9) =

( n(t-i—s)f’ 6m(t+s)g)

( nt nSf emt ms )

=T(t)(e™f,e™g)

=TMT(s)(f,9)
=T ()T (s)U.

(iii) For U =
doo(T(HU, U) =

(f,g9) € F, t > 0andl = max{n, m}, we have

doo(T(O(f.

9),(f,9))

:dA (( ntf emtg)7( Y ))
—max{d (”tf,f) oo (e gg)}

= max{d. ((e"

= max { (" — 1)

—1)f,00.0)) s doc (™ =
doo (fa O(l,O)) ) (emt - 1)d00 (g’ 0(170))}

1).97 0(1,0))}

< (et — 1)max{d (f,000)) > doo (9,001,0)) }

= (¢" = 1)dw

SYC)

Then, im T (t)U =
t—0

U
(iv) ForU = (f,g)V = (f'

doo (T)U , T(H)V)

_ [) ((entf’ emtg)

((f,9), (01,0),001,0)))
dw (U,0) — 0ast — 0.

,g') € Fandt > 0, we have

)

=max {d (¢"f,e"f') , ds (€™g,e™q') }

e max {du

"dw ((f,9) ,
ed (U, V).

VAN VAN

2. The linear operator A : U =

max {e"d (f, f) ,
(f, 1),

(f,g9) > AU =

e™dy (9,9 )}
doo (9, 9')}

(f'.9")

(nf,mg) is the infinitesimal generator of

the semigroup {T (t),t > 0}. Indeed, for U € F and h > 0 very small, we have

(" -

) f, (€™ —1)g)+U =

then the difference T (h)U — U exists and equal ((e™"

Therefore, we have

((e"=1)f+f, (€™ =1)g+9)

_ (enhf’ emhg)

T (h)U.
— 1) f, (emh— 1)9).




loo (W (nf, mg))
— d <<(enhh_ 1) ! (emhh_ 1) g)  (nf, mg))

I
=
7

= max
k=2 k=2
— (lh)*
< D | max{du (£ 000) + d (9. 000)) }
k=2 ’
— ((W)F -
- (; hk! doo ((f7 9) (0(1,0), 0(1,0)))
h_ 1 _ 1 A
=2 ; lhdoo(U,O)—>0ast—>O.
Then
T -U
AU o hligh h - (nf7 mg)

3.2 Complex intuitionistic fuzzy evolution equations

Let C(I,F) denote the set of all continuous maps from / to F and let dg’o denote a metric on
C(I,F) defined as

d°(F,G) = supdso(F(t),G(t), F,G e C(I,TF).

tel
It follows that (C(I, ), dC,) is a complete metric space.
Definition 9. We say that U : I — F is a mild solution to the problem (2) if and only if
U € C(I,F), and forallt > 0 and U satisfies the integral equation
t
U(t) = U, +/ T(t—s)H(s,U(s))ds, tel.
0

Definition 10. A mapping H : F — F is Holder continuous if there exists a constant L > 0 and
a constant 0 < o < 1 such that

~ A

doo (H(X), H(Y)) < L(do(X,Y))®, VX,Y €F.
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Definition 11. A mapping H : I x F — [ is Lipschitzian with respect to the second argument if
there exists a constant M > 0 such that

doo(H(t, X), H(t,Y)) < Mdoo(X,Y), VXY €F, t>0.

Theorem 7. Let H : I x F — [ be Lipschitzian with respect to the second argument with
constant N, A is the generator of a strongly continuous semigroup {T (t),t > 0} and for each
Uy € F such that T (t)Uy € F for allt > 0. Then, there exists a unique mild solution to the
problem (2) on 1.

Proof. Define the operator O on C(I,F) by
t
OuU(t)="T(t)U —I—/ T(t—s)H(s,U(s))ds, tel. (36)
0

It is easy to see that O is well-defined.
For U,V € C(I,F) and t € I, we have

d-(OU(t), OV(1))
do (7’ U0+/7't—s) (s,U(s))ds, T(t) U0+/7't—s) (s, V(s )))d)

</Tt—s H(s, Uls ds/Tt—s sV()))d>

< [ (Tt = MU Tl = (s, VD) s

| /\

N

< M/ =) (H(s, U(s)), H(s, V(s))) ds

< MNe“’“/O doo (U(s), V(s)))ds

<tMNe“*d (U, V)).

By the some way we have
t
L. (OU(t), OV (1) < MNe / A (OU(s), OV (s))) ds
0

t
< M?N?2e*°d° (U, V) / sds
0
M2N2 QwatQ

- S W, V).
2 ( Y )
Then, we can prove that for all p € N*, we have
e A MP NPepway2
(0", OPV) < do(OPU(1), OV (1)) < = —dS, (U, V).
p!
Mqu qwat2
Therefore, there exists ¢ > 0 such that —‘6 < 1, since
q!
MP NP epwat2
lim S
p—+00 p‘
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Then, O7 is a contraction and, by the Banach fixed point theorem, the operator O has a
unique fixed point X such that O?U = U. Thus by the uniqueness of U, U is the unique mild
solution of (2) (since Q10U = OOU = OU). O

Corollary 1. Let H : I x F — [ Holder continuous with constant L, then there exists a unique
mild solution to the problem (2) on I.
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