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1 Introduction

Intuitionistic fuzzy set (IFS) is very beneficial in providing a flexible model to elaborate
uncertainty and vagueness involved in decision making. It is pretty useful in situations when the
description of a problem by a linguistic variable given in terms of a membership function only
seems too rough. Moreover, it uses in medical diagnosis, medical application, career
determination, and real-life situations [13, 14, 22, 23].

Fuzzy sets and L-fuzzy sets were introduced by Zadeh [24] in 1965 and Goguen [15] in 1967,
respectively. Later in 1983, a generalization of fuzzy sets was proposed by Atanassov [2] as
intuitionistic fuzzy sets which incorporate the degree of hesitation called hesitation margin (and
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is defined as one minus the sum of membership and non-membership degrees respectively) as
well as many types of research by the same author and his associates appeared in the literature
[3-5]. Afterward, this notion was more generalized to intuitionistic L-fuzzy sets by Atanassov
and Stoeva [6]. D. Coker [9-12] first defined intuitionistic fuzzy topological spaces and some of
its properties which are in the sense of C. L. Chang [8]. Later, separation axioms of fuzzy
topological spaces and intuitionistic fuzzy topological spaces were explored by many fuzzy
topologists [7, 18-21], especially E. Ahmed et al. [1] defined some categories of intuitionistic
fuzzy T spaces, and R. Islam et al. [16, 17] defined some types of intuitionistic lattice fuzzy R;
and Ty spaces, respectively. In this paper, the authors newly define the inferences of intuitionistic
lattice fuzzy T spaces in four different ways by using intuitionistic fuzzy sets and query the
property of its.

Throughout this paper, X and Y will be nonempty sets, @ be the empty set, and L will be a
complete distributive lattice with the least element O and the greatest element 1. 4, B, ... be
intuitionistic L-fuzzy sets, G,H,... be intuitionistic fuzzy sets, 7,5 be the intuitionistic
L-topologies, t be the intuitionistic topology, I = [0, 1], and the functions p, : X = L and
¥4 : X = L denote the degree of membership (namely p,(x)) and the degree of non-membership
(namely y,4(x)), respectively.

The rest of this paper is organized as follows: Section 2 presents a brief review of some of
the basic definitions of L-fuzzy sets, intuitionistic L-fuzzy sets, intuitionistic fuzzy topology,
intuitionistic L-fuzzy mapping, intuitionistic L-topology, and its mapping. In Section 3, we
introduce four ideas of intuitionistic L—717 spaces and establish a theorem of them. The concepts
of “Good extension”, “Hereditary” property, and its related theorems are given in Section 4.
Finally, Section 5 represents a conclusion of this paper.

2  Preliminaries

We call off some basic definitions and known results of L-fuzzy sets, intuitionistic L-fuzzy sets,
intuitionistic fuzzy topology, intuitionistic L-fuzzy mapping, intuitionistic L-topology and its
mapping.

Definition 2.1. [21] Let X be a non-empty set and L = (L; <, A,V) be a complete distributive

lattice with the least element 0 and the greatest element 1. An L-fuzzy set in X is a function
a : X = L which assigns to each element x € X a degree of membership, a(x) € L.

Definition 2.2. [17] Let f: X — Y be a function and a be L-fuzzy set in X. Then the image f ()
is an L-fuzzy set in Y which membership function is defined by
(f(@)(¥) = {sup (¢ ))|f(x) =y}if f2(y) # B,x€ X
f@)) = 0if f~* (y) = 0, x € X.

Definition 2.3. [21] Let X be a non-empty set and (L, <) be a complete distributive lattice with
an involutive order reversing operation N : L — L. An intuitionistic L-fuzzy set (ILFS) A in X is
an object having the form A = {(x, pt4(x),74(x)): x € X}. Where the functions p, : X > L and
¥4 ¢ X — L denote the degree of membership (namely u,(x)) and the degree of non-membership
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(namely y,(x)) of each element x € X to the set A, respectively, and every x € X satisfying

a(x) < N(ya(x)).
Let L(X) denote the set of all intuitionistic L-fuzzy set in X. Obviously, every L-fuzzy set
Us(x) in X is an intuitionistic L-fuzzy set of the form (w4, 1 — w4). Throughout this paper, we

use the simpler notation A = (uy,y,) instead of A = {(x, Ua(X), V4 (x)): x€X }

Definition 2.4. [6] Let A = (u,,y4) and B = (ug, y5) be intuitionistic L-fuzzy sets in X. Then,
(1) AcBifandonlyifuy, < pugandy, =vyp
(2) A=Bifandonlyif AC BandBC A
(3) A= Vara)
4 ANB=(uaNpp;¥aYvys)
(5) AUB = (uaV g ¥aNvs)
6) 0.=(0",1")and1.=(17,07).

Let f be amap fromaset X toasetY. Let A = (uy,y,4) be an ILFS of X and B = (ug,yp) be an
ILFS of Y. Then f~1(B) is an ILFS of X defined by f~1(B) = (f " (ug), f "*(yg)) and f(A) is
an ILFS of Y defined by f(4) = (f(1a), 1 — F(1 —¥4)).

Definition 2.5. [12] An intuitionistic topology (IT for short) on a nonempty set X is a family t of
IS’s in X satisfies the following axioms:

i 0. X.€t.
(i) IfG,,G, €tthenG, NG, E L.
(ii1) If G; € tforeachi € Athen U;cp G; € E.

Then the pair (X, t) is called an intuitionistic topological space (ITS, for short) and the members
of t are called intuitionistic open sets (IOS for short).

Definition 2.6. [1] An ITS (X,t) is called intuitionistic T; space (I —T; space) if for
allx,y € X,x # y, there exists an IOS G = (G;,G,),H = (Hy,H,) € t suchthatx € G;,y € G,
andy € H;,x € H,.

Definition 2.7. [17] Let p,q € L and p + g < 1. An intuitionistic L-fuzzy point (ILFP for short)
X(p,q) Of X is an ILFS of X defined by

_ (b ify=x
o) = { ODif y # x

In this case, x is called the support of x;, 4y and p and q are called the value and none value
of X(,q), respectively. The set of all ILFP of X we denoted it by S(X).

An ILFP x, q) is said to belong to an ILFS A = (uy4,v,4) of X denoted by x5, 4) € 4, if and
only if p < p,(x) and q = y,(x) but x,, q) € A if and only if p = p,(x) and g < y,4(x).
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Definition 2.8. [17] If A is an ILFS and x(,, 4) is an ILFP then the intersection between ILFS and
ILFP is defined as x(, gy A A = (P A ua(x); q Vya(x)).

Definition 2.9. [17] An intuitionistic L-fuzzy topology (ILFT for short) on X is a family T of
ILFSs in X which satisfies the following conditions:

(i 0.1.€r.

(i) IfA;,A, €etthenA; NA, €T

(iii) If A; € Tforeach i € Athen U;cp A; E T.

Then the pair (X,7) is called an intuitionistic L-topological space (ILTS, for short) and the
members of T are called intuitionistic L-fuzzy open sets (ILFOS for short). An intuitionistic
L-fuzzy set B is called an intuitionistic L-fuzzy closed set (ILFC for short) if 1 — B € .

Definition 2.10. [17] Let (X, ) and (Y, s) be two ILTSs. Then amap f: X — Y is said to be

(i) Continuous if f~1(B) is an ILFOS of X for each ILFOS B of Y, or equivalently, f~1(B) is
an ILFCS of X for each ILFCS B of Y,

(i) Open if f(A) is an ILFOS of Y for each ILFOS 4 of X,

(iii) Closed if f(A) is an ILFCS of Y for each ILFCS A of X,

(iv) A homeomorphism if f is bijective, continuous and open.

3 Definitions and properties of intuitionistic lattice F-T1 Spaces

In this section, we define four new notions of intuitionistic lattice fuzzy T spaces and establish a
theorem of its.

Definition 3.1. An intuitionistic L-topological space (ILTS) (X, 7) is called

(a) IL—Ty(i) if for all x,y € X,x #y,3 ILOS A = (uu,v4),B = (ug,y5) € T such that
pa(x) = 1,y4(x) = 0; 40 (y) = 0,¥4(y) = land ug(y) = 1,y5(y) = 0, up(x) =
0,ys(x) =1

(b) IL — T,(ii) if for all x,y € X,x #y,3 ILOS A = (us,v4),B = (ug, ) € T such that

ta(x) > 0,y,(x) = 0; us(¥) = 0,y4(y) > 0and pp(y) > 0,y (y) = 0, up(x) =
0,yg(x) > 0.
(¢) IL — Ty(iii) if for all x,y € X,x #y,3 ILOS A = (ua,v4), B = (Uup,v5) € T such that

1a(x) > pa(¥);va(y) > va(x) and pp(y) > pp(x); vp(x) > v (y).
(d) IL —T,(iv) if for all x,y € X,x #y,3 ILOS A = (Us,va), B = (Up,¥5) € T such that

pa(x) # pa(y);va(x) # va(y) and ug(x) # ug(y); vp(x) # v ().

Theorem 3.1. Let (X, 7) be an intuitionistic L-topological spaces (ILTS). Then the above four
suppositions of it form in the following implications:
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Figure 1. Implications among the lattice fuzzy T1 concepts

(a)

Proof: Suppose that (X,7) is an IL — T;(i). Then we have by definition, for all x,y € X,
x #y,3 ILOS A= (us,¥a), B = (up,vp) €T such that p,(x) = 1,y,(x) = 0;us(y) =0,
va(y) =1land up(y) = L,yp(y) = 0;up(x) = 0,yp(x) = 1.

1a(x) > 0,y4(x) = 0; s (y) = 0,74(y) > 0 and
L ug(¥) > 0,y5(y) = 0,up(x) = 0,y5(x) > 0.

_, [Ha () > pa(¥);va(y) > ya(x) and )
up(y) > pp(x);vp(x) > vs(y).

N (a(x) # pa(¥); va(x) # y4(y) and 3)
up(x) # up(¥); ve(x) # vp(y).

Hence from (1), (2) and (3) we see that (a) = (b) = (c¢) = (d).

Again suppose that (X,7) is an [IL—T;(i). Then for all x,y € X,x #y,3 ILOS
A= (4a,va), B = (up,vp) €T such that uu(x) =1,7,(x) =0;us(y) =0,7,(y) =1 and
te(y) = Lyp(y) = O pup(x) = 0,y5(x) = 1,

=

(1

{.UA(x) > ua(¥);¥a(y) > va(x) and @

up(y) > pp(x);vp(x) > v ().

{.UA(x) # ua(¥); va(x) #va(y) and 5)
up(x) # up(¥); ve(x) # vp(y).

From (4) and (5) we see that (a) = (¢) and (a) = (d).

And finally let (X,t) is an IL — T;(ii). Then from (1) for all x,y € X,x #y,3 ILOS
A= (ua,¥a), B = (up,¥p) €T such that ps(x) > 0,y74(x) = 0; ua(y) = 0,y4(y) >0 and
pe(y) > 0,y5(y) = 0;up(x) = 0,y5(x) > 0.

{.UA(x) # ua(¥); va(x) #va(y) and ©)
up(x) # up(¥); ve(x) # yp(y).
From (6) we see that (b) = (d). [

None of the reverse implications is true in general which can be seen in the following counter
examples:

Example 3.1.1. Let X = {x,y},and 7 be an ILT on X generated by {0_.,1_,4,B} where

= E Xy Xy =2 Xy Xy :
A—{(0_6,0_4),(0.7,0.3)},and B {(0_4,0.6),(0.3,0.7 } Hence we see that (X,t) is an

IL — T, (iv) but not IL — T, (i), IL — T, (ii), and IL — T, (iii). Therefore (d) # (a), (d) # (b),
and (d) # (¢).
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Example 3.1.2. Let X ={x,y}, and 7 be an ILT on X generated by {0.,1.,A, B} where

{<ﬁ E) (05 04} and B = {<ﬁ &) (05 05}. Hence we see that (X,7) is an

IL — T, (iii) but not IL — T;(i),and IL — T,(ii). Here (c) # (a), (c¢) # (b). Finally if we
consider A = {(i 4, (04 S }and B = {(£ Zy (X, —)} Hence we see that (X, 7) is an (b) but

010 003 010
not (a).

4 “Good extension” and ‘“Hereditary” properties
of intuitionistic lattice F-T1 (j) concepts, where j = i, ii, iii, iv

In this section, we discuss the “Good extension” and “Hereditary” properties and set up its
associated theorems. Furthermore, we observe that all concepts preserve under one-one, onto,
and continuous mapping.

Definition 4.1. [1] Let (X,t) be an intuitionistic topological space and let
T={1: G €t} L, ¢)= g, 1) then (X,7) is the corresponding intuitionistic
L-topological space of (X, t). Let P be a property of intuitionistic topological spaces and LP be
its intuitionistic L-fuzzy topology analogue. Then LP is called a ‘Good extension’ of P iff the
statement (X, t) has P iff (X, t) has LP holds good for every intuitionistic topological space (X, t).

Theorem 4.1. Let (X,t) be an intuitionistic 77 space and let (X,t) be an intuitionistic
L — T,(j) spaces, where j = i,ii, iii, iv. Then the “Good extension” property of intuitionistic
lattice fuzzy Ty (j) spaces is shown in such a way that

IL-T\(ii)

T

IL-T,(i) «—> [T, ——ILT\(iii)
IL-T,(iv)

Figure 2. “Good extension” property among the lattice fuzzy T concepts

Proof: Suppose that (X, t) is an I — T; space. We prove that (X, 1) is IL — T, (i). Since (X, t) is
I — T; space, thenif forall x,y € X,x # y,3anIFOS G = (G4,G,), H = (Hy, H,) € t such that
x €Gy,yEGyandy € H,x € H,.

= 16,(x) =1,15,@) =1and 1, (y) = 1,14,(x) =1

Let 1g, = pa, 1, =ya and 1y, = pg, 1y, =yp. Then pa(x) = 1,y4(x) = 0,us(y) = 0,

Ya(y) =1 and pup(y) = L,yp(y) = 0,up(x) = 0,yp(x) = 1. Since {(4a,va), (s, V8)} ET,
thence (X, t) is IL — T, (i). Hence I — T; = IL — T, ().
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Conversely, suppose that (X, t) is IL — T;(i). We prove that (X, t) is I — T;. Since (X, 7) is
IL —T,(i), we have by definition, for all x,y € X,x #y,3 an ILOS A = (Us va),
B = (up,vg) €T such that p,(x) =1,7,(x) =0,us(y) =0,¥,(y) =1 and ug(y) =1,
Ys(¥) =0, ug(x) =0,yp(x) = 1.

Let #A_l{l} ={x} = Gl:VA_l{l} ={y} =G, and #3_1{1} ={y} = le)/B_l{l} ={x} =
H,=>x€G,y€EG,andx € H,,y € H;.

Since G = (G4,G,) and H = (Hq, H,) € t, henceforth (X, t) is an I — T, (i). Therefore, we
have I — T; © IL — T,(i). Consequently, it is shown that [ — T, = IL — T,(ii),[ - T; =
IL —T,(iii) and I — T, = IL — T, (iv). Ol

None of the reverse implications is true in general which can be seen from the following
counter examples:

Example 4.1.1. Let X = {x,y}, and T be an ILT on X generated by {0.,1_,4, B} where
A= {(i 5, & l)} and B = {(£ Yy (< X)}. Hence we see that (X, 1) is an IL — T, (ii),

04’0"’ '’ 0.7 0’05"7%.4’0
IL — T, (iii), and IL — T, (iv) but not I — T;. Hence proved. [

Definition 4.2. [17] Let (X, 7) be an ILTS and U € X. We define t;; = {A4|U: A € 7} the subspace
ILTS on U induced by 7. Then (U, ty) is called the subspace of (X, 7) with the underlying set U.
An IL-topological property ‘P’ is called hereditary if each subspace of an IL-topological space
with property ‘P’ also has property ‘P’.

Theorem 4.2. Let (X, 7) be an ILTS and (U, ty) be a subspace of its. Then this space (X, 1)
holds the hereditary property in the following way that:

(a X,7)isIL—T,(i) = (U,ty)is IL — T, (i).

(b) (X,7)is IL — Ty (ii) = (U, ty) is IL — T, (ii).

) (X,7)is IL — Ty (iii) = (U, ty) is IL — T, (iii).

(d (X,7)isIL —T,(iv) = (U,ty)is IL — T, (iv).
Proof: We prove only (a). Suppose (X, 1) is IL — T, (i), we prove that (U, ty) is IL — T, (i).
Letx,y € U,x #y. Thenx,y € X,x # y as U € X. Since (X, ) is IL — T, (i), we have for all
x,yEX,x#+y,3ILOS A= (uas,v4),B =g yg) €t such that pu(x) =1,y,(x) =0;
ta(y) = 0,74(y) = 1land ug(y) = 1,y5(y) = 0, up(x) = 0,yp(x) = 1. For U € X, we find
ILOS A|U = (.UA|U1VA|U)JB|U = (MB|U'VB|U) €71y such that pyyx) =1y,y() =0,
taju) =0, yau ) =1 and pgiy(y) = L,ypu () = 0,upy(x) = 0,ypy(x) =lasU € X,
Hence (U, ty) is IL — T, (i). (b), (¢), and (d) can be proved in similar way. L]

Theorem 4.3. Let (X,7) and (Y,s) be two ILTS, f:(X,t) = (Y,s) be one-one, onto and
continuous map. Then these spaces maintain in the succeeding feature.

(@) (X,7)isIL—Ty(0) < (V,s)is IL — T, ()
(b) (X,7)is IL — T, (ii) < (Y, s) is IL — T, (i)
©) (X,7)is IL — Ty (iii) & (Y,s) is IL — T, (iii)
d) (X,7)isIL — Ty(iv) = (Y,s) is IL — T, (iv)
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Proof: We prove only (a). Suppose (X, 7) is IL — T, (i), we prove that (Y,s) is IL — T, (i).
Let y;,y, € Y with y; # y,. Since f is onto, whereas 3 x4, x, € X, such that f(x;) =y,
f(x3) = y, and x; # x, as f is one-one. Again since (X, ) is IL — T; (i), we have for all x;, x, €
X, x; # X, there exists an ILOS A = (ua,v4),B = (ug,vg) €T such that p,u(x;) =
Lya(x) = 0,pu4(x2) = 0,y74(x2) =1 and pp(xz) = 1,y5(xz) = 0,up(x1) = 0,y5(xy) = 1.
Now there exists an ILOS f(A) = (f(uA), 1-f(1- yA)),f(B) = (f(,uB), 1-f(1- yB)) €s
such that f (1) (y1) = {sup s (): f(x) = y1} =1

{1-FfA-v)}y) =1-FfQ —ya)(y1) =1 —{sup(l —ya)Cx1): f(x1) = y1}
=1—{sup(1 —y,(x): f(x)) =y} =1—{sup(1-0)}=1—-1=0and

fa) () = {sup us(xz): f(x) =y,3 =0

{1-fA-v)}2) =1-fA =y 2) =1 = {sup(1 — y4)(x2): f (x2) = y2}
=1—{sup(1 —y,(x2): f(x) =y} =1—{sup(1—1D}=1-0=1. And similarly,

fu)(y2) =1L{1-f(A—-yp)}() =0;f(up)(y1) =0; {1 - f(1—yp)}(y) = 1.
Hence (Y,s) is IL — Ty (i).

Conversely suppose that (Y,s) is IL — T;(i). We prove that (X, t) is IL — T;(i). Let x;,x, € X
with x; # x, = f(x;) # f(x,) as f is one-one. Put f(x;) =y;,and f(x,) = y,, then
y1 # Vo. Since (Y,s) is IL — T;(i),3 ILOS A = (U4, va), B = (ug,¥5) € s such that u,(y;) =
Lya) =05 ua(y2) = 0,y4(y2) = land ug(y1) = 0,¥5(y1) = 1; up(y2) = Lyp(y2) =0

= {”Af (x1) = L,yaf (1) = 0 paf (x2) = 0,¥,f (x2) = 1 and
upf(x1) = 0,vpf(x1) = Liugf(xz) = Lypf(x;) = 0.

— {f_lﬂA(xl) =1, yalxy) = 0; f M pa(xz) = 0, f "Mya(xz) = 1and
f_l.UB(x1) = O,f_lyB(xl) = 1if_1.UB(x2) = 1,f_1}/3(x2) = 0.

Since A = (t4,¥4),and B = (up,yp) € s, therefore f~(A) = (f~*(ua), f~*(¥4)), and
f7Y(B) = (fY(up), f~(yp)) € t. Hence it is clear that V x;,x, € X,x; # x, such that
{f_lﬂA(xl) =1, 7 valx) = 0; f tua(xz) = 0, f "'ya(x,) = 1and
fus(x) =0, f typ(x) = 1; f tup(xy) = 1, f1yp(xp) = 0,
Hence (X,7) is also IL —Ty(i). In the same manner, (b), (c), and (d) can be easily
proved. ]

5 Conclusions

The four innovative notions were proposed base on the conception of intuitionistic lattice fuzzy
topological spaces in this article. By careful inspection, the four ideas are more comprehensive
than that of Atanassov and Stoeva [6]. Theorem 4.1 and Theorem 4.2 demonstrates that our
definitions satisfy the “Good extension” and ‘“Hereditary” properties, respectively. Moreover,
(Theorem 4.3) having preserved under one-one, onto, and continuous mapping, these notions
maintain the topological property. Consequently, scientific researchers will find significant
applications for these theories in shortly.
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