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Abstract Suppose that each member of a society has a view about every individual,
including himself, whether or not this individual is a member of some social subgroup J.
A Collective Identity Function (CIF) assigns a collective meaning to the question ”Who is
a J” for each profile of individual opinions. By the Liberal CIF (LCIF) an individual is
collective identified as a J if and only if his answer to the question ”Am I a J” is positive. In
this note we study a situation where the individuals in the society have intuitionistic fuzzy
views about each other, i.e. they can use all numbers between 0 and 1 in order to give a
characterization of themselves. We follow Kasher and Rubinstein (1998) and extend their

axiomatic characterization of the LCIF to our general environment.

Introduction

In a recent paper Kasher and Rubinstein (1998) study the collective identity problem of
defining some social subgroup J as an aggregation problem. They suppose that ”each of
n individuals of a society holds a view with respect to every individual, including oneself,
whether the latter is a J. The collective identity of J is determined by the individual views
of "who is a J”. The method of determining who is a J is viewed as a function which
assigns a meaning to "who is a J” for each profile of all the individual views” (Kasher and
Rubinstein (1998, p. 2)).

The authors give a characterization of three methods, i.e. of three Collective Identity

Functions (CIF) for aggregation of the individual opinions: the ” liberal” aggregator, by which

!Thanks to Krassimir Atanassov, Gergana Dimitrova, Susanne Maidorn, and Gerald Pech for helpful com-
ments. Financial support by the Deutsche Forschungsgemeinschaft, Graduiertenkolleg ” Allokationstheorie,

Wirtschaftspolitik und kollektive Entscheidungen” is gratefully acknowledged.



an individual is a J if and only if one defines oneself to be a J; the ” dictatorship” aggregator,
by which a pre-designated society member says who is a J, and the ” oligarchical” aggregator,
by which two society members are in the same group if and only if they are both considered
to have the same collective identity by all the members in a pre-designated subgroup of the
society.

The purpose of our paper is to characterize the Liberal aggregator in an intuitionistic
fuzzy context. In other words, we will analyze societies in which each individual ¢ has an
intuitionistic fuzzy view with respect to every individual j, including himself, whether or
not the latter is a J. This view will be described by two numbers between 0 and 1: the first
number will be the degree to which ¢ thinks that j is a J, and the second number will be
the degree to which ¢ thinks that j is a non-.J. The sum of these degrees must not exceed 1.

In such an environment the Liberal Intuitionistic Fuzzy Collective Identity Function (LIF-

CIF) would say that an individual ¢ can be collectively defined as a J:
D> only to some extent described by an intuitionistic fuzzy view, and
>> this intuitionistic fuzzy view is ¢ ‘s own view about himself.

Note that if we interpret J as a nation, then its definition according to the Liberal
aggregator would be intuitionistic fuzzy, i.e. the nation J would be an intuitionistic fuzzy
anheotnf the get.nf. all, naanle in, the warld.. An, axcention. will. he in. cagn if . moomhann
in the group have exact opinions about themselves: (1,0) that corresponds to "1 am a J
with complete confidence” and (0,1) that corresponds to "I am a non-J with complete
confidence”.

We have at least two arguments for introducing intuitionistic fuzziness as a general en-

vironment for studying the collective identity problem.

>> The first one is that the upbringing of an individual in a global world is connected with
more diversity and acceptance of different points of view. It seems then naturally that the
members of a global society have intuitionistic fuzzy opinions about the question whether
or not they are members of a social subgroup. The more global the world is the higher can
be the indeterminacy of an individual opinion about the question ”Am I a J or not”. The
latter can be understood as a justification of the use of intuitionistic fuzziness because the

degree of indeterminacy or hesitancy, when ordinary fuzzy sets are used, is zero.

> The second argument states that an intuitionistic fuzzy opinion can be described as a
dwersion from a standard cliche about ”Who is a J”. Since the most cliches are multicriterial
(in order to envelop a group as a hole) then an individual view can be understood as a degree

of satisfaction of these different criteria.
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In order to capture the above intuition we extent the axiomatic characterization of the
Liberal aggregator as undertaken in Kasher and Rubinstein (1998) to the intuitionistic fuzzy
case. In the next section the concept of an intuitionistic fuzzy set is presented and the
social identification problem is suitably reformulated via the definition of an Intuitionistic
Fuzzy Collective Identity Function (IFCIF). In the third section we explain some require-
ments on an IFCIF which weaken and generalize the exact axioms introduced in Kasher
and Rubinstein (1998). The fourth section will deal with the Liberal principle in our gen-
eral environment, and define the Liberal IFCIF (LIFCIF). It also will be apparent that the
axiomatic characterization of the LIFCIF in Kasher and Rubinstein (1998) can be easily

translated into our analytic framework. The fifth section concludes briefly.

1. The Analytic Framework
1.1 Intuitionistic Fuzzy Sets

The concept of an intuitionistic fuzzy set is introduced in Atanassov (1999, 1986) as a
possible generalization of the notion of a fuzzy set (Zade (1965)). An intuitionistic fuzzy set
A has the form

A={(z,14(2),va(®)) : 3 € X}, 1

where pq : X — [0,1] and v4 : X — [0,1] are functions defining membership and non-
membership, respectively, of each element in the set X to the set A, A C X. More-
over, for each x € X the inequality 0 < p4(z) + va(z) < 1 is fulfilled. The number
ma(z) = 1 — pa(z) — va(zx) is called intuitionistic fuzzy inder of the element x € X. If

Ta(z) =0 (va(z) =1 — pa(x)) then the intuitionistic fuzzy set is an ordinary fuzzy set.

1.2 The Collective Identity Problem

Let N = {1,...,n} denote the set of all individuals in the society. We allow each
individual ¢ € N to have an intuitionistic fuzzy opinion about the question whether the
members of the society are Js, i.e. for each i € N we have the following intuitionistic fuzzy
set:

Ji = {{J, i (5), vi(4)) : 5 € N}, (2)
where p; : N — [0,1] and v; : N — [0, 1] are functions defining membership and nonmem-
bership, respectively, of each 5 € N to the set J;, and for each j € N the following inequality
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is fulfilled:
0 < wi(j) +u(y) <1 (3)

In what follows we will write J; = {{u:(5),vi(j))} instead of (2). This intuitionistic fuzzy
set has the following interpretation. The individual ¢ thinks that the individual j is a J with
a degree of y;(j) and that the same individual j is a non-J with a degree of v;(j). Note that
the intuitionistic fuzzy index m;(j) indicates an indeterminacy in the opinion in the sense
of allowing for the possibility that the degrees of "being a J” and ”being a non-J” for an
individual j must not, in a straightforward way, be precisely balanced vis-a-vis each other,
with the one serving as a "residuary” of the other.

In general, there are two possible settings in the intuitionistic fuzzy opinion of ¢ about
J: (1) pi(4) > vi(j) which can be interpreted as the fact that j is classified by ¢ more as a J
than as a non-J, and (2) p;(j) < v;(j) which has the opposite interpretation. Therefore, we
define the sets

Jit = {(a(d), v(9)) : ma(5) = vi(4)} (4)
and

Ji = {{(9), () m(4) < vi(4)} (5)
which are the intuitionistic fuzzy sets describing the members of the society who are classified
by ¢ as Js and as non-Js, respectively.

Note that the points (1,0) € J; and (0,1) € J; describe an exact opinion of the
individual ¢ about j and respectively say that j is a J or a non-J with complete confidence.
The latter corresponds to the notion of an opinion given in Kasher and Rubinstein (1998)
for the exact case. Moreover, the ordinary fuzzy case is also captured in our definition since
every ordinary fuzzy opinion (7;(j) = 0) is also intuitionistic fuzzy.

A profile of views is an n X n matrix

Ji (1), v1(1)) .. {ua(n),vi(n))
{H}=]| ¢ | = E : (6)
In (a(1), (1)) oo {pn(n), vn(n))

the elements of which are the individual intuitionistic fuzzy opinions of the members in the

society.

Definition 1 An Intuitionistic Fuzzy Collective Identity Function (IFCIF) is a
function which associates with each profile {J;} an intuitionistic fuzzy subset of N, J({J;}) =

{(u(@), v(2))}-
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The number p(i) indicates the degree of social acceptance of the individual ¢ as a J and
the number v(7) can be interpreted as a degree of a social acceptance of 7 as a non-J. In what
follows we will denote by J* the intuitionistic fuzzy set of individuals who are collectively

identified more as Js than as non-J, i.e.

T* = {(u(i), v()) : pd) > v(5)}- (7)

Analogously, the intuitionistic fuzzy set of individuals who are collective identified more as

non-Js than as Js will be denoted by

T~ = (i), v(3)) : ni) < ()} - ®)

After giving these notions we are ready to introduce the intuitionistic fuzzy counterparts

of the exact requirements on an CIF as presented in Kasher and Rubinstein (1998).

2. The Axioms

The first axiom is a consensus requirement on an IFCIF. It says that if all individuals
think that a given person j is more a J than a non-J then this must also be true for the
social identity of j more as a J than as a non-J. Alternatively, if all individuals think that
j is more a non-J than a J then this must also be true for the social identity of j more as a

non-J than as a J.

Consensus (C): We will say that an IFCIF satisfies the consensus axiom if:
> [(uid), m(4)) € Ji* for all i € N| = [(u(j), v(4)) € J*I;
> [(ui(d), (9)) € Ji~ for all i € N| — [(u(3), v(7)) € J 7]

Note that the above axiom is weaker than the exact definition not only because the

individual and social views are intuitionistic fuzzy but also in the sense that

>> the individuals can have different views about each other without any violation of the
consensus requirement: it is enough that the corresponding views are in the sets J;" and J;,

respectively, and

> the social identity of 7 as a J can differ from any individual opinion about j: it is

enough that the social identity of j is in the set J*.

The next axiom is the similarity axiom which first requires a definition of similarity

between two members of a society for the intuitionistic fuzzy case.
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Definition 2 We will say that two individuals k and | are similar in a profile {J;} if:
> (), v (4)) € ] = [(m(i),m()) € Jt] for all j # k,1;

[(ui(k), vi(k)) € Jit] <= [(ua(), (D)) € JF] for alli # k,1;
(e (), vi () € T] <= [(u(0), u(1) € J];
[ (@), (D) € | <= [(u(k), () € JiF].

v Vv V

According to this definition, two individuals k£ and ! are similar if: (1) £ and [ have
similar opinions (in the sense of being elements of J;\ and J;', respectively) about all other
individuals in the society; (2) all other individuals have similar views about &£ and [; (3) the
views of k about himself and of I about himself are also in the corresponding sets J;~ and
Ji'; and (4) the views of k about [ and of [ about k are also similar in the assumed sense.

Having this definition the similarity axiom will require that if two individuals are similar

then their social identity must be also similar.

Similarity (S): If £ and [ are similar in a profile {J;} then
[(u(k), v (k) € JT] = [(u(1),v()) € J*].

Assume next, that an individual 7 is socially identified more as a J than as a non-J and
an individual k£ # i changes his opinion from ”I think that ¢ is more a non-J than a J” to
"I think that ¢ is more a J than a non-J”. Then it seems reasonable that after this change
the individual 7 has to be defined again more as a J than as a non-J. With other words, we

require the following monotonicity condition.

Monotonicity (M): Assume that (u(i),v(i)) € J*. Let {J;}" be a profile identical to {J;}
except that there are individuals, ¢ and k, so that (ux(:),vx(2)) € Jr and (ug(i), vk (:)) €
(JiH)*, then (u(i),v(i)) € (JT)*. Analogously, if (u(i),v(:)) € J~ and if {J;}" is identical to
{J;} except that there are individuals, 7 and k, so that (ug (i), v¢(3)) € Ji and (uk(2), vk (7)) €

(Ji )7, then (u(i), v(3)) € (J7)".

The last axiom, the independence requirement, is connected with the fact that the social
identity of ¢ must depend only on the views about i (including i s view about himself). Note
that in I the social identity of 7 as being more a J than a non-J depends also on the other

members “identity as being more Js than non-Js.

Independence (I): Consider two profiles {.J;} and {J;}* and let ¢ € N. If
> Vk # i : [(u(k),v(k)) € JT] <= [(u(k),v(k)) € (JF)] and
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