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1 Introduction

The definition of fuzzy sets was given by Zadeh in 1965 [29]. The concept of fuzzy subgroups
was introduced by Rosenfeld in 1971 [22]. The structural properties of these groups are studied
by same author.

The concept of interval-valued fuzzy set was studied by different authors in [12-15, 23, 28,
30-32]. The topological properties of interval valued fuzzy sets were studied by Mondal and
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Samantha [19]. Inter valued fuzzy sets have many studies areas like as graphs in [21].

The definition of interval valued fuzzy subgroups was given by Biswas in 1994 [10]. Many
authors studied interval valued fuzzy subgroups [10, 16-18].

Intuitionistic fuzzy sets are defined by Atanassov in 1983 [1]. The algebraic and fundamental
properties of these sets are examined by same author [1, 4]. Algebraic studies about intuitionistic
fuzzy sets are studied many authors in [24-27].

The concept of interval valued intuitionistic fuzzy set was introduced by Atanassov and
Gargov in 1989 [2]. The topological properties of interval valued intuitionistic fuzzy sets were
studied by Mondal and Samantha [20].

The definition of interval valued intuitionistic fuzzy subgroups was given by Aygunoglu,
Varol, Cetkin and Aygun in 2012 [7].

a-interval valued fuzzy sets are introduced by Cuvalcioglu, Bal and Citil in 2022 [11]. The
algebraic properties of a-interval valued fuzzy sets were studied by same authors.

The definition of a-interval valued fuzzy subgroups is introduced by Bal, Cuvalcioglu and
Tugrul in 2022 [8]. The structural properties of these subgroups are studied by same authors.

The definition of (&, #)-interval valued intuitionistic fuzzy set is given by Bal, Cuvalcioglu
and Altinci in 2023 [9]. The fundamental properties of these sets are examined by same authors.

2 (a,p)-Interval-valued intuitionistic fuzzy sets

Interval valued intuitionistic fuzzy sets which is the generalization of intuitionistic fuzzy sets and
interval valued fuzzy sets were introduced by Atanassov and Gargov in 1989 [2]. Membership
and non-membership functions on interval valued intuitionistic fuzzy sets are closed sub-
intervals whose the sum of supremums is equal to 1 or less than 1 of unit interval [2]. Other
fundamental properties of these were studied in [2, 3, 5].

In this paper, D(I) represents all closed sub-intervals of unit interval. The elements of D(I)
are shown with capital letters such as M, N, etc. In this place, Mt and MY are called respectively

lower end point and upper end point for interval M :[M LMY }

In this section, the set of D(l.) that is all closed sub-intervals of unit interval including
ae [0,1] which is subset of D(I) that mentioned above, is considered.

Definition 1. [9] For all &, 8 [0,1] and forall M e D(1,),N e D(Iﬂ), it holds that
D(1,)xD(1,)={(M,N)[M eD(1,),NeD(I,) andM" +N" <1
={(M,N)|[M",&,M"],[N", 8,N" | such thatM" + N" <1}

is called («, B) -interval valued set.

The order relation on D(1,)xD(1,,) is defined below.

B
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Definition 2. [9] For all (M,N),(P,R)eD(1,)xD(1,),
(M,N)<(P,R):>M <PandN >R

Here:
(M,N)<(P,R)<:>M <P,N>R or M<P,N>R or M<P,N>R.

Proposition 1. [9] The set (D(Ia)x D(IB),S> is a partial ordered set.

As a result of above proposition, the defined relation order on D(Ia)x D(I ) and

inf {(M,N),(P,R)} =(inf {M,P},sup{N R)

sup{(M,N),(P,R)} =(sup{M,P},inf {N,R})
is a lattice because the above conditions are satisfied.
It is seen that the units of this lattice are ([0,1- 8],[ 3, ]) and ([, a],[0,1-a]) from the

lemma below.

Lemma 1. [9] (D(Ia)x D(Iﬂ),/\,v) is a complete lattice with units ([0,1-],[A.8]) and

([a,a],[O,l—a]) .
Negation function on crisp sets and fuzzy sets is defined below.

Definition 3. [9] For all (M,N)e D(l,)x D(Iﬁ),the function
N :D(1,)xD(1,)—>D(I,)xD(1,),
N((M,N)):([a—ML,a—ﬂ+ NU],[ﬁ—NL,ﬂ—mM“])

is the negation function.

Definition 4. [9] Let X be a universal set. For the functions M, : X — D(I,,) and N,,: X —>D(1,,),
forall xe X,M,” (x)+N," (x)<1,

A={x,M,(x),N,(x) | xeX}

is called («, B)-interval-valued intuitionistic fuzzy set. The family of («, £)-interval-valued
intuitionistic fuzzy sets on X is denoted by («, £)-IVIFS(X).

Some algebraic operations on («, £)-IVIFS(X) are defined below.

Definition 5. [9] Let X be a universal set, A, B (a,ﬂ) -IVIFS(X) and A is an index set for all
AeA,

i A :{<x,[a_MAL(x),a—ﬁ+ NS () [ B=NS (%), B-a+M,7 (x)]) | xe x};
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i. ACB < vxeX,M,"(x)<M;"(x),M,” (x)=M;" (x) and
N, (%)= Ng" (x),N,Y (x) < Ng” (x);

sup{M, (x),M¢” ()},
[sup N, (), Na" ()} inf {N, (), N ()} ) 1xe X
sup (M, (), M- ()} inf (M, (), M (x)}
inf (N, (), Nat (X)} sup{N, ()N ()} ]} 1xe X

V. Miea A :{XvLQAMA;(X)’i\E/AMAg (X)]L\E/ANA;(X)’/E\ANAL; (X)}|X € X};

[72]

i ANB={{x[inf (M, (x),M," (x)}

v. AuB=«x

Vi U, A :{X,L\E/AMA;(X),A/G\AMJ ()] A N (%), v N ()| 1xe x}.

AeA

If one focuses on previous works, it is easy to see that these lower end points and upper end
points are intuitionistic fuzzy closer and interior operators [6].

Proposition 2. [9] Let X be a universal set, A, B,C (a, 8)-IVIFS(X) and A is an index set
VAeA. Then
ANMB=BMA
ALB=BUA,
AM(BUC)=(AMB)U(AMC);
AU(BNC)=(AUB)MN(ALC);
Ar(u, B,)=U, (ANB,).

Proposition 3. [9] Let X be a universal set. Functions Ox : X — D(l) x D(I) and 1x : X —
D(1) x D(I) such that 0, : X —([0,1- 8].[ 8. 8]) and 1, : X = ([a,a],[0,1-«]) are constants:

(Ox )c =1y,
(1) =0,.

Definition 6. [9] Let X be a universal set and Ae(a, 8)-IVIFS(X). For all([ 4, 4,].[6,.6,])
D(Ia)x D(Iﬁ),
Abuinttaay = 1X€X | Ma(x) 2[4, 2] andN, (x)<[6,.6,]}.

Al iaios 1 called ([2,2,].[6,,6,]) -level subset of A
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It is easily seen from the definition, that ([, ,],[6;,6,])-level subsets of A are crisp sets.
Besides,
M, (X)2[4, 4 ]= M, (x)= 4 andM 7 (x)< 4, ;
N.(x)<[6,6,]= N,"(x)<6, andN,’ (x) = 6,.

Proposition 4. [9] Let X be a universal set. For all A Be(a,p)-IVIFS(X), for all
([4.4.].[6.6,]) e D(1,,)xD(1,). Then

L XeAL me) © (Ma ()N (%)= ([4:%].16,,]);

I =M, NN

Atariae) = Mapnzu O Nagg o

_ L U L
“I' (A u B)([}LII}LZ]I[GLGZ]) - (MA[}\l,}Lz] U MB[}\l,)\z] U (MA }\1 n MB }\2 ) U (MB }\1 n
U L U L U .
Ma"2, )) n (NA[el,ez] UNggg, 0,1 U (Na", 1N5"5,) U (Ng", NN, 92))’
iv. (ANB) Tal:

(ila.e)) ~ A([Zivﬂa]v[@ﬂz] [4:2]10.6]) °

3 (a,p)-Interval-valued intuitionistic fuzzy subgroups

As a result of the above discussions about the (a, ﬂ)-interval valued sets, the definition of
(a, B) -interval valued intuitionistic fuzzy subgroup is given below.

Definition 7. Let G be agroup and Ae (a,ﬂ)-IVIFS(G). If the following conditions hold, then

forall x,yeG, Aiscalled (a,ﬂ) -interval valued intuitionistic fuzzy subgroup:

i A(xy)=inf{A(x),A(y)};

. A(x’l)z A(X).
If Ais («a, B)-interval valued intuitionistic fuzzy subgroup, then it is shortly denoted by («, 5)
-IVIFS(G, A).

Example 1. For (Z,+) Abelian group, « :%andﬂ:% The function A: Z — D(IleD[IZJ,
6 3

o2}

and
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[11)32) e
(1022 o

isa (% : %J -interval valued intuitionistic fuzzy subgroup.

A(K) =

Solution:
I.  k, mare given arbitrary.
Case 1. Let k and m be even, then k +m is even.

oo 15 oM S M D 20D

=inf {A(k), A(m)}

Case 2. Let k be even and m be odd, then k+m is odd.
o[22 )2 2w DL ()
= int {A(K), A(m)}
Case 3. Let k be odd and m be even, then k +m is odd.
o1 e LD G I DI
~in {A(K), A(m)]
Case 4. Let k and m be odd, then k +m is even.
o e B DG I DI
- inf[A(K), A(m)]

ii.  kisagiven arbitrary.
Case 1. Let k be even, then —k is even.

s B R

Case 2. Let k be odd, then —k is odd.

o (e

gl
oo

(S RN
N |-
HNlw

|

From the above results, (%%) -IVIFS(Z, A).
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Proposition 5. Let G be a group and («, B) - IVIFS (G, A)). For all xeG,
()= A
A(e)2 A(x)

Proof. Let x e G be arbitrary.

(a.B)-IVIFS(G,A)= A(x )= A(X) @)
and
A((x?) )2 Al )= A(x) = A(x) 2)
inequalities from (1) and (2),
A(xH)=A
A(e)= A(xc?)zinf {A(x), A(x )} mf{ (x), A(x)} = A(x). 0
Proposition 6. Let G be a group and Ae(«, £#)-IVIFS(G). Then, for all x,y €G,
(a.B8)-IVIFS(G,A) < A(xy ) zinf {A(x), A(y)}
Proof. Let x,y € G be given arbitrary, then the proof is split in two cases.
Case “ =",
A(xy’l)zinf{A(x),A(y’l)}:inf{A(x),A(y)}
Case “ <.
A(e)= A(xx )>inf{A(x),A(x)}:A(x)
= A(x™")=A(ex?) = inf {A(e), A(x)} = A(x)
A(xy)= ( yt ) mf{ (x ),A(y’l) >inf {A(x), A(Y)}.

This completes the proof. ]

Proposition 7. Let G be a group and A, B e(a, ) -IVIFS(G). Then,

(a,B)-IVIFS(G,A) and (o, B)— IVIFS(G,B) = (a, 8)— IVIFS (G, A B)

Proof. Let x,y € G be given arbltrary Then,

(AN B)(xy’l):inf{ (xy), } mf{lnf{ ), A(y)}.inf {B(x),B(y )}}

=inf{inf{( A(X), N, (x ))( )} mf{( (%), Ng (x)),(Mg (y)

—inf{(mf{MA M, (y)}, sup{ N, (¥)}),(inf {Mg (), Mg (¥)},su { s (X ) B(Y)})}
( {lnf{MA y} inf }su {sup N (X), N, (y)},sup{N (x),NB(y)}})
( f{lnf{MA (x)}inf{M, (y),Mg(y } su {sup N, (X), Ny (%)}, sup{N,,( B(y)}})
mf{(l x)} sup{ A(X),Ng () }) (lnf{ AY), MB(y)},sup{NA(y) NB(y)})}
=inf{(Ar B)( ) (AMB)(y)} -

This completes the proof.
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Proposition 8. Let G be a group and | be an index set, then forall ie 1, A_ e(a, 8)-IVIFS(G),
it holds that

(a,B)-WIFS(G,A_ )= (a,B)-IVIFS(G,M_ A).
Proof. Let x,y € G be given arbitrary. Then,

(a,ﬁ)-IVIFS (G,Ael)

Proposition 9. Let G be a group. Then,
(. B)-IVIFS (G, A) = V([ 4, 4,].[6,.6,]) e D(1,)xD(1,).

Al i) #@,([ 4, 4,],[6,.6,])-level subset of A is subgroup of G.
Proof.
Case “=". xeG,3([4,4].[6.6,])eD(1,)xD(1,).A(X)=([4.4].[6,.6,])

= V<G, A(e) > A(X) = ({4 4. [6,6,])
=€ Analina) = Atalias) * 2
Let X,y e A(MJQ]’[@'HZD be given arbitrary. Then,
A(X)2 ([4:4].6,6,]) and A(y) >[4, 2].[6,6.])
= A(y ) 2inf{A(X), A(Y)} 2 ([4. 2] [6.6]) =X € AL oy
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Case * < . Assume 3x,, Y, € G, A(XY, )<|nf{ (%

),
Ao) =([aa].[5::5:1) A(Yo) = ([o:
([/11’32]’[ 1 z])z'”f {( 3,,3,],[s,,5,]).([by.b,] )} is chosen,
A(XO):([ 8y, 2]1[31’32])
st (3,2, [5,5]). (.5 )
=(M’ﬂz]’[‘91’92])
= X, EAUMz] .6
A(¥o) = ([bb,].[tt,])
mf{<[a1 a][ s.]). (0] [t ])
=([4%116,6])
:‘yoeptmwez)
A(%Yo H) <inf {A(x,) mf{ ) [s0s:]) (b by [t ])}

= ([}\‘19}\’2]7 [61’62 ]) = XOYO E A

Yo )}

A(
b, ][t t )lstaken,
b

(222 1]01.0,])
is contradiction, then

V%o, Yo € G, A(XY, ) Zinf {A(X,), A(Yo)} -

This completes the proof.

Proposition 10. Let G be a group and («, #)-IVIFS (G, A). Then,

¥([4%]16,6])eD(1,)xD(1,).

is a subgroup of G.

AY[MQ]‘[MZD is a subgroupof G = M A 2]
Proof.
V([4:4].16,6,])eD(1,)xD(1,) ec Ateliaa) = Maga) " Najg.a)
=ee MA[MQ] andee NA[ﬁl,ez] = MA[MQ] %
X,yeM are given arbitrary.

ALk 2]
ML (X) 2[4, 4] and M, (Y) 2[4, 4,]
M, (xy ) =inf (M, (x), M, (y)} 2[4 L]= X  eMy, o,

This completes the proof.
1 2
Example 2. For (Z,+) Abelian group, o =5 and 'B_§ FunctionA:Z — D| I, |xD| |
6

so-{[58]{e3]
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and

[12]3) eomms
(23] e

IS a (% , %) -interval valued intuitionistic fuzzy subgroup.

RO,

} = 27 is a subgroup of Z.

A(K) =

151
112’5

AHlS 1} FED = 27. is a subgroup of Z. MA[
112's5 ] 4’5
Definition 8. Let X be a universal setand Ae(«, £)-IVIFS(X). Then,
A= {xe X | A(x)>([01-8].[8.5])]
is called support of A.
Definition 9. Let G be a group and Ae (a,ﬂ)-IVIFS(X). Then the set A. is defined as follows,
A ={xeG|A(x)=A(e)}.

Proposition 11. Let G be a group and («, 8)-IVIFS (G, A). Then,

i. A issubgroup of G.
ii. A issubgroup of G.

Proof. i. x,y € A" are given arbitrary.

A(x)> ([0, 1—ﬂ] [ﬁ p]) and A(y) > ([0.1- B1.[ 8. 5])

= A (63100
:A(XV) mf{ (v)} >([0.1-A1.[8.8))
=xyeA.

ii. X,y e A are given arbitrary.
A(x)=A(e) and A(y) = A(e) = inf {A(x), A(Y)} = A(e)

= A(xy*)zinf {A(x),A(y)} = A(e) ()
and
(. B)-IVIFS (G, A) = A(e)> A(xy ™) (4)

From (3) and (4), the below equality is obtained:
A(y?)=Ale)=xy" e A..
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4 Conclusion

In this study, the definition of («, ) -interval valued intuitionistic fuzzy subgroups is introduced.
An example of these structures is given. It is shown that this example satisfies the conditions of
(a, ﬂ) -interval valued intuitionistic fuzzy subgroups. Other fundamental properties these
groups are examined.

The relations between (e, )-interval valued intuitionistic fuzzy subgroups and the
([ 4,].[6., 6?2]) -level subset of («, B) -interval valued intuitionistic fuzzy sets are studied.
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