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1 Introduction

In [4], we have defined a conditional intuitionistic fuzzy mean value E(y | x) = f as a Borel
measurable function such that

E
(
yx(B)

)
=

∫
B

E(y | x) dmx

for each B ∈ B(R), where x, y : B(R) → R are the intuitionistic fuzzy observables, y is
integrable, i.e., the integral

∫
R
t dmy(t) exists, m : F → [0, 1] is the intuitionistic fuzzy state and

an intuitionistic fuzzy observable yx(B) : B(R)→ R is given by
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yx(B)(D) =



(0Ω, 1Ω), if D = ∅

y(D \ {0}) · x(B), if D 6= R,D ∈ B(R)

(1Ω, 0Ω), if D = R.

Generally, such a conditional mean value has many applications in regression analysis and in
financial mathematics and insurance, so it is interesting to study convergence theorems. In the
classical probability theory there is the martingale convergence theorem for random variables
using conditional mean value (see [10]). In this paper, we try to formulate modification of a mar-
tingale convergence theorem for intuitionistic fuzzy observables using a conditional intuitionistic
fuzzy mean value. We show the relation between a conditional intuitionistic fuzzy mean value of
intuitionistic fuzzy observables and a conditional mean value of random variables, too.

The paper is organized as follows: Section 2 includes the basic notions from intuitionistic
fuzzy probability theory such as intuitionistic fuzzy event, intuitionistic fuzzy state, intuitionistic
fuzzy observable, intuitionistic fuzzy mean value and a joint intuitionistic fuzzy observable. In
Section 3, we show a definition of conditional intuitionistic fuzzy mean value and the notions
connected with it. In Section 4, we present the main result of the paper. First, we show a connec-
tion between a conditional intuitionistic fuzzy mean value of intuitionistic fuzzy observables and
a conditional mean value of random variables. Then we formulate the martingale convergence
theorem for a conditional intuitionistic fuzzy mean value of intuitionistic fuzzy observables. The
last section contains concluding remarks.

We note that in the whole text we use a notation IF as an abbreviation for intuitionistic fuzzy.

2 Elementary notions of the intuitionistic fuzzy probability
theory

The IF set was introduced by K. T. Atanassov in [1]. The IF set is a generalization of Zadeh’s
fuzzy set introduced in [11, 12] given by (f, 1 − f), where f is a fuzzy set. In this section we
recall the definitions of elemetary notions connected with IF-probability theory.

Definition 2.1 ( [2, 3, 9]). Let Ω be a nonempty set. An IF-set A on Ω is a pair (µA, νA) of
mappings µA, νA : Ω→ [0, 1] such that µA + νA ≤ 1Ω.

Definition 2.2 ( [2, 3, 9]). Start with a measurable space (Ω,S). Hence S is a σ-algebra of
subsets of Ω. An IF-event is called an IF-set A = (µA, νA) such that µA, νA : Ω → [0, 1] are
S-measurable.

The family of all IF-events on (Ω,S) will be denoted by F , the mapping µA : Ω −→ [0, 1]

will be called the membership function, the mapping νA : Ω −→ [0, 1] will be called the non-
membership function.
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If A = (µA, νA) ∈ F , B = (µB, νB) ∈ F , then we define the Lukasiewicz binary operations
⊕,� on F by

A⊕B = ((µA + µB) ∧ 1Ω, (νA + νB − 1Ω) ∨ 0Ω)),

A�B = ((µA + µB − 1Ω) ∨ 0Ω, (νA + νB) ∧ 1Ω))

and the partial ordering is given by

A ≤ B⇐⇒ µA ≤ µB, νA ≥ νB.

In the IF-probability theory ( [8]) instead of the notion of probability we use the notion of
state.

Definition 2.3 ( [8]). Let F be the family of all IF-events in Ω. A mapping m : F → [0, 1] is
called an IF-state, if the following conditions are satisfied:

(i) m((1Ω, 0Ω)) = 1 , m((0Ω, 1Ω)) = 0;

(ii) if A�B = (0Ω, 1Ω) and A,B ∈ F , then m(A⊕B) = m(A) + m(B);

(iii) if An ↗ A (i.e. µAn ↗ µA, νAn ↘ νA), then m(An)↗m(A).

The third basic notion in the probability theory is the notion of an observable. Let J be the
family of all intervals in R of the form

[a, b) = {x ∈ R : a ≤ x < b}.

Then the σ-algebra σ(J ) is denoted B(R) and it is called the σ-algebra of Borel sets. Its elements
are called Borel sets.

Definition 2.4 ( [8]). By an IF-observable on F we understand each mapping x : B(R) → F
satisfying the following conditions:

(i) x(R) = (1Ω, 0Ω), x(∅) = (0Ω, 1Ω);

(ii) if A ∩B = ∅, then x(A)� x(B) = (0Ω, 1Ω) and x(A ∪B) = x(A)⊕ x(B);

(iii) if An ↗ A, then x(An)↗ x(A).

If we denote x(A) =
(
x[(A), 1Ω − x](A)

)
for each A ∈ B(R), then x[, x] : B(R) → T are

observables, where T = {f : Ω→ [0, 1]; f is S −measurable}.

Similarly, as in the classical case, the following theorem can be proved ( [7, 8]).

Theorem 2.5 ( [7]). Let x : B(R) −→ F be an IF-observable, m : F −→ [0, 1] be an IF-state.
Define the mapping mx : B(R) −→ [0, 1] by the formula

mx(C) = m(x(C)).

Then mx : B(R) −→ [0, 1] is a probability measure.
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In [6] we introduced the notion of product operation on the family of IF-events F and showed
an example of this operation.

Definition 2.6 ([6]). We say that a binary operation · on F is product if it satisfies the following
conditions:

(i) (1Ω, 0Ω) · (a1, a2) = (a1, a2) for each (a1, a2) ∈ F;

(ii) the operation · is commutative and associative;

(iii) if (a1, a2)� (b1, b2) = (0Ω, 1Ω) and (a1, a2), (b1, b2) ∈ F , then

(c1, c2) ·
(
(a1, a2)⊕ (b1, b2)

)
=
(
(c1, c2) · (a1, a2)

)
⊕
(
(c1, c2) · (b1, b2)

)
and (

(c1, c2) · (a1, a2)
)
�
(
(c1, c2) · (b1, b2)

)
= (0Ω, 1Ω)

for each (c1, c2) ∈ F;

(iv) if (a1n, a2n) ↘ (0Ω, 1Ω), (b1n, b2n) ↘ (0Ω, 1Ω) and (a1n, a2n), (b1n, b2n) ∈ F , then
(a1n, a2n) · (b1n, b2n)↘ (0Ω, 1Ω).

The following theorem gives an example of product operation for IF-events.

Theorem 2.7 ([6]). The operation · defined by

(x1, y1) · (x2, y2) = (x1 · x2, y1 + y2 − y1 · y2)

for each (x1, y1), (x2, y2) ∈ F is product operation on F .

Since now mx : B(R)→ [0, 1] plays an analogous role as Pξ : B(R)→ [0, 1], we can define
IF-mean value E(x) by the same formula (see [5]).

Definition 2.8 ([5]). We say that an IF-observable x is an integrable IF-observable, if the integral∫
R
t dmx(t) exists. In this case we define IF-mean value

E(x) =

∫
R

t dmx(t).

If the integral
∫
R
t2 dmx(t) exists, then we define IF-dispersion D2(x) by the formula

D2(x) =

∫
R

t2 dmx(t)−
(
E(x)

)2
=

∫
R

(t− E(x))2 dmx(t).

In [9] B. Riečan defined the notion of a joint IF-observable as follows:

Definition 2.9 ([9]). Let x, y : B(R)→ F be two IF-observables. The joint IF-observable of the
IF-observables x, y is a mapping h : B(R2)→ F satisfying the following conditions:

(i) h(R2) = (1Ω, 0Ω), h(∅) = (0Ω, 1Ω);
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(ii) if A,B ∈ B(R2) and A ∩ B = ∅, then h(A ∪ B) = h(A) ⊕ h(B) and h(A) � h(B) =

(0Ω, 1Ω);

(iii) if A,A1, . . . ∈ B(R2) and An ↗ A, then h(An)↗ h(A);

(iv) h(C ×D) = x(C) · y(D) for each C,D ∈ B(R).

Remark 2.10. The joint IF-observable of IF-observables x, y from Definition 2.9 is two-dimensional
IF-observable.

Theorem 2.11 ( [9]). For each two IF-observables x, y : B(R) → F there exists their joint
IF-observable.

3 Conditional IF-mean value for IF-observables

In this section we present the notions connected with a conditional IF-mean value introduced
in [4].

Definition 3.1 ( [4]). If x, y : B(R) → F are the IF-observable and B ∈ B(R) is fixed, then we
define yx(B) : B(R)→ F by the formula

yx(B)(D) =



(0Ω, 1Ω), if D = ∅

y(D \ {0}) · x(B), if D 6= R,D ∈ B(R)

(1Ω, 0Ω), if D = R

Proposition 3.1 ( [4]). The mapping yx(B) is an IF-observable. If the IF-observable y is inte-
grable, then the IF-observable yx(B) is integrable, too.

In Definition 2.8 we have defined an integral
∫
R
y dm = E(y) =

∫
R
t dmy(t), but in a

conditional IF-mean value we need to work with the notion of an indefinite integral.

Definition 3.2 ( [4]). If x, y : B(R) → R are the IF-observables, such that y is integrable, (i.e.
there exists E(y) =

∫
R
t dmy(t)), then the indefinite integral is defined by the formula

E
(
yx(B)

)
=

∫
R

t dmyx(B)
(t)

for fixed B ∈ B(R).

The next theorem says about an existence of a conditional IF-mean value.

Theorem 3.3 ([4]). Let x, y : B(R)→ R are the IF-observables, y be integrable, i.e. there exists
E(y) =

∫
R
t dmy(t). Then there exists a Borel measurable function f : R→ R such that

E
(
yx(B)

)
=

∫
B

f dmx

for each B ∈ B(R).
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Now we are able to define a notion of conditional intuitionistic fuzzy mean value (expecta-
tion).

Definition 3.4 ([4]). If x, y : B(R) → R are the IF-observables, y is integrable, then the condi-
tional IF-mean value (expectation) E(y | x) = f is the Borel measurable function such that

E
(
yx(B)

)
=

∫
B

E(y | x) dmx

for each B ∈ B(R).

There is a connection between a conditional IF-mean value E(y | x) and a conditional IF-
probability p(A | x), see Remark 3.5. Recall that a conditional intuitionistic fuzzy probability is
a Borel measurable function f (i.e. B ∈ B(R) =⇒ f−1(B) ∈ B(R)) such that∫

B

p(A | x) dmx = m
(
A · x(B)

)
for each B ∈ B(R), where m : F → [0, 1] is the intuitionistic fuzzy state, A ∈ F is an
intuitionistic fuzzy event and x : B(R)→ F is an intuitionistic fuzzy observable, see [8].

Remark 3.5 ([4]). Take A ∈ F and define the IF-observable yA : B(R)→ F by

yA(B) =



(0Ω, 1Ω), if B = ∅

A, if B = {1}

yA(B ∩ {1}), if B 6= ∅, B 6= R,B ∈ B(R)

(1Ω, 0Ω), if B = R

Then E(yA | x) = p(A | x) holds mx - almost everywhere.

4 Martingale convergence theorem for conditional IF-mean
value

Basic motivation for our calculus of IF-observables was the calculus with random variables. The
following theorem works in the opposite direction in some sense: the conditional IF-mean value
(expectation) of IF-observables can be represented by the conditional mean value (expectation)
of random variables.

Theorem 4.1. Let x, y : B(R)→ F be the IF-observables, y be an integrable. Let h : B(R)→ F
be the joint IF-observable of x, y. Consider the probability space (R2,B(R2), P = m ◦ h) and
the random variables ξ, η defined by ξ

(
(u, v)

)
= u, η

(
(u, v)

)
= v. Let Pη be the probability

distribution of η, i.e. Pη(B) = P
(
η−1(B)

)
. Then Pη = mx and E(y | x) = E(ξ | η) holds mx -

almost everywhere.
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Proof. By the definition we have

Pη(B) = P
(
η−1(B)

)
= m ◦ h

(
η−1(B)

)
= m

(
h(R×B)

)
= m

(
y(R) · x(B)

)
=

= m
(
(1Ω, 0Ω) · x(B)

)
= m

(
x(B)

)
= mx(B)

and ∫
η−1(B)

ξ dP =

∫
R×B

u d(m ◦ h)(u, v),

E
(
yx(B)

)
=

∫
R

u dmyx(B)
(u) =

∫
R

u dµ(u),

where B ∈ B(R) is fixed and

µ(D) = m
(
y(D) · x(B)

)
= m ◦ h(D ×B).

Now we prove that ∫
R×B

f(u) d(m ◦ h)(u, v) =

∫
R

f dµ (1)

for each Borel function f : R→ R. Put first f = λC . Then∫
R×B

λC(u) d(m ◦ h)(u, v) =

∫
R×R

λR×B(u, v) · λC×R(u, v) d(m ◦ h)(u, v) =

=

∫
R×R

λC×B(u, v) d(m ◦ h)(u, v) = m
(
h(C ×B)

)
=

= m
(
y(C) · x(B)

)
= µ(C) =

∫
R

λC dµ.

Equality (1) can be proved now by the linearity and continuity of the integrals. Put now f(u) = u.
Then using (1) we have∫

B

E(y | x) dmx = E
(
yx(B)

)
=

∫
R

u dmyx(B)
(u) =

∫
R

u dµ(u) =

=

∫
R×B

u d(m ◦ h)(u, v) =

∫
η−1(B)

ξ dP =

∫
B

E(ξ | η) dPη =

=

∫
B

E(ξ | η) dmx

for each B ∈ B(R). Hence E(y | x) = E(ξ | η) holds mx - almost everywhere.

Theorem 4.2. (Martingale convergence theorem) Let gn : R → R be the Borel measurable
functions, g−1

n

(
B(R)

)
⊂ g−1

n+1

(
B(R)

)
(n = 1, 2, . . .),

⋃∞
n=1 g

−1
n

(
B(R)

)
= B(R). Let x : B(R)→

F be an IF-observable, xn = x ◦ g−1
n , mx � mxn (n = 1, 2, . . .). Let y : B(R) → F be an

integrable IF-observable. Then the convergence

E(y | xn)→ E(y | x) holds mx - almost everywhere.
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Proof. Let (R2,B(R2), P = m ◦ h) be the same probability space as in Theorem 4.1. Let ξ, η be
the coordinate random variables. By Theorem 4.1 we have

Pη = mx, E(ξ, η) = E(y | x).

Put
ηn = gn ◦ η,Sn = η−1

(
g−1
n

(
B(R)

))
= η−1

n

(
B(R)

)
.

Then
Sn ⊂ Sn+1 (n = 1, 2, . . .)

and
∞⋃
n=1

Sn =
∞⋃
n=1

η−1
(
g−1
n

(
B(R)

))
= η−1

( ∞⋃
n=1

g−1
n

(
B(R)

))
= η−1

(
B(R)

)
= S0.

By the martingale convergence theorem (see [10]) we have that the convergence

E(ξ | ηn)→ E(ξ | η)

holds Pη - almost everywhere. Moreover

Pηn(B) = P
(
η−1
(
g−1
n

(
B(R)

)))
= m

(
h
(
R× g−1

n (B)
))

= m
(
y(R) · x

(
g−1
n (B)

))
=

= m
(

(1Ω, 0Ω) · x
(
g−1
n (B)

))
= m

(
xn(B)

)
= mxn(B).

Hence Pηn(B) = mxn(B). Further using Theorem 4.1 we obtain∫
B

E(ξ | η) dPηn =

∫
η−1
n (B)

ξ dP =

∫
η−1(g−1

n (B))

ξ dP =

∫
g−1
n (B)

E(ξ | η) dPη =

=

∫
g−1
n (B)

E(y | x) dmx =

∫
x(g−1

n (B))

y dm =

∫
xn(B)

y dm =

=

∫
B

E(y | xn) dmxn .

Since Pηn = mxn , we have that the convergence

E(ξ | ηn) = E(y | xn)

holds mxn - almost everywhere.
Of course, mx �mxn , therefore the convergence

E(ξ | ηn) = E(y | xn)

holds mx - almost everywhere.
Finally, the convergence

E(y | xn) = E(ξ | ηn)→ E(ξ | η) = E(y | x)

holds mx - almost everywhere.
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5 Conclusion

The paper concerns probability theory on intuitionistic fuzzy sets. In the paper, we showed the
connection between a conditional IF-mean value of IF-observables and a conditional mean value
of random variables. We formulated the modification of the martingale convergence theorem for
conditional IF-mean value. Since the IF-probability can be decomposed on two IF-states, these
results can be applicable for conditional IF-mean value induced by IF-probability.
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