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Abstract ; By the use of the category IFuz of the IFSs,four intuitionistic fuzzy categories such
as IFuz?, IFuz™ , M-IFuz and IFBn (I) are obtained and they can be represented as functor
categories from small categories to category IFuz of IFSs respectively.
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1. Preliminary
1.1 Concepts of IFS™M
Let a set E be fixed. An IFS A" in E is an object having the form
A" = (< x,pa(x) 0 (x) > |z € E}
Where the functions pa: E—[0,1]and vy: E—[0,1] define the degree of membership and the
degree of nonmembership of the element € E to the set A,which is subset of E,and for every x

€ E:0<ps(x)+valx)<1. Four our convenience, A" is denoted as (A, pasva).

1.2 Natural transformation and category Funct(C,D)
Let C and D be two categories, F and G be two functors from C to D. A natural
transformation from functor F to functor G is an assignment t that provides,for each C-object a,

a D-arrow 7,:F(a)—=G(a) .such that for any C-arrow f:a—>b,the following diagram commutes

in Dyice. sy c F(H=G) ° 7,.
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we use the symbolism t: F—>G,or F—G,to denote that 7 is a natural transformation from F' to

G. The arrows T, are called the components of z.
By the use of natural transformation,we can form a category Funct(C,D) .
~its objects are functors from C to D;

---an arrow from functor F to functor G is a natural transformation ©.F—G;

——Let t: F—>G and 6:G—>H be two natural transformations, the composition of ¢ and

satisfies: (6 ° ©),=0, ° 7.,Y a€C.

1.3  Small Categories

Let 2=1{0,1},then 2 can form a category with only two objects and only two identity
arrows, which is called as discrete category.

Let 2=1{0,1},then 2 can form a category with only two objects and only three arrows:1,=
<0,0>:;0—>0and 1,=<1,1>:1—1 be two identity arrows and arrow < 0,1>.:0—1,which is
called as poset category.

Let M= (M, % ,e) be a monoid category with only one object M, its arrows are the
members m of M, * be a composition,i.e. , m © n=m * n,and e is a identity from M to M.

Let I be a set,then I can form a category with only identity arrow and its objects are the
members 7 of I,which is called as a discrete category.

In this paper, we construct four intuitionistic fuzzy categories IFuz?, IFuz~ , M-IFuz and
IFBn(I) by using category IFuz and prove that they are isomorphic with functor categories
Funct(2,IFuz) (2 is a discrete category) , Funct(2,IFuz) (2 is a poset category) ,Funct(M,IFuz)
and Funct(I,IFuz) respectively.

2. Category IFuz’,IFuz” ,M-IFuz and IFBn(I)
Let IFuz be a category. Its objects are IFs(A,ua,va)satisfying :pua (@) >0,Y a€ A;its arrow
from (A,pasua)to (B,us,Vs)is a mapping f: A—B satisfying : ps (f (@) ) =pa (@) sus (f (@) <va

(a),V a€ A. by the use of category IFuz,we can obtain the following categories:

(1)Category IFuz’

Its objects are <T(A,pasVa), (B, pp,us) >, where (A, pa,va)and (B, pp,vs) are [Fuz-
objects.

An arrow from <T(A, pasva)s (Bsps,ug) >to << (C,pcsue)s (D, pp,Up) >>is a pair of
mappings (f,g),where f:A—C and g:B—D satisfying:

Dpc(fl@)))Zpala) v (f@))<uala),Y a€ A;

(D pp (g b)) =pp(d) ,up (g (B))<us(B),Y bE B.

Composition of (f,g) and (f',g') satisfies: (f,g) o (f'.g')=(f < f,g°g").

(2)Category IFuz™

. f .
Its objcts are ((A,pa)—>(B,pz,up)],where (A, pa,us) and (B,us,vs) are IFuz-objects

M
o



and f is a IFuz-arrow.

An arrow from [(AspA9UA)_f—’(B,‘LLBgUB)] to E((V’]J.(wU(*)'“g"’(Dgy.n,Un)]iS a pair of
mappins (h,£),where h: A—C and k.B—D satisfying .

D pe (ha)) Zpa(a) suc (h(a)))<va(a) .Y a€ A;

QD) pp (R () ) = pu (b)) s un (R (D))< (b)) .Y bE B;

s F=geh

Composition of (h,%) and (h',F') satisfies: (h k) « (B JB')=C(h o h' b k).

(3)Category M-IFuz

Let (M, % ,e) be a monoid with identity e. objects of category M-IFuz are (A, pa,Ua,8)
where (A, pa ,va)is IFuz-objects. mapping §: M X A— A satisfies

(DE&(e,a)=a,¥ a€ A;

(DEGm,En,a))=EGm * nya) ¥ a€ Aym,nEM;

Gii) pa (E(msa) ) =pa(a) sva (E(msa))<va(a) .V a € A.

An arrow from (A,pa,va,8) to (B,us,Us,M)is a mapping f: A—B Satisfying

@) f(EGm,a))=79(m,f(a)),¥ a€A; (Dus(fla))=pala),va(f(a))<<vala),V a€ A.

Composition of arrows is composition of mappings.

(4)Category IFBn(I)

Let I be a set. Objects of category IFBn(I) are (A, pa,va,f),where (A, pa,va) is IFuz-
objects, f: A—I is a mapping.

An arrow from (A, pasva,f)to (B,us,Us,g)is a mapping k: A—B such that

Dgek=1f; ((Duskla))=pala),vsk(a))<<usla).

CoInposition of arrows is composition of mappins. )

Category IFuz?,IFuz” ,M-IFuz and IFBn(I) have intimate connections with category IFuz.
We shall prove that they can be represented as category Funct (C,IFuz) of functors from small
category C to category IFuz.

Theorem 1. Let 2= {0,1}be a discrete category, then category IFuz’ is isomorphic with
category Funct(2,IFuz).

Proof. Let F:2—>IFuz be a functor,then (¥(0),F (1)) is IFuz*-object. Since 2 is a discrete
category with only identity arrows 1,=<(0,0>:0—>0 and 1,=<(1,1>:1—1,s0 F(1,) and
F(1,) are identity arrows from F(0) to F(0),F(1) to F(1) respectively. Hence F can be seen as
<F),F)>.

Let F and G be two functors from 2 to IFuz and t: F—>G be a natural transformation , then t
has two components t,: F'(0)—>G(0) and 7,: F(1)—>G(1) and consequently 7 can be seen as (7,
7). Let

% ;Funct(2,IFuz)—~IFuz’

Fl><<F),F(1)>

F —T>G I_>(T09T1) ’



then # is a functor. Clearly ., is a isomrphism. Hence IFuz’ is isomorphic with category

Funct(2,IFuz).

Theorem 2. et 2=1{0,1} be a poset category.then IFuz™ is isomorphic with category
Funct(2,IFuz).
Proof. Let F':2—>1IFuz be a functor and F(1,) =1r,+F(1,)=1p, - F(<0,1>)=f.then F

can be seen as [F(O)*LF(D].

Let G:2—1IFuz be a functor and t: ¥ —G be a natural transformation with component
(ty»71) »then (ty,7,) is a arrow from EF(O)—f*F(l)]to (G(0)—E>G (1) (where g=G(<0,1
>)). Let
# :Funct(2,IFuz)—IFuz™

F > (F(0)——F(1)]
F—G > (toa1y)

¥ IFuz”——Funct(2,IFuz)

f
[(A’}LA ,UA)H(B,pB,UB)] }“’1"

f Ch,k)
CCA pa »Ua)——> (B i » U ) I ((C st s U )——> (D s iy s 0) I T

where F(0)=(A,pa>va),F(1)=(B,us,us) ,F(1)=1Id4+,F(1,)=1ds,F(<0,1>)=f,t0=h
and t,=4k.

Then # and ¥ are functors and ¥ is an inverse of # . Hence,category IFuz™ is isomorphic
with Funct(2,IFuz).

Theorem 3. Let M= (M, % ,e) be a monoid category,then category M-IFuz is isomorphic with
Funct (M,IFuz). i i

Proof. Let F:M—>IFuz be a functor and F(M) = (A, pasVa)Ea=F(m). Let §(m,a) =
E.(a),VY a€ A,m€E M ,then we have M-IFuz-object (A,ua,va,E).

Let G: M — IFuz be another functor and 7: F— G be a natural transformation with
component tv=f.Let G(m)=(B,ps>Us)»Mm=G0n),then f is a arrow from (A, pa,va,8)to
(Bsps,us,7). Let

¥ ;Funct(M,IFuz)—>M-IFuz

FI> (A, pasva,8)
F—>Gb>f
‘then ¥ is a functor. Clearly, ¥ is a isomorphism. Hence, category M-IFuz is isomorphic with

category Funct(M,IFuz).

Theorem 4.. Let set I be a discrete category, then category IFBn (I) is isomorphic with
category Funct(1,IFuz).
Proof. Let F;I—1IFuz be a functor and F (i) = (A;, pa - Vs ). Let A= U](A,X {i});
1 1 '6



fiA—>I(a, ) brispa: A—>(0.1]. Cayi) |2 pa (@) 50a: A—>[0,1] (a.7) >va (a) . then we have
IFBn (1-object (A.ps v+ f).
Let G:I—=>IFuz be another functor and t;/—G be a natural transformation with component
7. FG)—>G(). Let
k:A— B (a,0) > (r;(a),i),
then % is a arrow from (A, pasvas f) to (B, pss Uss g) (where (B, pp, Us» g)is a object
corresponding functor G).
Let
& :Funct(I,IFuz)—IFBn (D)
Fl>(A,pa-vasf)
F——Gtrk
then ¥ is a functor.
Conversely,let (A,pasvasf) be an IFBn(I)-object and A,=f""'(7) s pa, = pa ‘A‘.’UA‘.: U4 If‘.-'
Let F'(:)=(Aispa,+0a) sthen F is a functor from category I to IFuz.
Let k: (A, pasva, f) = (B, ps, vs, g) be a arrow and & = k|4, then we have natural
transformation F ~—f—>(y with component t,=k;(where G is a functor corresponding (B, s, s,

g)). Let
2 JJFBn(1)—Funct(I,IFuz)
(AS#A9UAaf) |"’I’V

k
(A-[—LA 9UA7f)—>(Ba,UBsUBag)‘I_>AF—T>G
then ¢ is a functor.

Clearly,# is a inverse of & . Hence category IFBn(I) is isomorphic with category

Funct(I,IFuz). =
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