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1 Motivation

The sum of observables defined via max-min connectives has been studied on various structures.
In paper [5], A. Dvurecenskij defined the sum of compatible observables x @ y in a logic L. This
sum is connected with the next system of the elements of a logic L

Byay(t) = \/ (Bo(r) ABy(t —1)) = \/ (x((—oo,r)) Ay((—oo,t — r))),t € R,
reQ reqQ

where () is the set of all rationals. The logic L is a o-lattice with the first element 0 and the
last element 1 and with an orthocomplementation | : a — a*, which satisfies the followin g
conditions:
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(i) (et =aq;
Gi) if a < b, then b < a*:
(iii) a Vat =1;
@(iv) ifa < b,thenb=a V (b A at),

for all a,b € L. As an observable x in logic L he understand a mapping « : B(R) — L such that

() z(R) =1,z(@) = 0;
(ii) if AN B = @, then z(A) Lz(B);
(i) if ANV B = 2,1 4 j, then 2 ( U 4;) = V a(4),

1

forall A, B, A; € B(R), see [5].
In paper [7] the authors determined a sum of F-observables z, y in F-quantum space (X, M)
with the system {B,,(t) : t € R} given by

Boiy() = | (Bor) 1 By(t = 1)) = | (2((=00,7)) ny((=00,t 1)) )t € R,
reQ reqQ
where () is the set of all rationals. The F-quantum space (fuzzy quantum space) is a couple
(X, M), where X is a nonempty set and M C [0, 1] satisfies the following conditions:

(i) if 1(z) = 1 forany x € X, then 1 € M,
(i) ifa € M, thenat =1 —a, a*+ € M,
(iii) if (z) = 3 forany z € X, then § ¢ M;

— 2
0o

G(v) U a, =supa,, | a, € M forany {a,}2>, C M.
n =1

n=1 n

As an F-observable z on an F-quantum space (X, M) they understand a mapping
x:B(R)— M such that

(i) 2(A°) =1—z(A) forany A € B(R);

Gi) if {4}, C B(R),thenx( fjl An> = | 2(A,),

n=1
where B(R) is the Borel o-algebra of the real line R and A° denotes the complement of A in R,
see [7].

A very similar situation to that in paper [7], was studied in papers [4,6]. Here, the authors
considered an F-quantum space (X, M) identical to the (X, M) in [7], but there they replaced
property (iv) in the definition of the space (X, M) by the following one

Giv) \ a, =supay,, \V a, € M forany {a,}>>, C M.
n=1 n n=1

Naturally, condition (i1) in the definition of F-observable in [7] is replaced by the condition

i) if {A,}22, C B(R), then x( f:jl An> =V z(4,),

n=1
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in papers [4,6]. In this case, the sum of F-observables x, y in F-quantum space (X, M) is
connected with the system {B,,(t) : t € R} given by

Byiy(t) = \/ (Bz(fr’) A By(t — 7’)) = \/ (a:((—oo,r)) A y((—oo,t — T))),t € R,

reQ reqQ

see [4, 6].

A different situation is considered in the article [10]. Here, A. Kolesarova and B. Riecan
studied the sum of fuzzy observables x and y in the context of Lukasiewicz (Giles) operations
4, © given by

r@y = min(zx+y,1)=(r+y) Al
r@y = max(z+y—1,0)=(x+y—1)VO0.

As a fuzzy observable z of a fuzzy space (£2, R) they understand a mapping = : B(R) — R
satisfying the conditions

(i) z(A°) =1—z(A) foreach A € B(R);

(i) i {4,132, € BR), A; (1 E; = 2, # j, then U 4,) = @D 2(A,),
n=1 n=1

n

00 n n -1
where G}l fn = ILm @D fiand P f; = ( D fi> ® fn. There R C [0, 1] is the generated fuzzy
n= 00 =1 i=1 i=1

o-algebra on a measurable space (£2,S), i.:e., the set of all S-measurable functions and B(R) is
the Borel o-algebra of the real line R, see [10]. In this paper, the authors defined the sum of two
fuzzy observables x and y as the fuzzy observable z = x + y given by

z((—o00,t)) = \/ [x((—oo,r)) Ay((—o0,t —1))],t € R, (1)
reQ

see [10]. They showed that z is a fuzzy observable and that for any fixed w € €, z((—o0, ")) (w)
is a probability distribution on R, i.e., it is a non-decreasing and left-continuous function on R
with properties tglinoo z((—00,"))(w) =0, tlg(r)lo 2((—00,")) (w) = 1.

In [13], we can find the construction of the sum of observables for both structures (X, M),
(Q, R), which were described in the previously mentioned articles [4,6, 10].

2 Introduction of elementary notions

In this paper, we will study a sum of two intuitionistic fuzzy observables. As an intuitionistic
fuzzy observable, we understand the mapping x : B(R) — F, which satisfies the conditions:

(1) l‘(@) = (OQ, 19), 1’(R) = (19,09);
() it ENF =g, thenx(EUF)=x2(E) ®z(F)and 2(E) © z(F) = (0q, 1o);
(i) if B, /' E, then 2(E;)  2(E),

foreach E, F, E; € B(R),i € N, see [12].
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Here B(R) denotes the o-algebra of Borel sets, i.e., the o-algebra o(Z) of the family Z of all
intervals in R in the form [¢,d) = {x € R : ¢ < x < d}. The elements of this o-algebra are
called Borel sets, see [13].

By F we denote the family of intuitionistic fuzzy events on a measurable space (£2,S), i.e.,
the family of intuitionistic fuzzy sets E = (ug, vg), pg + ve < 1g such that ug, vg : Q — [0, 1]
are S-measurable functions. There S is a o-algebra of subsets of a nonempty set {2. The concept
of intuitionistic fuzzy sets was proposed by Krassimir T. Atanassov in the works [1-3].

In this paper, we will use the Lukasiewicz binary operations &, © defined on F by

E®F = ((ug+pr)Alo, (ve+vr —10) V0q))
= (ug ® pr, Ve O vp),

EOF = ((up+pr—1a) V0o, (vg +vr) Alg))
= (ug © pp,vg ®vp)

forE = (up,vp) € F,F = (up,vr) € F. The functions Og, 1 represent the constant functions
defined by Oq(z) = 0, 1o(z) = 1 for each = € Q).
The partial ordering < on family F is introduced as follows

E <F ifandonly if pug < up, vp > vp.

There the largest element of F is (1g, Og) and the smallest element of F is (0, 1g).

By E,  E on F we mean the convergences pg, " pp, Vg, \ Vg and similarly, for
E, \/ E on F we have the convergences ug, \, tg, Vg, /" Vg, where E,, = (ug,,vg,),
E = (ug,vg) € F,n € N.

In this paper, we define the sum of intuitionistic fuzzy observables with the help of the system
of intuitionistic fuzzy (IF) sets and max-min connectives formulated by

EVF = (,UE\/,LLFny/\VF)J
EAF = (/LE/\ILLF,VE\/VF)

foreachE = (ug,vg),F = (up,vr) € F. The De Morgan’s laws are given by (fVg) = f'Ad/,
(fANg) =fVg,where f'=1— f,see[13].

In the next section, we use the fact that each IF-observable x : B(R) — F can be expressed
using two observables 2°, 2f : B(R) — T as follows

z(C) = (xb(C'), lg — Iﬁ(C))

for each C' € B(R), where T = {f :  — [0,1]; f is S — measurable}, see [11]. Moreover, the
observables 2° and z* coincide. We prove this in the following theorem.

Theorem 1. Let = : B(R) — F be an IF-observable. For any C € B(R) denote
z(C) = (xb(C), 1o — 2%(0)).

Then 2°,2* : B(R) — T are observables and x°(C) = x*(C) for each C € B(R), where
T=A{f:Q—10,1]; f is S-measurable}.
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Proof. Letz : B(R) — F be an IF-observable and denote z(C) = (2°(C), 1o — 2*(C)) for any
C' € B(R). Really from properties z(2) = (0q, 1g), (R) = (1g,0n) we have

be(g) = Oq, [Eﬁ(g) = Ogq,
1 1g.

Alsoif ENF =@, thenz(EUF) = 2(F) @ z(F) and z(E) © z(F) = (0q, 1o). Hence
2 (E) @2’ (F) = 0q , 2(E) © 2*(F) = 0q
and

P(EUF) = 2(E)+2"(F)=2"(E)®
H(EUF) = 2}E)+2*(F) = 2*(E) @ 2*(F),

because 2°(E) + 2°(F) < 1g, 2*(E) + 2*(F) < 1q.
Finally, if E; ~ E, then z(E;)  z(FE), and hence

xb(EZ) /‘ xb(E) ) mﬁ(EJ /\ Iﬁ(E>7

for each £, F, E; € B(R),i € N. Thus, 2” and 2* satisfy the three properties of the observables
mentioned in [10, 13], where &, © are the Lukasiewicz operations.

Since any A € B(R) and its complement A° € B(R) are disjoint sets (i.e. AN A° = @) and
AU A¢ = R, then using (ii) property of IF-observable = and the De Morgan’s laws we have

(1g,0q) = z(R) = 2(AU A°) = x(A) ® z(A°) = (xb(A) @2’ (A, 1g — 2*(A) ® 2*(A))

and
(0, 1lg) = z(A) © z(A°) = (xb(A) © 2" (A9, 1g — 2*(A) ® 2 (A%)).

Therefore
lg = 2”(A) ® 2°(A°) = 2”(A) + 2°(A%), ie. 2°(A°) =1g—2"(A);
lg = 2%(A) ® 2%(A°) = 2%(A) + 2%(A°), ie. 2°(A°) = 1q — 2F(A);
because 1°(A) + 2°(A°) < 1g, 2F(A) + 2#(A4°) < 1. But z(A), #(A°) € F, hence
2 (A)+ (1 —2%(A)) < 1g, ie. 2°(A) < z%(A);
2(A%) + (1 — 2% (A%)) < 1g, ie. a°(A°) < zP(A°).

Using 2°(A°) = 1g—2(A), 2%(A°) = 1g—2*(A) and 2" (A°) < 2(A°) we obtain 2°(A) > z¥(A),
and together with 2°(A) < z%(A) we have that 2°(A) = 2*(A) for every A € B(R). O

Remark 1. It follows from Theorem I that an IF-observable x : B(R) — F can be expressed in
the form z(C) = (2°(C),1q — 2°(C)) for each C' € B(R), where 2° : B(R) — T is observable
and T ={f : Q — [0,1]; f is S-measurable}.
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3 Sum of IF-observables induced by system of IF-sets

In this section, we will present the main results. We will define the sum of IF-observables using
max-min connectives and the system of IF-sets.

We are inspired by papers mentioned in Section 1 and by the formulation of the sum of two
random variables £, 7 : {2 — R in classical probability space. There foreacht € Ris& +n <t
if and only if £ < ¢ — 7). In this case, we can choose € (Q suchthat{ < r <t —mn,ie,{ <7
and n <t — r. Hence

{ueQ: (E+n)(u) <t} = U({uEQ:§(u)<7’}ﬂ{u€Q:n(u)<t—T})
reQ

— U [&*1((_00,7*)) Nyt ((—oo,t — r))]

reqQ

In the IF-space (2, F) to the set £ ((—o0,t)) corresponds the IF-set z((—oo,t)). Denote
it by B,(t) for each t € R. In the next theorems, we show some properties of the system
{B.(t) : t € R} of IF-sets from F.

Theorem 2. Let © : B(R) — F be an IF-observable. Denote B,(t) = z((—o0,t)) for each
t € R. Then the system of IF-sets {B,(t) : t € R} satisfies the conditions:

(i) if s <'t, then B,(s) < B,(t);

(ii) t\/RBz(t) = (1o, 00), t/\RBz(t) = (0o, 10);

(iii) V Ba(t) = Ba(s).

t<s
Proof. (i) It is trivial, because for s < ¢ is (—o0,s) C (—oo,t) and from the property of
IF-observable = we obtain B, (s) = z((—00, s)) < z((—00,t)) = B,(t).

(ii) For each ¢ € R we have (—o0,t) C R, so B,(t) = z((—00,t)) < z(R) = (1q,0q).
Therefore \/ B.(t) < (1q,0gq). For each integer n we have
teR

B.(n) = z((—o0,n)) < z(R) = (19, 00)

and

(1g,0q) = z(R) = x( (—oo,n)> = \/ z((—o0,n)) = \/ B.(n).

n=1 n=1

Therefore \/ B.(t) = (1q,0q).

teR
Similarly for each ¢ € R we have @ C (—00,1), so (0g, 1o) = (&) < z((—00,t)) =

B.(t). Therefore (0g, 1) < A B.(t). But for each integer n we have
teR

(0g, 1o) = 2(@) < z((—o0, —n)) = B,(—n)
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and

(0q, 1) = (o) = x( ) (—o0, —n)) = N\ z((—00,—n)) = /\ Bu(-n).

n=1 n=1

Therefore A B.(t) = (0q, 1g).
teR
(iii) Evidently (—o00,s) = |J (—o0,s — ). Denote t,, = s — - forn € N. Ast, /s, s0
n=1
(—o0,tn) (=00, s). But by condition (i) we have B, (t) < B,(s) for ¢ < s and hence

- =o( (e )= Vol D)

n=1 n=1

Now define the sum of IF-observables x, y by the system of IF-sets.

Definition 1. Let xz,y : B(R) — F be the IF-observables. We say that an IF-observable = :
B(R) — F is the sum of IF-observables x and y and we write z = x + vy, if the IF-observable z
is determined by

z((—o00,1)) = \/ [:z:((—oo,r)) Ay((—oo,t — T))},t € R,

reQ

where () is the set of all rationals.

Theorem 3. For any two IF-observables x,y : B(R) — F their sum z = x + y exists and

2((—o0,t)) = (zb((—oo,t)), lg — zb((—oo,t))>,t € R,

where 2> = 2° + 1y’ is the sums of observables x°,1’ : B(R) — T given by

zb((—oo,t)) = \/ [:E"((—oo,r)) A yb((—oo,t— )], t € R,
reqQ
and Q) is the set of all rationals. There x(C) = (2°(C), 1lo—2"(C)), y(C) = (y’(C), la—y’(C))
foreach C € B(R)andT = {f : Q — [0,1]; f is S-measurable}.

Proof. Letz,y : B(R) — F be the IF-observables. By Theorem 1, then there exist the observables
2’4’ B(R) = T such that 2(C) = (2°(C), 1o —2°(C)), y(C) = (y’(C), 1g — ¢’ (C)) for each
CeB(R)and T ={f: Q2 —[0,1]; f is S — measurable}.

Using Proposition 4 in [10] we have that there exists an observable 2° : B(R) — T given by

zb((—oo,t)) = \/ [xb((—oo,r)) A yb((—oo,t — r))} .t € R, (2)

reQ
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and  is the set of all rationals. There, 2> = 2” + ¢’ is a sum of the previously mentioned
observables. Using Definition 1, De Morgan’s laws and (2), we have for the sum z = x 4+ y of
IF-observables = and y

((=0.0)) = \/ [2((~00.7)) Ay((~o0.t )]

reQ

— ( \/ [:pb«—oo,r)) A yb((—oo,t - r))} J1g — \/ [xb((—oo,r)) A yb((—oo,t — r))])

reQ r€Q

- (zb((—oo, t)), 1g — Zb((_oq t))>7

where t € R and () is the set of all rationals.
Since Proposition 4 of [10] guarantees the existence of the observable 2” : B(R) — T, then
for any C' € B(R) we have that

2(C) = (2(C), 1o — 2°(C)) € F
and hence z : B(R) — F is an IF-observable, see Theorem 1. O

In [10], A. Kolesarova and B. RieCan used a concept of fuzzy-valued functions introduced
by E. P. Klement in [8,9]. By the extended real line R(I) he understand the set of all functions
u : R — I such that

(i) u(—o0) =0, u(4+o00) =1
(i) u(r) = sup{u(s);s <r,s € R} foreachr € R.

There R = RU {—00,+00} and I = [0, 1]. It is easy to see that the fuzzy real number u € R([)
is the cumulative distribution function on R. A fuzzy number w is said to be finite, if inf{u(r);r €
R} = 0and sup{u(r);r € R} = 1, see [10].

Moreover R(I) can be considered as a subspace of [0, 1]%. Therefore we can consider the
measurable functions X : Q — R([) called fuzzy-valued random variables. The measurability
of a function X : Q — R([) is equivalent to the existence of a Markov kernel K from (€2, S)
to (R, B(R)) such that for all (w,t) € Q x R, X(w)(t) = K(w,[—00,t)), see Proposition 2.1
in [8]. A Markov kernel K from (2, S) to (R, B(R)) is a function K : Q2 x B(R) — [0, 1], which
satisfies the conditions:

(i) K£(-,A) : Q — [0, 1] is a measurable function for each A € B(R)
(ii) K(w,-): B(R) — [0,1] is a probability distribution for each fixed w € €,

see [8].

In [10] A. Kolesdrova and B. Riecan proved in Theorem 1 that a mapping = : B(R) — R
is a fuzzy observable of (€2, R) if and only if z((—o0,t))(w) = X (w)(t), t € R defines a finite
fuzzy-valued random variable X on (2, S).

Using these results, we will try to show that there exists an [F-observable generated by a
system of IF-sets.
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Theorem 4. If a system {B(t) : t € R} of IF-sets in F has the following three properties
(i) if s <'t, then B(s) < B(t);
(i) V B(t) = (1g,00), A B(t) = (0g, 1);

teR teR

(i) \/ B(t) = B(s),

t<s

then there exists an IF-observable x : B(R) — F such that z((—o0,t)) = B(t) for eacht € R.

Proof. Let {B(t) : t € R} be a system of IF-sets in F with properties (i)—(iii). Then for each
t € R there exist two functions pp, vpr) : @ — [0,1] such that gy + vy < 1o and
B(t) = (un(): VB )- Denote B’(t) = up), Bﬁ( ) = lg — vp( foreach t € R, then

B(t) = (usw,vew) = (B'(t), 1o — BH(t)). 3)
If s < ¢, then by (i) we have
B(s) < B(1),

(8, v8) < (B0 VB®),
KB(s) < IB(1),
VB(s) = VB(1)-
Therefore
B’(s) = ppe) < pee = B(), 4)
B(s)=1q —vpe < lo—wvpw = B1). 5)

From (ii) and (4), with the help of De Morgan’s laws, we obtain

(1g,00) = \/B \/ (), 1o — BA(t) (\/B 19—\/Bﬁ(t))>

teER teR teR teR
(00, 10) = A\ B(t) = /\ (B’(t), 1o — BX(1) :(/\B 19—/\Bﬂ<t>>,
teER teR teR teR
1.e.,

\ B’(t) = 1o, \ B’(t) = 0q, (6)
teER teR
\ Bi(t) = 1q, A\ B*(t) = Oq. (7)
teER teER

Using (iii), (4) and De Morgan’s laws, we have

(B’(s), 1o — B¥(s)) = B(s)=\/B(t)=\/ (B(t).1o — B(t))

= (\/Bb(t), lo—\/ B”(t)),
1.e.,
=\/ B’(t), Bi(s) = \/ B*(1). ®)
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Denote
2’ ((—o00,t)) = B'(t), 2*((—o0,t)) = BY(t)
for each t € R. Evidently using (5), (6), (7), (8) and (9) for any fixed w € €2 the functions
2" ((—00,))(w), 2*((—o0,-)) (w) are the probability distributions on R and hence they are the
finite fuzzy numbers, see [10]. Therefore the functions X b, X Q- R(I),

X' ()(t) = 2 ((—o0,1)) (w), X¥(w)(t) = #*((—00,1))(w), t € R
are the fuzzy-valued random variables and using Theorem 1 from [10] we have that
2’ 2% : B(R) — T are observables. For that reason there exists the IF-observable x : B(R) — F
given by z(C) = (2°(C), 1o — 2*(C)) for each C € B(R) such that
2((—00,t)) = (2"((=00,t)), Lo — 2*((—00,t))) = (B’(t), 1o — BX(t)) = B(t)
foreacht € R. U

4 Properties of the sum of IF-observables

In this section, we will show some properties of the sum of IF-observables.

Lemma 1. Let x,y : B(R) — F be two IF-observables, and let S be a countable dense set in R.
Denote

(x + y)S((—oo,t)) = \/ [x((—oo, s)) A y((—oo,t — s))} ,

then (z + y)® ((—00,t)) = (z +y)((—o0,t)) for each t € R.

Proof. Lett, /t,t, € S,t € R. Evidently

\/ (@ +9)5((—o0,tn) = V'V [x((—oo, ) Ay((—00, tn — 5>)]

-V [2((—00.9)) A\ w((—00.t — 5))|
=V [e((~o0.5) Au((—o0t — 5))]

= (z+9)°((—o0,1)).

Let n be any integer. Then for each s € S there exists r € () such that s < r < s+ % For this
reason

(o)
£((—o0, ) /\y((—oo,t—%—s)

v R (CE )] V [r(oem) ny((oert =)

(w+y)s((—oo,t—%

IN

z((—o0,7)) Ay((—o0,t — 1))

IN

z((—o0,7)) Ay((—o0,t — 7))

IN

(z +y)((—o0,t)).

N—
N———— 1
IA



Then

(v +9)((—o0,t)) = \n/<x+y)8((_oo7tn)) _\n/(:c+y)8(<_oo,t—l>)

< (z+y)((—00,1)).

Similarly, we can show that (z + y)((—o0,t)) < (z + y)®((—o0,)). Therefore

(z+9)°((—00, 1)) = (z +y)((—00,1))
foreacht € R. O
Theorem 5. For any [F-observables x,y, z : B(R) — F the following properties hold

) r+y=y+ux

i) (z4+y)+z=x+ (y+2);

(i) a(r+y) =ar+ay, a >0, a € R;
iv) x+0r =z,

where ax(A) = z({t : ot € A}) for each A € B(R) and zero IF-observable Oz is given by
(1g,00), if0€A
0r(A) = { '
foreach A € B(R).

Proof. (i) Lett € R and denote S; = {t — r : r € Q}. Then using Lemma | we obtain

(z+y)((—o0,t) = \/ [x((—oo, ) Ay((—oo,t — 7‘))}

reQ
= \/ [:c((—oo,t —5)) Ay((—o0, 5))]
= \/ [y((—oo, s)) A x((—oo,t — 3))]

= (y+2)%((=00,1)) = (y + 2)((—00,1)).
(i1) Calculate

(z+y)+2)((—o0,t)) =



Butt —r=t—s— (r — s) and if we denote C,, = {r — s : s € Q}, then by Lemma 1 we
obtain

SEQ reQ

=\ 2((=00,5)) A [ V y<<—OO»Q>>“((—W‘S‘q)m
s€Q qeCr

=V [e((=00,9)) A (y + 2% (=00, = 9)]
s€EQ

=/ [e((=00,9)) A (g + 2) (=00, = 5)] = (@ + (5 + 2)) (=00, 1))
seqQ

(iii) Since @ > 0 and az(A) = z({t : at € A}) for each A € B(R), then

(az +ay)((—00,1)) = \/ [(a@)((—00,1)) A (ap) (o0t = 1))]

reqQ

(iv) Since
(19,09), lf tZ’f’

0r((—o0,t — 1)) = {

(0o, 1q), if t <,
then

(z+05)((—00,t)) = \/ |:{L’((—OO, ) A0z ((—o0,t — r))]

reQ

=V [#((=00,1)) A (0, 10)| v \/ [&((=00,7) A (10,00)]

t<r r<t

= \/x((—oo,r)) = w((—oo,t)). O

r<t

Remark 2. Using properties of the sum of IF-observables, we can define the subtraction of two
IF-observables x and y as v — y = x + (—y), where (—y)(A) = y({t : —t € A}) for each
A € B(R).

5 Conclusion

In the paper, we defined the sum of IF-observables using a system of IF sets and max-min
connectives. We proved some properties of this sum, too. Such IF-sets are the generalisation
of fuzzy sets; we can say that the results are an extension of work [10].
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