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@ Basic notions
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Definition (IF-event)

Let (€, .5) be a measurable space. By an IF-event we mean any
pair A = (ua,v4) of S-measurable functions, such that
pa>0,v4>0and pg+vy <1.

The family F of all IF-events is ordered by the following way:

A< B& pua<pup,va>vp.
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Lukasiewicz connectives

We shall use the following Lukasiewicz connectives:

A®B=(uas®up,va®vp)
A® B = (A ® pB,va Dp),

where the operations @, ® are defined by these equations:
pa®pp = (pa+pp) AL pa®pp= (pa+pp—1) V0.
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Lukasiewicz connectives

We shall use the following Lukasiewicz connectives:

A®B=(uas®up,va®vp)
A® B = (A ® pB,va Dp),

where the operations @, ® are defined by these equations:
pa®pp = (pa+pp) AL pa®pp= (pa+pp—1) V0.

The smallest element in this structure is (0, 1) and the largest is
the element (1,0).
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Definition (The state on F)

m:F — [0,1]:
() m((1,0) = 1, m((0,1)) = 0
(I if A=B® C, thenm(A):
(III) if A,, / A, then m (A4,)
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Definition (The state on F)

m:F — [0,1]:
() m((1,0) = 1, m((0,1)) = 0
(I if A=B® C, thenm(A):
(III) if A,, / A, then m (A4,)

Definition (The observable on F)

z:B(R) — F:

(i) z(R) = (1,0), = (0) = (0,1);

(ii) if A, B € B(R) and AN B = (), then
z(AUB) =z (A)®z(B);
(iii) if A, € B(R), A, / A, then z(A,) /" z(A)
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Definition (The state on F)

m:F — [0,1]:

(1) m((1,0)) = 1, m ((0,1)) = 0
(Il) if A=B& C, thenm(A): (B)+m(C)
(III) if A,, /* A, then m (A,) / m(A)

Definition (The observable on F)

z:B(R) — F:

(i) z(R) = (1,0), = (0) = (0,1);

(ii) if A, B € B(R) and AN B = (), then
z(AUB) =z (A)®z(B);
(iii) if A, € B(R), A, / A, then z(A,) /" z(A)

The composite map m oz = my : B(R) — [0, 1] is a probability
measure.
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Definition (The integrable observable)

F with state m

z: B(R) — F - observable

The mapping z is called integrable , if there exists the expected
value of the observable defined by the equation:

E(z) thdmx (t);

where my : B(R) — [0, 1] is composite mapping m; = m o z.
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Definition (The integrable observable)

F with state m

z: B(R) — F - observable
The mapping z is called integrable , if there exists the expected
value of the observable defined by the equation:

E(z) thdmx (t);

where my : B(R) — [0, 1] is composite mapping m; = m o z.

Definition (The m-almost everywhere convergence)

F with a state m
(y:)7= - sequence of an observables on the system F
The sequence converges m-almost everywhere to 0, if it holds:

k41
lim lim lim m ( A Yn (—%,})) =1.
n=1

l—00 k—0o0 t—00
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Definition (The joint observable)

z,y : B(R) — F-observables
joint observable h : B (R?) — F:
) b (R?) = (1,0), 1 (0) = (0, 1);
i) ANB=0= h(AUB) =h(A) @ (B);
iii) A, /A= h(A4y) / (A);
iv) h(Cx D)=z (C)®y(D), C,D e B(R).

(i
(i
(
(
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Definition (The joint observable)

z,y : B(R) — F-observables

joint observable h : B (R?) — F:

() h (R) = (1,0),1.(0) = (0, 1)

(i) ANB=0= h(AUB) =h(A) @ (B);
(i) An A= h(An) /" (A);

(iv) h(C x D)=z (C)® y (D), C,D € B(R).

To any observables z,y : B(R) — F there exists their joint
observable.
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Kolmogorov construction

(z;)7° - a sequence of observables in the set F with a state m
hy, - the joint observable of the observables x, 1o, .., T,,Vn € N
C={m,'(B),B€B(R"),n € N} - set of all cylinders

7o ((4)77) = (w1, ..., up) - n-th coordinate random vector
(BY,0(0))

P {(u,)fo €RN:uy € Ay, ... up € An} =
m (hp, (A1 X A2 X ... X Ay))

for every n € N and every 4y,..., A, € B(R).

Vn € N: &, : RN — R given by &, ((u;){°) = uy, is called n-th

Unp,
coordinate random variable of (RN ,o(C0) ,P).
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© Ergodic theorem
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Definition (The m-state preserving map)

F with a state m
AN F—=F

VAe F:m((A(A)) =m(A).
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Definition (The m-state preserving map)

F with a state m
AN F—F

VA € F:m(\(A) = m(A).

Definition (The ergodic mapping according to observable x)

A F— F:

(i) A is m-state preserving map,

(ii) if for all n € N the mapping h,, : B(R") — F is the joint
observable of z, Ao z, ..., A" ! o z then the following equality
holds:

m (hy (A1 X Aa... X Ay)) =
m (71 (A1) ® (Ao z) (4A2) ® ... ® (A" Lox) (4,)),
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Theorem

(zi)72, - a sequence of observables on F with state m

hy : B(R™) — F - the joint observable of x1, ..., x,

P = the probability measure generated by the Kolmogorov
construction

Vn € N : g, is a Borel function from R™ to R

The observable y, = gn (11, T2, ..., Tn) : B(R) — F:

Yn = hn o gy

T, = the projection of RN to R"™ : m, ((w;):21) = (ur, ug, ..., un)
_—

pomy,togyl =mohyo0g,! =moy,.

In addition: If (gn o mp),ey converges P-almost everywhere to 0
—
the sequence (y;).=, converges m-almost everywhere to 0.
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Theorem (The ergodic theorem)

x - integrable observable on F with o state m

A F — F - ergodic mapping

converges m-almost everywhere to 0.
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