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Abstract We introduce the Sugeno integral of intuitionistic fuzzy-valued mappings with respect
to intuitionistic fuzzy-valued fuzzy measures. A decomposition theorem to Sugeno integral of
real-valued mappings with respect to fuzzy measures, some properties and examples of calculus
are given.

1 Preliminaries

A fuzzy measure on a o-algebra A C P (X)) is a set function m : A — [0, 1] which satisfies
m (@) = 0,m(X)=1and A C B implies m (A) < m(B). A fuzzy measure (or generally
a set function) m defined on a o-algebra A is called continuous from below if for every
sequence (Ay), .y C A such that A, C A, 1, for every n € N, we have

m< U An> = limm (Ay)
neN n—oo

and continuous from above if for every sequence (Ay),.y C A such that A, 2 A, 4, for
every n € N, we have

, Al =1 , )

() = Jimm (4

The important set in intuitionistic fuzzy set theory (see [1], [2])
L= {(‘r17$2) yT1, T2 € [O, 1] , 1+ T2 < 1}

is a complete lattice if we consider

(z1,72) <z (y1,%2) if and only if z; < y; and x5 > ¥,

supgA = (sup{z € [0,1] |3y € [0,1] : (z,y) € A},
inf {y € [0,1] |3z € [0,1] : (z,y) € A})

inf,A = (inf {x € [0,1]|Fy € [0,1] : (z,y) € A},
sup{y € [0,1][Fz € [0,1] : (x,y) € A}),



for each A C L. The standard negation on L is introduced by

(xlva)* = ('TQa .771) .

It is obvious that 0, = (0,1) and 1. = (1,0).
The following concepts are introduced in the paper [3].

Definition 1.1 An intuitionistic fuzzy-valued fuzzy measure over a measurable space (X, A)
is a map v . A — L with the following properties:

(1) v(0) = (0,1);

(i2) v (X) = (1,0);

(i71) A C B implies v (A) <. v (B).

Definition 1.2 The intuitionistic fuzzy-valued fuzzy measurev : A — L v (A) = (v1 (4) ,vs (A))
15 called:

(¢) continuous from below if vi and vy are continuous from below,

(13) continuous from above if vi and vy are continuous from above;

(1it) continuous if it is continuous from below and continuous from above.

The Sugeno integral (in its original form) deals with functions having the range contained
in [0, 1] and it is with respect to fuzzy measures on crisp sets. In several publications this
integral is simply called a fuzzy integral.

Let (X,.A) be a measurable space and m : A — [0,1] be a fuzzy measure. For any
function f: X — [0, 1] we write

Fo={z € X;f(z) 2 a},
where a € [0, 1].

Definition 1.3 (see [5] or [6]) Let A€ A and f : X — [0,1] be an A-measurable function.
The Sugeno integral of f on A with respect to m, which is denoted by (.S) fA fdm, is defined
by

(S) | fdm = sup min(a,m(F,NA)).
A a€l0,1]

The following theorem gives the most important properties of the Sugeno integral.
Theorem 1.4 (see [6], pp. 135-136) Let m,mq,my : A — [0,1] be fuzzy measures, A, B €
A and f, f1, fo : X — [0,1] be A-measurable functions.

(i) If m(A) = 0 then

(S) / fdm = 0;
A
(i7) If f1 < fo then
) [ m < (5) [ fadn
A A
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D)
) [ sam=(S) [ fraam,

where x 4 18 the characteristic function of A;

(1v)
(S)[qadm = min (a, m (A4)),

for any constant a € [0,1];
(v) If AC B then

) [ fam<(s) [ fim
(vi)
(S)/Amax (f1, fo) dm > max <(S)/Af1dm, (S)Afﬂm);

(vid)
(5) [ min (1, f2)dm < i ((S) [ fuam.®) [ fzdm);
(vidt)
() ) jam > max ((5) /A fdm, (S) /B fdm);
(ix)

) [ gdm <min((5) [ gam.(5) [ fim)

(x) If my < mgy then

(5)/ fdm; < (S)/ fdms.
A A
For any A-measurable function f : X — [0, 1] we define f¢: X — [0, 1] by

folx)=1-Ff(z),

for every x € X. If m, denotes the dual fuzzy measure of the fuzzy measure m : A — [0, 1],
that is

my (A) =1—m (A9,
for every A € A, then the following result is proved in [4].

Theorem 1.5 If m is a continuous fuzzy measure then for every A-measurable function f
there holds

(S)/dem =1- (S)/Xfcdm*.
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2 Measurability of intuitionistic fuzzy-valued
functions

Taking into account the characterization of the measurability of real-valued functions, the
following definition appears to be natural.

Definition 2.1 Let A C P (X) be a o-algebra and f:X — L. The function f is called
A-measurable if

{T eX;f(.r) >rc a} cA
and

(v e Xiaze Flar} e 4
for every a € L.

The following result reduces the measurability of an intuitionistic fuzzy-valued function
to the measurability of its components.

Theorem 2.2 Let A C P (X) be a o-algebra and f: XL,

for every x € X. The intuitionistic fuzzy-valued function f is A-measurable if and only if
g,h: X —[0,1] are A-measurable.

Proof. If g is an A-measurable function then
{reX;g9(z)>a1}eA
and
{re X;g(x) <a} €A,
for every a; € [0,1]. If h is an A-measurable function then
{re X;h(z) >a} €A
and
{z € X;h(z) <ax} € A,

for every as € [0, 1].
Let a € £,a = (ay, ag) . Because

{eeX;F@) 2 a}
={reX;g@x)>a}tn{re X;h(r)<a}ecA
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and
{.TGX;G 25 f(m)}
:{xEX;g(.T)Sal}m{fﬂeX;h(m)ZaQ}e'A

we obtain f is A-measurable.
Conversely, if f is A-measurable then

{reX;g(x)>a}n{re X;h(zx) <as} €A,
for every a;,as € [0,1],a; +ag < 1. If a; = 0 then a :=ay € [0,1] and
{zeX;g(z) >ai} =X
We have
{reX;h(r)<a} €A,
for every a € [0, 1], therefore h is A-measurable. If f is A-measurable then
{zeX;g9(z) Sari}n{z € X;h(z) = as} € A,
for every ay,as € [0,1],a1 + as < 1. If ay = 0 then a :=a; € [0,1] and
{xre X;h(z) > a} =X.
We have
{zreX;g(x) <a}eA,

for every a € [0, 1], therefore g is .A-measurable. m

A consequence of the previous theorem is the easy transfer of the concepts and results
from real-valued measurable functions to intuitionistic fuzzy-valued measurable functions.

3 Sugeno integral with respect to intuitionistic fuzzy-

valued fuzzy measures

We introduce the Sugeno integral of an intuitionistic fuzzy-valued mapping, on a crisp set,

with respect to an intuitionistic fuzzy-valued fuzzy measure as follows.

Definition 3.1 Let (X,.A) be a measurable space, v : A — L be an intuitionistic fuzzy-

valued fuzzy measure and f : X — L be an A-measurable intuitionistic fuzzy-valued map-

ping. The Sugeno integral type of f on A € A with respect to v, denoted by
(Sr) / fav,
A
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is defined by

(Sr) Afdv = sup,inf, (a, v (ﬁa N A)) ,

ael

where
ﬁa: {TGva(T) Zﬁa}>
for every a € L.

The idea in Definition 3.1 was used in [7] to introduce a lattice-valued fuzzy integral of
Sugeno type for lattice-valued functions.
To simplify the calculus of the integral we prove the following theorem.

Theorem 3.2 Let (X,.A) be a measurable space, v : A — L be an intuitionistic fuzzy-
valued fuzzy measure, v = (v1,v;) and f: X — L,

be an A-measurable intuitionistic fuzzy-valued mapping. Then

a€l0,1] a€f0,1]

(SI)/de'U = < sup min (a,v; (G,)), inf max (a,vy (H“))) "

where

Go={r € X;g(z) > a}
and

H*={z € X;h(z) <a}.

Proof. The definitions of the infimum and supremum in the lattice £ imply

(SI)/ fdv = supginf, (a,,fu (ﬁa))
X ael
= Supg infl: (((1'1, (1,2) ’ (7)1 (ﬁ(al,a2)> » V2 (ﬁ(al,az))))

(a1,a2)€L

= sup min (a,l,vl <{7‘ € X;f(a:) >, (al,ag)})> ,
a1,a2€0,1]
a1+a2<1

inf max <a2,vg ({T € X; f(z) >, (aha?)}))

a1,a2€[0,1]
a1+a2<1
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Because

{e€X;F(@) 2ca) = v € X;(g(0), h (@) 2c (a1, 02)}
={r € X;9(x) 2 a1} N{z € X;h(z) < a5},

for every a = (a1, aq) € £ and v; is non-decreasing we obtain

sup min (al,vl ({T € XQJ?(lE) >r (a17a2)}))
a1,a2€[0,1]
a1+a2<1

= sup min(a;,v; ({z € X;9(x) > a1} N{z e X;h(z) < as}))
ai,a2€[0,1]
a1+az<l

< sup min(ay,v;({z € X;9(x) > a1}))
a1,a2€[0,1]
a1+a2<1

= sup min (a,v; ({z € X;g(z) > a})).
a€(0,1]

Analogously, we get

inf max (ag,vz ({x €X;f(x) >, (al,ag)}>>
al,GQE[O,l]
a1+a2<1
= inf[0 | max (ag,vs ({x € X;9(z) > a1} N{zx € X;h(x) < as}))
a1,a2€|0,
aj+a2<1

> inf max(as,ve ({x € X;h(x) < as}))
a1,a2€[0,1]
a1+az2<1

= inf max(a,v ({z € X;h(z) <a})),
a€(0,1]

because v, is non-increasing. As a first conclusion,

(SI)/dev <c <sup min (a,v; (G,)), inf max(a,vs (H"))) )

a€l0,1] a€(0,1]
To prove the converse inequality we need the following inclusion
{reX;g(@)2a} C{zreX;h(x)<1-a},
for every a € [0, 1]. Indeed, if the point ¢ € X verifies
g(xo) 2 a
for a fixed a € [0,1] then

h(zg) <1—g(z9) <1—a.
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Then

sup min <G1,U1 ({T € X; f(x) > (%J@)}))
ai,a2€[0,1]
a1+a2<1

sup min (a,v; ({z € X;9(z) > a1} N{z € X;h(z) < az}))
ai1,a2€[0,1]
;1+a2§1

> (taking a; = a and a3 = 1 — a)
> sup min (a,v; {z € X;g9(z) >a}N{z € X;h(z) <1—-a}))

a€l0,1]
= sup min (a,v; ({z € X;g(z) > a})).
a€(0,1]
Finally,
i e X; f(z) > :
it o ({570 ze o)
a1+az<1
= inf[o i max (az,v2 ({x € X;9(z) > a1} N{z € X;h(z) < as}))
ai,a2¢€|U,
;H-zazﬁl
< (taking a; = 0 and a2 = a)
st ir[%)fl] max (a,vy ({z € X;9(x) >0} N{zx € X;h(z) < a}))
ac|U,
= inf max(a,vy ({x € X;h(z) <a})),
a€l0,1]
therefore

(SI)/dev > (sup min (a,v; (G,)), inf max(a,v, (H“)))

aE[O,l] a€[071}

and the proof is complete. m
The following corollary is an obvious consequence of Theorem 3.2.

Corollary 3.3 In the hypothesis of Theorem 3.2,

(S1) /A fdv = < sup min (a,v; (G, N A)), inf max (a,ve (H*N A))) ,

a€l0,1] a€(0,1]

for every A € A.

4 Properties and calculus of Sugeno integral with re-
spect to intuitionistic fuzzy-valued fuzzy measures

The Sugeno integral of the intuitionistic fuzzy-valued function fz (g, h) can be expressed
with the Sugeno integral of the components g and h as follows.
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Theorem 4.1 Let (X,.A) be a measurable space, v : A — L,v = (v1,v2) be an intuitionistic
fuzzy-valued fuzzy measure and f : X — L, f = (g,h) be an A-measurable intuitionistic
fuzzy-valued mapping. Then

s [ Fav=(() [ gt (@) [ a5 ),

where h¢ : X — [0, 1] is defined by

he(x) =1—h(x),
v§ : A — [0,1] is defined by

v5(A) =1—wvy(A)
and, for symmetry, we denote a° =1 — a, for every a € R.

Proof. Firstly, let us remark that v§ is a fuzzy measure on A and h° is A-measurable
if h is A-measurable. Below we use the notations in Theorem 3.2. The equality

sup min (a,v; (G, NA)) = (S)/ gdv,
A

a€l0,1]

is the definition of Sugeno integral (Definition 1.3). The same definition and the properties
of inf and sup imply

<(S)/ hcdv§> = (sup min (a, vy (H) ﬂA)))
A a€l0,1]

= inf max (1l —a,v (H, NA))

a€l0,1]
= ok 1—a,v (H™NA
aér[t,ﬂ e ( “ ( )>
= inf max(a,vy (H* N A)),
a€l0,1]

where HY = {z € X;h¢(x) > a}, and the proof is complete. m
It is obvious that in the fuzzy case, that is

v (A) + v (4) =1,
for every A € A and
g(x)+h(z)=1,

for every x € X, the Sugeno integral of intuitionistic fuzzy-valued functions reduces to
Sugeno integral.
The following theorem gives the most important properties of the introduced integral.
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Theorem 4.2 Let v : A — L be an intuitionistic fuzzy-valued fuzzy measure, f,fl,fg }
X — L be A-measurable intuitionistic fuzzy-valued mappings and A, B € A, where A is a
o-algebra on X . Then

(2) If v (A) = (0,1) then
S fdv = (0,1);
( I) /A f ( ) )a
(id) If f1 <c fa, that is fi(z) <z folz), for all x € X, then
(SﬁAﬁd’u <z (Sr) /Afgdv;
(41)
(51) [ Fav= (1) | Frotad,
where, iffl = (g1, 1) ,frz = (g, ho) then fl’]'pfg : X — L is defined by
(ATf2) (@) = (91 (@) 92 () 1 (2) + b (@) = B (2) o (),
for every x € X, and

Xa(r) = (xa(z),1-xa(z))

for every x € X

(1v)
(S) /A adv = infz (a,v (A)),

for any a € L;
(v) If A C B then

(51)/Afdv <c (SI)[dev;
(vi)
maxe <(SI)/Aﬁdv, (SI)/Afgdv> <c (SI)/AmaxE (ﬁ,ﬁ) dv,

where

mazc (i, f2) (2) = (max (g: (7) , g2 (2)) , min (s (2) , bz ()))
for fr = (g1, 1), fo = (g2, ha) ;
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(vid)

(S1) /A ming (ﬁ,fg) dv <; ming ((SI) /A Ffdv, (S1) /A j;dv),

where
ming (1, f2) (2) = (min (g1 (2) , g2 (2)) , max (ha (), ha (1))

for fr = (g1, 1), fo = (g2, ha);
(viii)

maz, ((&)//{fdva(sl)/de?J <c (Sr) AUdeU;

(Sr) . fdv <, ming ((SI)/Afdv, (S[)/de’l)> )

Proof. It is an immediate consequence of Theorem 4.1 and Theorem 1.4. As example,
we prove (147).
If f = (g, h) then

(St /fTPXAdU

gXAd1)1, ((S)/ (h+ x5 — hx%)° d7;§> )
X

)

(] |
(5) / gxadvy, ((5) /X h”XAdUS) )
CIREACID))

= (51) / Fav

taking into account the property (ii¢) in Theorem 1.4. m

I

Theorem 4.3 Let f be an A-measurable intuitionistic fuzzy-valued function and v : A —
L,v = (v1,v3) be a continuous intuitionistic fuzzy-valued fuzzy measure. Then

((SI) / m—) = (sp) [ Fan,

where v is the dual of v, that isv : A — L is given by
v (A) = (v2 (A%, 01 (A%)),
fOT’ every AE A) f* = (h g) 7ff ( 9, ) and (m17$2)* = ('T?vxl) :
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Proof. We denote ¥ = (1, 0s) that is U7 (A) = ve (A°) and Uy (A) = v (A°). As above,
v (A) =1—vy (A),74(A) = 17, (A). The property of Sugeno integral given in Theorem

1.5 imply
(S) /X hd, = ((S) /X hcdv§>c

(5) /X gdv, = ((S) /X gcamg)
therefore (Theorem 4.1 s used)
1)
- ((5) /X B ((5) /X gcdﬂ5>c>*
= () [ gams) s(s) [ pam)
= ((5) /X gduy, ((S) /X h%g)c)

— (1) /X Fav.

The previous theorem help us to solve the problem of duality of the Sugeno integral
with respect to intuitionistic fuzzy-valued fuzzy measures.

and

Definition 4.4 An intuitionistic fuzzy-valued fuzzy measure v = (v1,v3) on o-algebra A is
called self-dual if v =", that is v1 (A) = vy (A°) and vy (A) = vy (A°), for every A € A.

With the above notations we obtain

Corollary 4.5 If the continuous intuitionistic fuzzy-valued fuzzy measure v is self-dual then
the Sugeno integral with respect to v has the property of duality, that is

(s [ Fao) =(sp [ Fan

for every A-measurable intuitionistic fuzzy-valued function f.

Let us give two examples of calculus of Sugeno integral of an intuitionistic fuzzy-valued
function with respect to an intuitonistic fuzzy-valued fuzzy measure.

Example 4.6 Let X = {z,y,2}, A =P (X) and v1,v2 : A — [0,1] defined by

A i A £z}
v (A)—{ 1’3 if A= {z,y},

o8



and
_f 1A if A# {x,y} and A # {y, 2}
UQ(A)_{ 0, ’ if A= {z,y} or A={y,z}.

It is easy to prove v : A — L,v = (v1,v2) is an intuitionistic fuzzy-valued fuzzy measure.
Let f: X — L, f = (g,h), where g,h : X — [0,1] are defined by

g(@)=h(z)=

N
Y
<
N—r
Il
>
~~
N
N—”
|
WIN W N =

9(z) =h(y) =
Then
{z,y,2}, ifac [0, ﬂ
G _ {y7z}’ ifaE]i,é]
‘ {z}, ifa€]s, 3]
0, ifa € ]%, 1}
and
{z,y,2}, ifac[31]
FE {8, 2} 5 ifaE{%,%[
{z}, ifa€ (g 3]
0, ifae 03]
We obtain
sup min (a,v; (G,))
a€l0,1]
= max <min (%,vl ({z, vy, z})) , min (%,vl ({y, z})) ,
min (g,vl ({z}))>
_1
and

inf H?
aél[%’l]max (a,vy (H?))

—min (s (300 (o) ) o (5,00 (22 21))

max (1,v2 ({z,9, 2})))
2

37
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therefore

o[- (32)

Example 4.7 Let X = [0,1],.A be the class of all Borel sets in X,v: A — L,v = (v1,2)
the intuitionistic fuzzy-valued fuzzy measure defined by

where m is the Lebesque measure and f : X — L, f (z) = (g (z),h (x)), defined by

(2) = 1 ifzel0d
W= 1, fxe)d ],
L fae 0
0, zfme}?,,l}.
Then
0,1], 7fa€[0,%}
G,={zx€[0,1];9(x) >a} =
bebaamza=g {1 FE
and
0,1, ifac[3,1]
H*={zx€0,1];h(z) <a} = .
{z€0,1];h(2) < a} {[%,1}, faelol]
We have
11 1
sup min(a,v; (G,)) =max | =, — | = =
ae[Ol?l] (@01 (Ga)) <3 16> 3
and
18 1
inf vy (HY)) =min | =, = | = =.
aél[%’l]max(a,vg( ) m1n<4,9> 1
We obtain
= 11
S /fd?)z(—,—).
(1) [, 34
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