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Abstract: Intuitionistic fuzzy topological space and bitopological space have been introduced
by using the concepts of intuitionistic fuzzy sets which are the generalizations of interval valued
fuzzy sets. This paper commences by presenting the notion of intuitionistic fuzzy 7j in the
context of bitopological spaces ({ F'B — Tj). Subsequently, we explore various connections and
relationships between these concepts. Then, we find out the relation between intuitionistic 7 and
IFB-1j spaces. Further, we investigated continuity between two IFB spaces.
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1 Introduction

In the year of 1963, J.C. Kelly [18] introduced the fundamental concept of bitopological spaces
by using two spaces. Just two years later, in the year 1965, L.A. Zadeh [27] brought forth the
groundbreaking concept of fuzzy sets, which inaugurated a new era of mathematical abstraction,
enabling the representation of uncertainty and imprecision. Building upon Zadeh’s pioneering
work, just few years later, Chang [12] and Lowen [19] embarked on a journey to develop the
theory of fuzzy topological space by using the concept fuzzy sets of L. A. Zadeh [27]. The next
breakthrough came in the year 1983 when Krassimir T. Atanassov [9] introduced intuitionistic
fuzzy sets, providing a more nuanced framework for handling uncertainty by introducing level of
membership and non-membership. Further enriching this landscape, Kandil with El-Shafee [17]
presented the idea of fuzzy pairwise 7{ space in the context of bitopological spaces. Abu Sufiya
etal. [1] and Nouh [24] extended these ideas by introducing fuzzy pairwise 7|, separation axioms,
adding an essential layer of structure to the theory. In the late 20th century, Coker [13] introduced
the concept of intuitionistic sets and intuitionistic points. Following this, in a subsequent work,
Coker [14] delved into the exploration of fuzzy subspaces within the realm of intuitionistic
fuzzy topological spaces. Later, Coker [15, 16], and he, together with his colleague, Bayhan
[10, 11] harnessed the power of IF sets to introduce IFTS, this research integrates two distinct
methodologies for representing uncertainty, namely probabilistic and fuzzy logic approaches,
thereby enhancing the applicability of our analysis. Few years ago, Estiaq Ahmed et al. [2]
introduced intuitionistic fuzzy 7; by using the context of intuitionistic sets having level of
membership and membership. In recent years, S.S. Miah, M.R. Amin and M. Jahan [21] work on
F'Ty TS and they observed the mappings of fuzzy 7} in the context of quasi-coincidence. Further,
S.S. Miah, M.R. Amin, with M. Shahjalal [22] continued their efforts to explore and identify
properties of separation axioms [4, 5, 7], within the context of topology [3, 8] and bitopology
[6, 20, 23] using a quasi-coincident approach in different aspects of fuzziness. Building upon
their earlier work, the authors of this paper explored the property of [ F"T, within the framework
of bitopology by using two topologies.

2 Preliminary results and basic notions

In order to derive the principal findings, it is essential to present several definitions and concepts.

Definition 2.1 ([13]). An intuitionistic set A is an object having the form A = (x, Ay, Ay) where
Ay and Ay are subsets of X satisfying A1 N Ay = &. The set A, is called the set of members,
while A, is called the set of non-members of A. Throughout this paper, we use the simpler

notation M = (s, var) for an intuitionistic set.
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Remark 2.1. Every subset A on a nonempty set X may obviously be regarded as an intuitionistic
set having the form A' = (A, AY), where A® = X \ A is the complement of Ain X.

Definition 2.2 ([9]). Let the intuitionistic sets A and B on X be of the forms A = (Ay, Ay) and
B = (B, By), respectively. Furthermore, let {A; : j € J} be an arbitrary family of intuitionistic
sets in X, where A; = (Ag»l), Ag-z)). Then,

(a) AC Bifandonlyif Ay C By and Ay O Bs.

(b) A= Bifandonlyif AC Band B C A.

(c) A= (Ay, A)) denotes the complement of A.

(@ﬂ&zﬁmﬂugﬂ.

(wu&:@mﬁﬂgﬂ.

(/) ¢~ = (¢, X) and X.. = (X, ¢).
Definition 2.3 ([16]). An intuitionistic topology on a set X is a family T of intuitionistic sets in
X satisfying the following axioms:

(1) ., X €T.

(2) Gy NGy € T forany G1,Gs € T.

(3) UG, € 7 for any arbitrary family G; € 1.

In this case, the pair (X, 7) is called an intuitionistic topological space, and any intuitionistic set
in T is known as an intuitionistic open set in X.

Definition 2.4 ([9]). Let X be a nonempty set and I be the unit interval [0, 1]. An intuitionistic
fuzzy set A (IFS in short) in X is an object having the form A = {(z, pa(z),va(z)) | x € X},
where 1y : X — [ and vy : X — I denote the degree of membership and the degree of
non-membership, respectively, and pa(x)+va(x) < 1. Let I(X) denote the set of all intuitionistic
fuzzy sets in X. Obviously, every fuzzy set pa in X is an intuitionistic fuzzy set of the form
(ta, 1 — pa). Throughout this paper, we use the simpler notation M = (up (), vy (z)) instead
of M = {(x, pas (), var () | & € X}

Definition 2.5 ([9]). Let A = (j1a,v4) and B = (up, vp) be intuitionistic fuzzy sets in X. Then,
(1) AC Bifandonly if ua < pgpand v, > vg.
(2) A= Bifandonlyif AC Band B C A.
(3) AY = (va, pa)-
(4) ANB = (aNpip,va Uvp).
(5) AUB = (ua U pup,vaUvp).
(6) 0. = (0~,1")and 1. = (1~,07).
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Definition 2.6 ( [15]). An intuitionistic fuzzy topology (IFT in short) on X is a family t of IFS in
X which satisfies the following properties:

(1) 0,1, €t.
(2) IfAl,AQ € t, then Al ﬂAQ et
(3) If A; € t for each i, then |J A; € t.
The pair (X, t) is an IFTS. Then any member of t is called an intuitionistic fuzzy open set (IFOS

in short) in X. The complement of an IFOS in X is called an intuitionistic fuzzy closed set (IFCS
in short) in X.

Definition 2.7 ([26]). A fuzzy topological space (X, t) is called F'Ty if and only if, for any pair
x,y € X with x # vy, there exists u € t such that u(z) = 1, u(y) = 0, or v(y) = 1, v(x) = 0.

Definition 2.8 ([25]). A fuzzy bitopological space (X, s,t) is called F PTy if and only if, for any
pair v,y € X with x # y, there exists u € (s Ut) such that u(x) = 1, u(y) = 0, or v(y) = 1,
v(z) = 0.

Definition 2.9 ([2]). An intuitionistic space (ITS in short), (X, T) is called intuitionistic Ty-space
(I-Tp space) if for all z,y € X, x # vy, there exists C = (Cy,Cs) € 7 such that (v € C, and
y € Cy)or(y € Crandx € Cy).

3 Intuitionistic fuzzy bitopological T}, spaces

Definition 3.1. An intuitionistic fuzzy bitopological space (X, s,t) is called,

(a) IFB-Ty (i) if for all 1,19 € X, 11 # X9, there exists M = (upr, var) € s Ut such that,

par (1) =1, vy(xy) =0;

pr () =0, wvy(we) =1
or,

par(@2) =1, v (x2) = 0;

pv(w1) =0, vy(zg) =1

(b) IFB-Ty (ii) if for all x1, x5 € X, x1 # Ty, there exists M = (upr,var) € s Ut such that,

par (1) =1, wvy(xy) =0;

par(xe) =0,  wvp(xg) >0
or,

pa(x2) =1, va(2) = 0;

par(x1) =0, wvp(xg) >0
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(c) IFB-T, (iii) if for all x1, x5 € X, w1 # x4, there exists M = (un, var) € s Ut such that,

par(x1) >0, wvy(xg) =0;

par(xe) =0, wvy(ze) =1
or,

pa(z2) >0, wva(xe) =0;

par (1) =0, wvy(r) =1

(d) IFB-Ty (iv) if for all x1, 19 € X, 11 # 9, there exists M = (uy, vay) € s Ut such that,
par(wy) >0, var(wr) = 0;
par(xe) =0, wvp(xa) >0
ILLM(ZL‘Q) > O, I/M(.Tg) = 0;
prv (1) =0, wvy(zg) >0

Definition 3.2. Let us consider o« € (0,1). Then, an intuitionistic fuzzy bitopological space
(X, s,t) is called,

(a) a-IFB-Ty (i) if for all x1,x9 € X, x1 # X9, there exists M = (upr, var) € s Ut such that,

pa(r) =1, vu(z) = 0;

par(r2) =0,  var(r2) >
or,

par(xe) =1, wvy(xg) =0;

par(r1) =0, var(r1) >

(b) a-IFB-Ty (ii) if for all x1,x9 € X, x1 # X9, there exists M = (upr, var) € s Ut such that,

par (1) > a,  va(xg) = 0;

par(r2) =0,  var(r2) >
or,

par(2) > o,  va(w2) = 0;

par(r1) =0, va(r1) >

(c) a-IFB-Ty (iii) if for all z1, x5 € X, 11 # x4, there exists M = (upr, vyr) € s Ut such that,

par(x1) >0, wvy(xg) =0;

par(r2) =0,  var(r2) >
or,

pa(z2) >0,  wva(xe) =0;

par(r1) =0, var(r1) >
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Theorem 3.1. Given an intuitionistic fuzzy bitopological space denoted as (X, s,t), then the
subsequent implications are observed:

(a) IFB-Ty(i) = IFB-Ty(ii)
(b) IFB-Ty(i) = IFB-Ty(iii)
(c) IFB-Ty(i) = IFB-Ty(iv)
(d) IFB-Ty(ii) = IFB-Ty(iv)
(e) IFB-Ty(iii) = IFB-T,(iv)

Proof. Let us prove (c).
Given that (X, s,t) is an IFB-T (i), we have to prove that (X, s,t) is an IFB-T (iv). Since
(X, s,t)is an IFB-Tj (i), for all x1, 5 € X, x1 # w9, there exists M = (up, var) € s Ut, then

) =05 par(xa)
) =0 par(w)
which is an IFB-T, (iv). Hence, IFB-T,, (i) = IFB-T,, (iv).

We have established the proof for (c), and it follows that we can also establish proofs for (a),

VM(ZL‘Q) = 1,

pav(z1) =1, v 0,
0, wvy(zg) >0,

= (1) >0, v

T
X1

(b), (d), and (e) in a similar approach. [l

Theorem 3.2. Given an intuitionistic fuzzy bitopological space denoted as (X, s,t), then the

subsequent implications are observed.:

(a) a-IFB-Ty(i) = a-IFB-Ty(ii)
(b) a-IFB-Ty(i) => a-IFB-Ty(iii)
(c) a-IFB-Ty(ii) = a-IFB-To(iii)

Proof. Let us prove (b).

Let « € (0,1). Suppose that (X, s,t) is an a-IFB-Tj (i), we have to prove that (X, s,t) is an
a-IFB-T, (iii). Since (X, s,t) is an a-IFB-Ty (i), for all z1,22 € X, x1 # x5, there exists
M = (piar, var) € s Ut such that,

fiar (1)

L vu(z1) =0; pu(ze) =0, va(z2) > a,
= pum(z1) >, vy(xr) =0;

which is an a-IFB-Tj (iii). Therefore, a-IFB-Ty (i) = «-IFB-T|, (iii).
We have established the proof for (b), and it follows that we can also establish proofs for (a)
and (c) in a similar manner. [l

Theorem 3.3. Given an intuitionistic fuzzy bitopological space denoted as (X, s,t) and 0 < a <
B < 1, then the subsequent implications are observed.:

(a) B-IFB-Ty(i) => a-IFB-Ty(i)
(b) B-IFB-Ty(ii) = «-IFB-To(ii)
(c) B-IFB-Ty(iii) => «-IFB-To(iii)
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Proof. Let us prove (b).

Suppose that the IFBS (X, s,t) is an $-IFB-T (ii). Then we shall prove that (X, s,t) is an
a-IFB-T (ii). Since (X, s,t) is 5-IFB-Ty (ii), then for all z1, 22 € X, 21 # x5 with § € (0,1)
there exists M = (uar, vas) € s Ut such that,

MM(xl) > f3, VM(%) = 0; /LM(%) =0, VM(%) > f3,
= pup(x1) > a, vy (1) = 05 ppr(22) = 0, vpy(22) >, as0 < a < B < 1,

which is an a-IFB-Tj (ii). Therefore, 5-IFB-T, (ii)) = «-IFB-T (ii).
We have established the proof for (b), and it follows that we can also establish proofs for (a)

and (c¢) in a similar manner. O

Theorem 3.4. Let (X, s,t) be an intuitionistic fuzzy bitopological space, W C X, sy = {M |
W:Meshtw={N|W:Net}, and o € (0,1). Then,

(a) (X, s,t) is IFB-Ty(i) = (W, sy, tw) is IFB-To(i)

(b) (X, s,t) is IFB-Ty(ii) = (W, sw,tw) is IFB-Ty(ii)
() (X, s,t) is IFB-Ty(iii) = (W, sw,tyw) is IFB-To(iii)
(d) (X, s,t) is IFB-Ty(iv) = (W, sw,tw) is IFB-Ty(iv)
(e) (X, s,t) is a-IFB-Ty(i) = (W, sw,tw) is a-IFB-Ty(i)
(f) (X, s,t) is a-IFB-Ty(ii) = (W, sw,tw) is a-IFB-Ty(ii)
(g) (X, s,t) is a-IFB-Ty(iit) = (W, sw,tw) is a-IFB-Ty(iii)

Proof. Let us prove (c).

Suppose that (X s, t) is the intuitionistic fuzzy bitopological space and is also a-IFB-Tj (ii). We
shall prove that (W, sy, ty ) is an a-IFB-Ty (ii). Let 1,29 € W with 21 # x5 then 1,25 € X
with zy # zoas W C X. Since (X, s, t) is an a-IFB-T| (ii), then there exists P = (up,vp) € sUt
then,

pp(1) > o, vp(z) =0; wp(y) =0, ve(y) > a,
= ey () 2 a, vy () =0 pey(e2) =0, vpw)(z2) > o

Since, P|U = (wpjv), V(pjv)) € Su U ty. Hence the IFBS (W, sy, tyy) is an a-IFB-Tj (ii).

Having successfully demonstrated the proof for (f), it logically follows that we can similarly
establish proofs for (a), (b), (c), (d), (e), and (g). O

Definition 3.3. An intuitionistic bitopological space (X, T, T2) is classified as an intuitionistic
BTy-space (IB-Ty space) if for all x1,x5 € X, x1 # x3, there exists M = (M, Ms) € 11 U Ty
such that (xr1 € My and x4 € M) or (x9 € My and x1 € My).
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Theorem 3.5. Let (X, 71, 72) be an IBS and let (X,t1,ts) be the IFBS, then the subsequent
implications are observed

(a) IB-Ty <= IFB-T,(i)

(b) IB-Ty, = IFB-To(ii)
(c) IB-Ty, = IFB-To(iii)
(d) IB-Ty, = IFB-To(iv)

Proof. Let us prove (b).
Suppose that (X, 71, 7) is an IB-T, space. We shall prove (X, t,t5) is an IFB-T, (ii). Since
(X, 71, 72) is an IB-Ty, then for all 1, x5 € X, x1 # 9, there exists M = (M, Ms) € 11 U1y
such that,

r1 € Myandxo € My = 1p4(21) =1, lpp(za) =1

Let 15y, = piar, Lar, = vars then ppy () = 1, vp(z) = 05 pas(x9) = 0, vpr(x2) = 1. This implies

prr () = Lvp(z1) = 0; s () = 0, vps(29) > 0.
Since (,uM, VM) S tl U tQ, (X, tl, tg) is IFB-TO (11) HCI’ICC, IB-TO — IFB—TO (11)

We have established the proof for (b), and it follows that we can also establish proofs for (a),
(c), and (d) in a similar manner. L]

Theorem 3.6. Let (X, 71, 72) be an IBS, and let (X,t1,ty) be the IFBS. Then the subsequent
implications are observed.:

(a) IB-Ty = o — IFB-Ty(i)
(b) IB-Ty = o — IFB-Ty(ii)
(c) IB-Ty = o — IFB-T(iii)

Proof. Let us prove (c).

Consider a € (0, 1). Suppose that (X, 7y, 75) is an IB-T, space. We have to show that (X ¢, 1)
is an a-IFB-Tj (iii). Since (X, 7y, 7) is IB-Ty, then for all z1, 2z, € X, 27 # x9, there exists
M = (M, Ms) € 11 U 73 such that,

1 € Miand 29 € My — 1M1(l’1):17 1M2(172):1

Let 1y, = par, Lo, = v, then pp (1) = Lvy(xr) = 0; up(z2) = 0,vp(x2) = 1. This

implies pps(x1) > 0, var(x1) = 0; par(x2) = 0, vp7(x2) > o forany o € (0, 1).

Since (par, var) € ty Uty (X, 1, to) is an a-IFB-Ty (iii). Therefore, IB-Ty = «-IFB-T, (iii).
We have established the proof for (c), and we can also establish proofs for (a) and (b) in a

similar approach. []

Theorem 3.7. Let (W, s1, s9) and (Z, t1,t1) be two intuitionistic fuzzy bitopological spaces, and
f W = Z be one-one, onto, continuous mapping, and o € (0,1). Then the subsequent
implications are observed:
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(a) (VV, S1, 32) is IFB-TQ(Z) < (Z, t1, tg) is IFB-T()(l)

(b) (W, 81, 82) is IFB-To(ii) <= (Z, 1, ts) is IFB-Ty (i)

() (W, 51, 82) is IFB-To(iii) <=> (Z, 11, t5) is IFB-To(iii)

(d) (W, s1, 89) is IFB-Ty(iv) <= (Z,t1,1s) is IFB-Ty(iv)

(e) (W, 81, 82) is a — IFB-T(i) <= (Z,t1,t2) is a« — IFB-Ty (i)
(f) (W, 81, 82) is a — IFB-Ty(ii) <= (Z,t1,t2) is « — IFB-Ty (i)
(g) (W, s1,82) is a« — IFB-Ty(ii1) <= (Z,t1,12) is a-IFB-Ty(iii)

Proof. Let us prove (b).

Consider the IFBS (X, s1, s2) is IFB-T (ii), then we have to prove that the IFBS (Y, 1,t5) is
IFB-Ty (ii). Let z1,20 € Z,21 # 2z with M = (up,vy) € t1 Uty such that puy(z1) =
1,va(29) > 0. Since f is onto, then there exist wy,ws € W such that w; = f~!(2;) and
wy = f7Y(zy). Since 2, # 2o, then f~1(21) # f~!(22). Hence wy # ws.

We have (f~!(uar), f~ (var)) € s1Usy as f is IF-continuous. Here, (f ™! (uar))(w1) = par(f(w1))
= up(z1) = 1. And, (f 1 (var))(w2) = var(f(w2)) = var(22) > 0 as f is one-to-one and onto.
Hence (f(uar), f(var)) € t1 U te. Therefore, (Z,t1,t2) is IFB-Ty (ii).

Conversely, suppose that fuzzy bitopological space (Z, t1, t5) is IFB-Ty (ii). We have to prove
that the IFBS (W, s, s2) is IFB-Tj (ii). Let wy, wy € W, wy # wy with M = (up, var) € $1U So
such that g/ (wq) = 1, vp(wy) > 0. Since f is one-to-one, then there exist y; € t; U to such that
y; = f(x;),i = 1,2 as f is one-to-one. Now, (f(unr), f(var)) € t1 Uty since f is continuous.
Here, (f(p))(21) = flpa) f(wr) = par(f7H(f(wn))) = par(wi) = 1. And, (f(var))(z2) =
v (f 7 (f(wg))) = var(wq) > 0 since f is one-to-one and onto. Hence, (f~!(uar), [~ (var)) €
s1 U so. Therefore, (W, s1, s2) is IFB-Ty (ii).

So, (W, s1, s) is IFB-Ty (ii) < (Z, t1, ) is IFB-Ty (ii).

We have established the proof for (b), and we can also establish proofs for (a), (c), (d), (e),
(f), and (g) in a similar approach. O

4 Conclusion

In this article, we expanded our exploration of intuitionistic fuzzy 7j by integrating the principles
of bitopology. Well-known properties like good extension, hereditary, and mappings (one-one,
onto, fuzzy open, fuzzy continuous), for instance, have been studied. We anticipate that our
research will act as a driving force, encouraging further exploration and innovation in the
prescribed field.
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