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Abstract

In this paper, we introduce the notion of intuitionistic Q-fuzzification of
ideals in a near-ring and investigate some related properties. Characteriza-
tion of intuitionistic Q-fuzzy ideals is given.
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1 Introduction and preliminaries:

Zadeh [13] in 1965 introduced fuzzy sets after which several researchers explored on
the generalizations of the notion of fuzzy sets and its application to many math-
ematical branches. Abou-Zaid[1], introduced the notion of a fuzzy subnear-ring
and studied fuzzy ideals of a near-ring. This concept is further discussed by many
researchers, among whom Cho, Davvaz, Biswas, Jun, Kim.[3,4,5,6,12]

The idea of intuitionistic fuzzy sets was introduced by Atanassov [2] as a general-
ization of the notion of fuzzy sets. In[3], Biswas applied the concept of intuitionistic
fuzzy set to the theory of groups and studied intuitionistic fuzzy subgroups of a
group. The notion of an intuitionistic fuzzy R-subgroups of a near-ring is given by
Jun, Yon, Cho in [4,12]. Zhan Jianming and Ma Xueling[14], also discussed the
various properties on intuitionistic fuzzy ideals of near-rings. Also Cho et al in [4]
the notion of a normal intuitionistic fuzzy N-subgroup in a near-ring is introduced
and related properties are investigated. Recently, Roh et al in [11] discussed the in-
tuitionistic Q-fuzzification of the concept of subalgebras in BCK/BCl-algebra and
investigated various properties. Osman Kazanci et al in [7] have introduced the
notion of intuitionistic Q-fuzzification of N-subgroups(subnear-rings) in a near-ring
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and investigated some related properties. In this paper, we introduce the concept
of intuitionistic Q-fuzzification of ideals in a near-ring and investigate some related
properties.

By a near-ring we mean a nonempty set N with two binary operations + and .
satisfying the following axioms

(i) (N,+) is a group
(ii) (N,.) is a semigroup
(ili) (z+y)z=x2z+yzforall x,y,z € N

Precisely speaking it is a right near-ring because it satisfies the right distributive
law. We use zy to denote z.y. A near-ring N is called zero symmetric if .0 = 0
for all z € N. An ideal of a near-ring N is a subset I of N such that

(i) (I,4) is a normal subgroup of (N,+)
(i) IN C I
(ili) y(x +i) —yax el forall z,ye N and i € [

By a fuzzy set u in a nonempty set X, we mean a function p: X — [0, 1] and the
complement of p denoted by f is the fuzzy set in X given by pu(z) = 1 — u(x),
for x € X. For any t € [0,1], and a fuzzy set p in a nonempty set X, the
set U(p;t) = {x € X|u(x) > t} is called an upper t-level cut of p and the set
L(p;t) ={z € X|u(x) <t} is called a lower t-level cut of p.

An intuitionistic fuzzy set (I F'S)A in a nonempty set X is an object having the
form IFSA = {(x,aa(x), Ba(x))|z € X} where the functions ay : X — [0, 1] and
Ba: X — |0, 1] denote the degree of membership and the degree of non membership
respectively, and 0 < aq(z) + fa(z) < 1,2 € X.

In what follows, let () and N denote a set and a near-ring, respectively, unless
otherwise stated. A mapping p : N x @ — [0,1] is called a Q-fuzzy set in N.
For any @Q-fuzzy set pin N and any t € [0,1] we define two sets U(u;t) = {z €
X|pu(x,q) > t,qg € Q}F and L(u;t) = {x € X|u(z,q) <t,q € Q} which are called an
upper and lower t-level cut of © and can be used to give the characterization of .
An intuitionistic Q-fuzzy set (IQFS for short) A is an object having the form A =
{(z,q),aa(x,q), Balz,q))|x € X,q € Q}, where the functions ay : X x Q — [0, 1]
and B4 : X X Q — [0, 1] denote the degree of membership and the degree of non
membership for each element (z,q) to the set A respectively, and 0 < a4(z,q) +
Ba(z,q) < 1forall z € X and ¢ € Q. For the sake of simplicity we shall use the

symbol A = (aa, 4) for the IQFSA = {((x,q),aa(x,q), Ba(x,q))|z € X,q € Q}.

Definition 1.1 (O. Kazanci et al [7]) A Q-fuzzy set p in a near-ring N is called
Q-fuzzy subnear-ring of N if

(QF1) p(x —y,q) > min{u(z, q), u(y, q)}
(QF2) p(wy,q) > min{u(z,q), u(y,q)} for all v,y € N and q € Q.
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Definition 1.2 (O. Kazanci et al [7]) A Q-fuzzy set p in a near-ring N is called
Q-fuzzy N-subgroup of N if u satisfies (QF1) and

(QF3) p(nx,q) > p(z,q)
(QF4) u(xn,q) > p(x,q) for allz,n € N and q € Q.

Definition 1.3 A Q-fuzzy set p in a near-ring N is called Q-fuzzy ideal of N
if u satisfies (QF1), (QF4) and

(QF5) p{n(y +z) —ny,q} > p(z,q) for all z,y,n € N and q € Q.

Definition 1.4 Let 0 be a mapping from X to Y. For any IFSB = (ag, OB)
'Y, we define a new IFS denoted as 071 (B) = (ap-1(p), Bo-1(p)) in X where

ap-1(py(7,q) = ap(0(x),q), Bo-1B)(x,q) = Bp(0(x),q) for all xz € X,q € Q. For
any IFSA = (aa,Ba) in X we define O(A) denoted as (A) = (agay, Boa)) in Y

by

g (Y, q) = {Supwee—l(w aa(z,q), if 7Y y) # ¢;

0, otherwise.
_ inf:L“E@—l(y) BA(:C7 Q), Zf 0_1<y) # (b?
Bo(y,4) = { 1, otherwise.

forallyeY,qe @

2 Intuitionistic Q-fuzzy ideals of near-rings:

In what follows, let Q and N denote a set and a near-ring, respectively, unless
otherwise specified.

Definition 2.1 (O. Kazanci et al [7]) An IQFSA = (a, B4) in N is called an
intuitionistic Q-fuzzy subnear-ring of N if

(IQF1) as(r—y,q) > min{aa(,q),aa(y,q)} and Ba(z—y, q) < max{Ba(z,q), Ba(y,q)}

(IQF2) ax(ry,q) > min{aa(,q),aa(y,q)} and Ba(zy,q) < max{Ba(z,q),Ba(y,q)}
forall z,y € N and q € Q).

Definition 2.2 (O. Kazanci et al [7]) An IQFSA = (aa,Ba) in N is called an
intuitionistic Q-fuzzy N-subgroup of N if A satisfies (IQF1) and

(1IQF3) aa(nz,q) > aa(z,q) and Ba(nz,q) < Ba(w,q)
(1QF4) aa(rn,q) > aalx,q) and Ba(xn,q) < Ba(w,q) for allz,n € N and q € Q.

If A satisfies (/QF1) and (IQF3), then A is called an intuitionistic Q-fuzzy left
N-subgroup of N, and if A satisfies (IQF1) and (IQF4), then A is called an
intuitionistic Q-fuzzy right N-subgroup of V.

27



Definition 2.3 An IQFSA = (aa,B4) in N is called an intuitionistic Q-fuzzy
ideal of N if A satisfies (IQF1), (IQF4) and

(IQF5) aaly+x —y,q) > aalz,q) and Baly + z — y,q) < Ba(z,q)

(TQF6) as{n(z +y) —nw,q} > aa(z,q) and fa{n(s +y) — nv,q} < fa(,q) for all
z,y,n € N and q € Q.

Example 1 Let N = {a,b,c,d} be set with two binary operations as follows:

+la b ¢ d a b ¢ d
ala b ¢ d ala a a a
b |b a d c bla a a a
clc d b a cla a a b
d|ld ¢ a b dla a a b
Then (N,+,.) is a near-ring. Let Q = {p, q}. We define an IQFSA = (aa, fa)

in N as follows:

3 1 1
aA(aap) = ZaaA<a7Q) = 1,0&,4([),]?) = §705A(b7 Q) = Za

aale,p) = ;) = aqa(d,p),aac,q) =0 =aal(d,q).
Ba(ap) = 3, Balas0) = 0, 5a(bp) = 7, Galbra) = 5,
Balep) = = = Ba(d. p), Balc:q) = 1 = Bald,q).

It is easy to verify that [ QFZA = (a4, fa) is an intuitionistic Q-fuzzy ideal of N.
Lemma 2.4 If an IQFSA = (aa, Ba) satisfies the condition (IQF1), then
(1) @a(0,9) > aa(z,q) and (0, q) < Fa(z,q)
(i1) aa(—z,q) = aa(z,q) and Ba(—x,q) = Ba(x,q) for allx € N and q € Q.

Lemma 2.5 Ifan IQFSA = (aa, Ba) satisfies the condition IQF5, then aa(x+
y,q) = aaly +x,q) and Ba(x +y,q) = Baly + x,q) for all z,y € N and q € Q.

Proof: It follows by using the condition IQF'5 twice.
Proposition 2.6 If an IQFSA = (aa, 84) satisfies the condition (IQF1), then
(i) aalx —1y,q) > aa0,q) implies axs(x,q) = aa(y, q)
(i1) Ba(r—y,q) < Ba(0,q) implies Ba(z,q) = Ba(y,q) for allz,y € N and g € Q.
Proof: It is clear by using lemma 2.4.

Theorem 2.7 Let {A;} = {(cy, ;) | i € I} be a family of intuitionistic Q-fuzzy
ideals in a near-ring N. Then (Nier Ai) is an intuitionistic Q-fuzzy ideal of N
where (Mier Ai) = {(Mier @4, Uier Ba, }-
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Proof: Let (Nijcr @a,, Uicr Ba,) = (o, 8) and for all x,y,n € N, and q € Q

alr —y,q) = yg aa (T —y,q)
> igﬁ{min{a&(w,q)aOéAi(?JaC])}}
= min{infan, (@,9), inf o (y,0)}
= min{a(z,q),a(y,q)}

and
Blx—y,q) = supﬁA (z—y,9)
< sup{max{ﬁA (z,q), Ba, (v, )} }
= max{supﬁA (x,q), supﬁA (v,9)}
= max{ﬁ(w q), 8(y, Q)}
Also,
a(xn,q) = Hel; aq,(zn, q)
> %rg{o%(%q)} = afz,q)
and,
Blxn,q) = Slé}bﬂi(xnvq)
< sup (. q)
- ﬂ(x7Q)}
Again,
aofn(e +y) —nz,qy = infas{n(r+y) —nw,q;}
> inf{aa(y,9)}
= a(y,q)
and

B{n(x +y) —nx,q} = sup Bi{n(z +y) — nx,q}

< igy{ﬁi(y, q)}
= By, q)}

Thus,(N;er Ai) is an intuitionistic Q-fuzzy ideal of N.

Lemma 2.8 An IQFSA = (a4, Ba) is an intuitionistic Q-fuzzy ideal of a near-
ring N if and only if aq and B are Q-fuzzy ideals of N.

Proof: It is trivial.
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Theorem 2.9 Let IQFSA = (aa,Ba) be in N. Then A = (a4, Ba) is an

intuitionistic Q-fuzzy ideal of N if and only if ©A = (a4, @x) and OA = (a4, Fa)
are intuitionistic Q-fuzzy ideals of N.

Proof: It follows from lemma 2.8.

Theorem 2.10 Let IQFSA = (aa, B4) be an intuitionistic Q-fuzzy ideal of N.
Then the sets

Non = {z € Nlaa(z, q) = @a(0,9)} and Ns, = {x € N|fa(z,q) = (0, q)}
are ideals of N for all g € Q.

Proof: Let 2,y € N,, and ¢ € Q. Then aa(z,q) = @a(0,q),aa(y,q) = @a(0,q).
Since A = (a4, 84) is an intuitionistic Q-fuzzy ideal of N, we get aa(x — y,q) >
min{a4(x,q),xa(y,q)} = aa(0,q). By using lemma 2.4 we get aq(r — y,q) =
a4(0,q). Hence x —y € N, ,. Forn € N,z € N, , we have as(xn,q) > aa(x,q) =
a4(0,q). By using lemma 2.4 we get aa(zn,q) = @a(0,q). Hence zn € N,,.
Similarly, we can show that for y € N,,,n,x € N and n(z + y) — nz € N,,.
Therefore, N, , is an ideal of N. Similarly, Ng, is an ideal of N.

Theorem 2.11 Let IQFSA = (aa,4) be an intuitionistic Q-fuzzy ideal of
N. Then the sets U(aa;t) and L(Ba;t) are ideals of N for all for all ¢ € Q,t €
Im(aa) N Im(Ba).

Proof: Let t € Im(aa) N Im(Ba) C [0,1] and let z,y € U(aa;t) then au(x,q) >
t,aa(y,q) >t so, as(z —y,q) > min{aa(z,q),xa(y,q)} > t which implies that
x —y € Ulaa;t). For any n € N,as(zn,q) > aa(z,q) > t which implies that
xn € U(aa;t). Let n,y € N and x € U(ay;t) then, as(y+x—vy,q) > as(z,q) >t
and as{n(y+z)—ny,q} > as(x,q) > t which implies that y+x—y,n(y+z)—ny €
U(aa;t). Thus, U(aa;t) is an ideal of N. Similarly we can prove that L((4;t) is
an ideal of N.

Theorem 2.12 If IQFSA = (aa,4) is an intuitionistic Q-fuzzy set in N
such that all the non-empty level sets U(aa;t) and L(Ba;t) are ideals of N then
A = (aa, Ba) is an intuitionistic Q-fuzzy ideal of N.

Prof: Assume that all the non-empty level sets U(aq;t) and L(B4;t) are ide-
als of N. If t; = min{aa(z,q),aa(y,q)} and to = max{Ba(z,q), Ba(y,q)} for
x,y € Nyqg € Q then v —y € U(aa;ty) and o —y € L(Ba;tz). Hence, as(x —
y.q) > min{aa(z,q),aa(y,q)} and Ba(r — y,q) < max{Ba(z,q),Ba(y,q)} Let
ts = aa(x,q),ty = Ba(z,q) for some z € N,q € @ then x € U(aa;ts),r €
L(Ba;ts). Since U(aqa;ts) and L(Ba;ts) are ideals of N, an € U(aa;ts) and
axn € L(Ba;ty) which implies that as(zn,q) > aa(z,q) and Ba(zn,q) < Ba(z,q).
Also for any y € N y+z —y € U(aa;ts) and y +x —y € L(Ba;ty) which im-
plies that aa(y + = — y,q) > aa(x,q) and Ba(y + x — y,q) < Ba(z,q). Lastly if
n € N, then n(y + ) — ny € U(aa;ts) and n(y + ) — ny € L(Ba;ts) so that
ar{n(y + 1) — ny.q} > aalr.q) and Bafn(y + ) — ny.q} < Ba(wq). Thus,
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A = (aa, Ba) is an intuitionistic Q-fuzzy ideal of N.
Example 2: Let [ be an ideal of N and a4 and 34 be the Q-fuzzy sets in N given
by

t if xel,
s  otherwise.

u if xel,
v otherwise.

OéA(x,Q) = { ﬁA(x7Q) = {
forallz € Nyge Q where 0 < s<t,0<u<vandt+u<1s+v <1 Then
A = (aa, 4) is an intuitionistic Q-fuzzy ideal of N. Since U(a;f) = I or N and
L(Ba; t) = I or N which are ideals of N, A is an intuitionistic Q-fuzzy ideal of N
by theorem 2.12.

Theorem 2.13 Let N and N’ be two near-rings and 0 : N — N’ a homomor-
phism. If B = (ap, Bp) is an intuitionistic Q-fuzzy ideal in N’ then the preimage
0~ (B) = (w-1(B), Bo-1(p)) of B under 6 is an intuitionistic Q-fuzzy ideal of N.

Proof: We assume that B = (ap, 8g) is an intuitionistic Q-fuzzy ideal in N' and
let z,y,n € N,q € (). Then

appy{n(e+y) —nz,q¢¢ = aplf{n(z+y) —nz,q}|
aglf(n){0(z) + 0(y)} — 0(n)0(x), q]
as{d(y), ¢}

ao-1(8)(Y, q)

vl

and,

Bo-1pyin(r +y) —nw,q} = Bpl0{n(z+y) — nz,q}]
Bpl0(n){0(z) +0(y)} — 0(n)0(x), q]
&B{e(y)? q}

Bo-1(8) (Y, q)

Al

Similarly, the remaining properties can be easily verified.
We can also state the converse of the above theorem if we strengthen the condition
of 6 as follows.

Theorem 2.14 Let N and N’ be two near-rings and  : N — N’ an epimor-
phism. If B = (agp, Op) is an intuitionistic Q-fuzzy set in N’ such that the preimage
0~ (B) = (-1(B), Bo-1(p)) of B under 0 is an intuitionistic Q-fuzzy ideal of N,
then B = (ap, Bg) is an intuitionistic Q-fuzzy ideal in N .

Proof: Let z,y,7 € N',q € Q. Then there exist a,b,n € N such that 0(a) =
x,0(b) = y,0(n) = r. We only check the condition IQF6 as the other conditions
follow trivially.

aplf(n){0(a) +0(b)} — 0(n)(a), q]
aglf{n(a+b) — na},q|
ap-1(py{n(a+b) — na,q}

Q9-1(B) <b> Q)

ap{r(z+y) —rz,q}

AVANI
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= aB{9<b)7q}
= az(y,q)

and

Bgl0(n){0(a) +0(b)} — O(n)d(a),q]
Bg[0{n(a +b) — na},q|
Bo-1(pyin(a +b) — na, ¢}

Bo-1(5)(b, q)

Be{0(b), q}

Be(y,q)

Therefore B = (ap, fp) is an intuitionistic Q-fuzzy ideal in N'.

Be{r(z+vy) —rz,q}

Al
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