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Abstract: A new intuitionistic fuzzy extended modal operator from a first type is introduced and
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1 Introduction

Exactly ten years ago, in paper [3], I wrote that “operator Xa,b,c,d,e,f is the highest extension of
the modal operators, defined over Intuitionistic Fuzzy Sets”. After writing paper [4], it was clear
that it is possible to construct a new operator, extending operator Xa,b,c,d,e,f . In the present paper,
a definition of such operator is given and some of its properties are studied.

2 Preliminaries

When some intuitionistic fuzzy set (IFS, see [1, 2]):

A = {⟨x, µA(x), νA(x)⟩ | x ∈ E}
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over the universe E is given, over it the following intuitionistic fuzzy extending modal operators
from the first type were defined in [4] (B,C being IFSs over the same universe):

FB(A) = {⟨x, µA(x) + µB(x).πA(x), νA(x) + νB(x).πA(x)⟩ | x ∈ E},

GB,C(A) = {⟨x, µB(x).µA(x), νB(x).νA(x)⟩ | x ∈ E},

HB,C(A) = {⟨x, µB(x).µA(x), νA(x) + νC(x).πA(x)⟩ | x ∈ E},

H∗
B,C(A) = {⟨x, µB(x).µA(x), νA(x) + νC(x).(1− µB(x).µA(x)− νA(x))⟩ | x ∈ E},

JB,C(A) = {⟨x, µA(x) + µB(x).πA(x), νC(x).νA(x)⟩ | x ∈ E},

J∗
B,C(A) = {⟨x, µA(x) + µB(x).(1− µA(x)− νC(x).νA(x)), νC(x).νA(x)⟩ | x ∈ E},

where
πA(x) = 1− µA(x)− νA(x).

We must mention that in [4], the operator DB(A) is not defined as a particular case of the
operator FA,B(A). Its form is

DB(A) = {⟨x, µA(x) + µB(x)πA(x), νA(x) + (1− µB(x))πA(x)⟩|x ∈ E}

or, if we know that the set B is an ordinary fuzzy set, i.e., νB(x) = 1 − µA(x), then it can have
the form

DB(A) = {⟨x, µA(x) + µB(x)πA(x), νA(x) + νB(x)πA(x)⟩ | x ∈ E}.

Let us define
O∗ = {⟨x, 0, 1⟩ | x ∈ E},

U∗ = {⟨x, 0, 0⟩ | x ∈ E},

E∗ = {⟨x, 1, 0⟩ | x ∈ E}.

3 Main results

Let us have the IFSs A,B,C,D, F,G over a given universe E, defined so that for each x ∈ E,

µB(x) + νC(x)− νC(x)νG(x) ≤ 1, (1)

µC(x) + νF (x)− µC(x)µD(x) ≤ 1. (2)

Obviously, both terms in (1) and (2) are greater than or equal to 0.
Let us define the operator

XB,C,D,F,G(A) = {⟨x, µB(x)µA(x) + µC(x)(1− µA(x)− µD(x)νA(x)),

νF (x)νA(x) + νC(x)(1− νG(x)µA(x)− νA(x))⟩ | x ∈ E}.

First, we must prove the following assertion.
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Theorem 1. The definition of the operator XB,C,D,F,G is correct.

Proof. Let us have the IFSs A,B,C,D,E, F,G that satisfy the conditions (1) and (2).
We check sequentially:

µB(x)µA(x) + µC(x)(1− µA(x)− µD(x)νA(x))

≥ µB(x)µA(x) + µC(x)(1− µA(x)− νA(x)) ≥ 0;

µB(x)µA(x) + µC(x)(1− µA(x)− µD(x)νA(x))

= µB(x)µA(x) + µC(x)− µC(x)µA(x)− µC(x)µD(x)νA(x)

≤ µB(x)µA(x) + µC(x)− µC(x)µA(x)

≤ µB(x)µA(x) + µC(x)(1− µA(x))

≤ µA(x) + 1− µA(x) = 1,

νF (x)νA(x) + νC(x)(1− νG(x)µA(x)− νA(x))

≥ νF (x)νA(x) + νC(x)(1− µA(x)− νA(x)) ≥ 0;

νF (x)νA(x) + νC(x)(1− νG(x)µA(x)− νA(x))

= νF (x)νA(x) + νC(x)− νC(x)νG(x)µA(x)− νC(x)νA(x)

≤ νF (x)νA(x) + νC(x)− νC(x)νA(x)

≤ νA(x) + νC(x)(1− νA(x))

≤ νA(x) + 1− νA(x) = 1.

Below, we use (1) and (2) and first and third inequalities from above and see:

0 ≤ µB(x)µA(x) + µC(x)(1− µA(x)− µD(x)νA(x))

+νF (x)νA(x) + νC(x)(1− νG(x)µA(x)− νA(x))

= µA(x)(µB(x)− µC(x)− νC(x)νG(x)) + νA(x)(νF (x)− νC(x)− µC(x)µD(x))

+µC(x) + νC(x))

≤ µA(x)(1− νC(x) + νC(x)νG(x)− µC(x)− νC(x)νG(x))

+νA(x)(1− µC(x) + µC(x)µD(x)− νC(x)− µC(x)µD(x)) + µC(x) + νC(x)

= µA(x)(1− µC(x)− νC(x)) + νA(x)(1− µC(x)− νC(x)) + µC(x) + νC(x)

= (µA(x) + νA(x))(1− µC(x)− νC(x)) + µC(x) + νC(x)

≤ 1− µC(x)− νC(x) + µC(x) + νC(x) = 1

Therefore, the definition of the operator XB,C,D,F,G is correct.

Theorem 2. Let the IFSs A,B,C,D,E, F,G satisfy the conditions (1) and (2). Then

¬XB,C,D,F,G(¬A) = X¬F,¬C,¬G,¬B,¬D(A).
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Proof. We obtain sequentially:

¬XB,C,D,F,G(¬A) = ¬XB,C,D,F,G({⟨x, νA(x), µA(x)⟩|x ∈ E})

= ¬{⟨x, µB(x)νA(x) + µC(x)(1− νA(x)− µD(x)µA(x)),

νF (x)µA(x) + νC(x)(1− νG(x)νA(x)− µA(x))⟩ | x ∈ E}

= {⟨x, νF (x)µA(x) + νC(x)(1− νG(x)νA(x)− µA(x)),

µB(x)νA(x) + µC(x)(1− νA(x)− µD(x)µA(x))⟩ | x ∈ E}

= X¬F,¬C,¬G,¬B,¬D(A).

Now, using the conditions (1) and (2), we obtain that:

0 ≤ νF (x)µA(x) + νC(x)(1− νG(x)νA(x)− µA(x))

≤ νF (x)µA(x) + 1− νG(x)νA(x)− µA(x)

= 1− µA(x)(1− νF (x))− νG(x)νA(x) ≤ 1,

0 ≤ µB(x)νA(x) + µC(x)(1− νA(x)− µD(x)µA(x))

≤ 1− νA(x) + µB(x)νA(x)− µD(x)µA(x)

= 1− νA(x)(1− µB(x))− µD(x)µA(x)) ≤ 1,

and

0 ≤ νF (x)µA(x) + νC(x)(1− νG(x)νA(x)− µA(x))

+µB(x)νA(x) + µC(x)(1− νA(x)− µD(x)µA(x))

= µA(x)(νF (x)− νC(x)− µC(x)µD(x))

+νA(x)(µB(x)− µC(x)− νC(x)νG(x)) + µC(x) + νC(x)

≤ µA(x)(1− µC(x) + µC(x)µD(x)− νC(x)− µC(x)µD(x))

+νA(x)(1− µC(x) + νC(x)νG(x)− µC(x)− νC(x)νG(x)) + µC(x) + νC(x)

= (µA(x) + νA(x))(1− µC(x)− νC(x)) + µC(x) + νC(x)

≤ 1.

This proves the Theorem.

Therefore, the new operator is auto-dual.

Theorem 3. For arbitrary IFSs A,B,C the new operator represents all extended modal operators
from Section 2.

Proof. Following the definition of the new operator X, we can prove directly the following
representations:
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A = XE∗,O∗,R1,E∗,E∗(A),

♢A = XE∗,E∗,E∗,E∗,R2(A),

DB(A) = XE∗,B,E∗,E∗,E∗(A),

FB(A) = XE∗,B,E∗,E∗,E∗(A),

GB,C(A) = XB,U∗,R3,C,R4(A),

HB,C(A) = XB,C,R3,E∗,E∗(A),

H∗
B,C(A) = XB,C,R4,E∗,B(A),

JB,C(A) = XE∗,B,E∗,C,O∗(A),

J∗
B,C(A) = XE∗,B,C,C,O∗(A),

where Ri, i = 1, 2, 3, 4 denotes an arbitrary IFS.
It is important to mention that in the case of the operator DB, the set B is a fuzzy set, and

in the cases of the operators HB,C and H∗
B,C , in the set C for each x ∈ E : µC(x) = 0 and

νC(x) ≥ 0.

Having in mind the definition of operation @ over two IFSs A and Z, which has the form

A@Z =

{〈
x,

µA(x) + µZ(x)

2
,
νA(x) + νZ(x)

2

〉 ∣∣∣∣ x ∈ E

}
(see, e.g. [1, 2]), we can prove the following theorem.

Theorem 4. For every seven IFSs A,B,C,D, F,G, Z over universe E, that satisfy the conditions
(1) and (2):

XB,C,D,F,G(A@Z) = XB,C,D,F,G(A)@XB,C,D,F,G(Z).

Proof. Let the sets A,B,C,D, F,G, Z be given. Then

XB,C,D,F,G(A@Z)

= XB,C,D,F,G

({〈
x,

µA(x) + µZ(x)

2
,
νA(x) + νZ(x)

2

〉 ∣∣∣∣ x ∈ E

})
=

{〈
x, µB(x)

µA(x) + µZ(x)

2
+ µC(x)

(
1− µA(x) + µZ(x)

2
− µD(x)

νA(x) + νZ(x)

2

)
,

νF (x)
νA(x) + νZ(x)

2
+ νC(x)

(
1− νG(x)

µA(x) + µZ(x)

2
− νA(x) + νZ(x)

2

)〉 ∣∣∣∣ x ∈ E

}
=

{〈
x,

1

2

(
µB(x)µA(x) + µC(x)(1− µA(x)− µD(x)νA(x))

+ µB(x)µZ(x) + µC(x)(1− µZ(x)− µD(x)νZ(x))

)
,

1

2

(
νF (x)νA(x) + νC(x)(1− νG(x)µA(x)− νA(x))

νF (x)νZ(x) + νC(x)(1− νG(x)µZ(x)− νZ(x)

)〉 ∣∣∣∣ x ∈ E

}
= XB,C,D,F,G(A)@XB,C,D,F,G(Z),

that proves the theorem.
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4 Conclusion

We finish with the following Open problems:

1. What other interesting properties does the operator XB,C,D,F,G have?

2. Can the intuitionistic fuzzy modal operators from a second type be extended in a similar
manner?

3. Can the operator XB,C,D,F,G be represented as a composition of some of the operators
F,G,H,H∗, J, J∗?
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