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1 Introduction

In a series of research, we discuss the intuitionistic fuzzy forms of some classical logic axioms,
and check their validity in the case of intuitionistic fuzziness.
In [?] we determined the implications that satisfy the standard logical tautologies

(p&q) = r=(p— (¢ —r)),

p—=q=({p—(p—q).

Two other well-known logical tautologies (see, e.g., [?]) are
(pVa)=r=({p—=r&ig—r), (1)

(p&q) = r=p@—7r)V(ig—r1). (2)

Here, we discuss their validity for the different cases of intuitionistic fuzzy implications. In
[?], 138 of them are given.

Below, we determine which of these 138 intuitionistic fuzzy implications satisfy (1) and (2).
Theorem 1. Implications —o, —3, —>4, =5, =12, =13, —>14, —>165 —>185 —>19, —>20, —>22, —>23, —>25
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» TP26, TP27, T728, T 729, ~731; T732; 733, 734, T35, ~ 737, P40, ~ P41, ~ 742, ~ 743, ~ 744, ~ 745,
747, T748, T749, 7505 752, ~755; ~7565 — 7575 ~758; ~759; ~760, — 761, ~ 7645 766, 767 7695 770,
7Ly T2, T3, T4, TP765 P77y T P78 779, 7805 ~781, 782 T 783, ~784, ~ 785, ~786, 7875 —788;
—789; T790; 791, T792;, ~793;, ~794, ~795, ~ 796, ~ 797, ~ 798, ~ 799, ~ 7102, 71055 ~7108; ~7124, ~ 7125,
—127, =120, —>130, —7132, —7134, —>135, —>137 satisfy (1).

Proof. Below, we prove that (1) is valid for implication —3. The rest assertions are proved by
analogy. Let everywhere below, truth-values of p, ¢, r be:

Vi(p) = (a,b),
V(Q) = <C7 d>>
Vi(r) = (e f).

In [?], implication —3 is Godel’s implication, that has the form:
V(p —3q) =(a,b) =3 (c,d) = (1 — (1 —¢).sgla —c),d.sg(a — c)),

where
1, ifx>0

sg(x) = :
0, ifz<0

There it is defined that
V(p&eq) = (min(a, ¢), max(b, d)),
V(pV q) = (max(a, c), min(b, d)).
Therefore, the expression (1) has the form
(pVag) —=r=({p—r&lg—or)

({a,b) V (e, d)) =5 (e, f) = ({a,b) =3 (e, [))&({c,d) =5 (e, [)).
The left side has the form

({a, ) V {c,d)) =3 (e, f)
= (max(a, ¢), min(b,d)) —3 (e, f)
= (1 — (1 — e).sg(max(a, c) — e), f.sg(max(a,c) — e)).
The right side has the form
({a,b) =5 (e, F))&((c, d) =3 (e, [))
=(1—(1—e)sgla—e),fsgla—e))&(l—(1—-e)sg(c—e), fsg(c—e))
= (min(1 — (1 —e).sg(a —e),1 — (1 — e).sg(c — e)), max(f.sg(a — e), f.sg(c — ¢e))
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= (1 —max((1 —e).sg(a —e), (1 —e).sg(c —e)), f. max(sg(a — €),sg(c — e))
= (1 — (1 —e). max(sg(a — €),sg(c — e)), f. max(sg(a — e),sg(c — e)).
Let

X =(1—(1-e)sg(max(a,c) —e)) — (1 — (1 —e). max(sg(a — e),sg(c —e))).

Then

X = (1 —e).max(sg(a —e€),sg(c —e€)) — (1 — e).sg(max(a, c) — e)
= (1 —e).(max(sg(a — e),sg(c — e)) — sg(max(a,c) — e)).
If a < ¢, then
X = (1 —e¢).(max(sg(a —e),sg(c —e)) —sg(c—e)) > 0.

If a > e, then
X =(1—e).(max(1,1) —1) = 0.

If a <e < ¢, then
X =(1—¢).(max(0,1) — sg(max(c—e)) = (1 —¢€).(1-=1)=0.
If ¢ < e, then
X =(1—e).(max(0,0) —sg(c—e) = (1 —e€).(0—0) =0.
If a > ¢, then
X = (1 —e).(max(sg(a — e),sg(c —e)) —sg(a — €)).

If a < e, then
X = (1 —e¢).(max(0,0) —0) = 0.

If a > e > ¢, then
X = (1—-e).(max(1,0) — 1) = 0.

If a > ¢ > e, then
X =(1—e).(max(1,1) — 1) = 0.

Therefore, in all cases X = 0.
Analogously, we check that

Y = f.sg(max(a,c) —e) — f.max(sg(a — e),sg(c —e) = 0.

Hence, (1) is an equality for implication —3.

Theorem 2. Implications —o, —3, —>4, —5, =8, —>11, —>12, —*13, —>165 —>18, —>19, —>20, —>22, —>23
» 7725, T726, T 7275 T728, ~ 7295 731, ~ 732, 733, ~734, 735, ~ 737, 7405 ~ 741, ~ 742, ~743, 744, ~745
) TPAT, T748, T749, TP50, T P52, T 755, 756, 757, 758, 759, 760, 761, 762; 763, —764; 765, 766
y TP67, TT68, TPT0, P71, TPT2, T P73, T4y T76, T7TTy T7T8y T7T79; T780; T781, T782, T783; ~ 784,

—785, 786, — 787 ~ 788,789, ~790, ~791, —792; ~793, ~794; ~ 795, ~796, 797, 798, —799; —7102, ~7105;

—$108, —*124; —7125, —7127, —129, —1305 —*132, 134, —135, — 137 satisfy (2).
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