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1 Introduction 

The idea of fuzzy sets is essential to many scientific disciplines, including computer science, 

engineering and pure mathematics. Almost every branch of mathematics has been influenced by 

fuzzy sets since Zadeh [18] introduced the concept in 1965. Fuzzy topological space theory was 

first proposed and explored by Chang [11] in 1968. Njåsted [15] introduced 𝛼-open set, Abbas 

[1] provided h-open set. The generalized fuzzy open set has gained considerable attention, as 

open sets from the foundation of topological structures. Singal, Rajvansi and Bin Shahna 

presented the idea of fuzzy 𝛼-open sets in [9, 17]. As a significant extension of fuzzy open sets, 

fuzzy 𝛼-open sets have been proposed. The fuzzy 𝛼-open sets are a helpful bridge in  the study 

of sensitive topology since they are weaker than some other generalized sets but stronger than 

fuzzy open sets. Numerous academics have expanded and examined different generalizations of 

fuzzy sets, such as Pu and Liu [16], Azad [7]. The concepts of fuzzy 𝛼-open sets further enriches 

this line of research by establishing a bridge between classical open sets and other generalized 

open sets, enabling more comprehensive understanding of fuzzy topological structures.  

Ali et al. [2, 3] investigated the concepts of hemirings and fuzzy hemirings. The concept of 

intuitionistic fuzzy sets (IFSs) was introduced by Atanassov [5], in which each element has a 

membership degree and a non-membership degree, with the sum of these being limited to be less 

than or equal to one. Hutton [10] was the first to suggest the idea of fuzzy normal spaces. Kubiak 

[14] established many interesting properties of fuzzy normal spaces. 

This paper introduces and establishes some properties of intuitionistic fuzzy hemiring 

structure spaces, intuitionistic fuzzy 𝔥𝛼 open and closed hemirings. The notions of intuitionistic 

fuzzy hemiring shrinking, intuitionistic fuzzy hemiring swelling and intuitionistic fuzzy 

hemiring 𝔥𝛼 normal spaces are presented in this paper, along with some of its characteristics. 

2 Preliminaries 

In this section some basic definitions are given. 

Definition 2.1. [6] Let 𝑋 be a non-empty fixed set. An intuitionistic fuzzy set (IFS for short)  

𝐴 is an object having the form 𝐴 = {〈𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)〉: 𝑥 ∈ 𝑋}, where the functions 

𝜇𝐴(𝑥), 𝜈𝐴(𝑥): 𝑋 → [0,1] define, respectively, the degree of membership and the degree of non-

membership of the element 𝑥 ∈ 𝑋 to the set 𝐴, which is a subset of 𝑋, and for every element 

𝑥 ∈ 𝑋, 0 ≤ 𝜇𝐴(𝑥) + 𝜈𝐴(𝑥) ≤ 1.  

Definition 2.2. [12] An intuitionistic fuzzy topology (IFT for short) on a non-empty set X is a 

family 𝜏 of IFSs in 𝑋 satisfying: 

(a) 0~, 1~ ∈ 𝜏, 

(b) 𝐺1 ∩ 𝐺2 ∈ 𝜏 for any 𝐺1, 𝐺2 ∈ 𝜏, 

(c) ∪ 𝐺𝑗 ∈ 𝜏 for any family {𝐺𝑗 | 𝑗 ∈ 𝜏} ⊂ 𝜏. 

In this case, the pair (𝑋, 𝜏) is called an IFTS and any IFS in 𝜏 is called an intuitionistic fuzzy 

open set (IFOS for short) in 𝑋. The complement of intuitionistic fuzzy open set is intuitionistic 

fuzzy closed set (IFCS for short) in 𝑋. 
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Definition 2.3. [12]  Let (𝑋, 𝜏) be an IFTS and A = 〈𝑥, 𝜇𝐴, 𝜈𝐴〉 be an IFS in 𝑋. Then the fuzzy 

interior and fuzzy closure of A are defined by  

Cl(𝐴) = ∩{K : K is an IFCS in 𝑋 and 𝐴 ⊆ 𝑋}, 

Int(𝐴) = ∪ {G : G is an IFOS in 𝑋 and 𝐺 ⊆ 𝐴}. 

Note that Cl(A) is an IFCS and Int(A) is an IFOS in 𝑋. Further,  

(a) 𝐴 is an IFCS in 𝑋 if and only if Cl(𝐴) = 𝐴; 

(b) 𝐴 is an IFOS an 𝑋 if and only if Int(𝐴) = 𝐴. 

Definition 2.4. [13] The intersection of all fuzzy open subsets of a fuzzy topological space (𝑋, 𝜏) 

containing 𝐴 is called the kernel of 𝐴 (briefly Ker(𝐴)), this means that  

Ker(𝐴) = ∩ {𝐺 ∈ 𝑇: 𝐴 ⊆ 𝐺}. 

Definition 2.5. [13] A fuzzy topological space (𝑋, 𝜏) is called fuzzy 𝑅0-space (F𝑅0-space, for 

short) if for each fuzzy open set 𝑈 and 𝑥𝜆 ∈ 𝑈, 𝐶𝑙{𝑥𝜆} ≤ 𝑈. 

Definition 2.6. [13] A fuzzy topological space (𝑋, 𝜏) is called fuzzy 𝑅1-space (F𝑅1-space, for 

short) if for each two distinct fuzzy points 𝑥𝜆 and 𝑦𝛼 of 𝑋 with 𝐶𝑙{𝑥𝜆} ≠ 𝐶𝑙{𝑦𝛼}, there exist 

disjoint fuzzy open sets 𝑈, 𝑉 such that 𝑐𝑙{𝑥𝜆} ≤ 𝑈 and 𝑐𝑙{𝑦𝛼} ≤ 𝑉. 

Definition 2.7. [2] Let 𝑅 be a hemiring. A fuzzy set 𝜇 of 𝑅 is said to be fuzzy hemiring of 𝑅 if 

it satisfies the following conditions: 

(𝐹𝐻1): 𝜇(𝑥 + 𝑦) ≥ min{𝜇(𝑥), 𝜇(𝑦)}; 

(𝐹𝐻2): 𝜇(𝑥𝑦) ≥ min{𝜇(𝑥), 𝜇(𝑦)}; ∀𝑥, 𝑦 ∈ 𝑅. 

Definition 2.8. [4] Let (𝑋, 𝑇) be a fuzzy topological space. For 𝜆𝑖 ∈ 𝐼𝑋 , 𝑖 ∈ 𝔍 the swelling of 

the family 𝒜 = {𝜆𝑖 ∶  𝑖 ∈ 𝔍} is the family of fuzzy sets ℬ = 𝜇𝑖 ∈ 𝐼𝑋 ∶  𝑖 ∈ 𝔍 such that 𝜆𝑖 ≤ 𝜇𝑖 

for every 𝑖 ∈ 𝔍 and for every finite set of indices 𝑖1, 𝑖2, 𝑖3, … , 𝑖𝑚 ∈ 𝔍, the family 

{𝜆𝑖1
, 𝜆𝑖2

, 𝜆𝑖3
, … , 𝜆𝑖𝑚

} is an overlapping family if and only if {𝜇𝑖1
, 𝜇𝑖2

, 𝜇𝑖3
, … , 𝜇𝑖𝑚

} is an 

overlapping family.   

 A fuzzy swelling is said to be a fuzzy open (closed) swelling if all its members are fuzzy 

open (closed) sets. 

 Clearly, every fuzzy swelling  ℬ of a family 𝒜 satisfies the equality 𝑂𝑟𝑑𝑓𝒜 = 𝑂𝑟𝑑𝑓ℬ. 

Definition 2.9. [4] Let (𝑋, 𝑇) be a fuzzy topological space. The fuzzy shrinking of the fuzzy 

cover 𝒜 = {𝜆𝑖 ∶  𝑖 ∈ 𝔍} is defined to be the fuzzy cover ℬ = 𝜇𝑖 ∈ 𝐼𝑋 ∶  𝑖 ∈ 𝔍 such that 𝜇𝑗 ≤ 𝜆𝑖 

where 𝑗 ≤ 𝑖 for every 𝑖 ∈ 𝔍. A fuzzy shrinking is open (closed) if all its members are fuzzy open 

(fuzzy closed) sets.  

 Clearly, every fuzzy shrinking  ℬ of a fuzzy cover 𝒜 is a fuzzy refinement of 𝒜 and 

satisfies the inequality 𝑂𝑟𝑑𝑓ℬ ≤ 𝑂𝑟𝑑𝑓𝒜. 

Definition 2.10. [3] Let 𝑅 be a hemiring. A fuzzy set 𝜇 in 𝑅 is defined as a mapping from 𝑅 to 

[0,1], the usual interval of real numbers. We denote by 𝐼𝑅 the set of all fuzzy sets in 𝑅. 

Definition 2.11. [12] Let 𝑋 be a non-empty set. A family 𝔅 = {𝜇𝜆}𝜆∈Λ of fuzzy sets in 𝑋 is said 

to be an overlapping family if there exists 𝑥 ∈ 𝑋 such that 𝜇𝛼(𝑥) + 𝜇𝛽(𝑥) > 1, for all 𝛼, 𝛽 ∈ Λ.  
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A family {𝜇𝜆}𝜆∈Λ is non-overlapping if it is not overlapping, that is, for every 𝑥 ∈ 𝑋 there 

exist 𝛼, 𝛽 ∈ Λ such that 𝜇𝛼(𝑥) + 𝜇𝛽(𝑥) ≤ 1. 

Definition 2.12. [8] A space 𝑋 is called fuzzy normal if for each pair of fuzzy closed sets 𝐴 and 

𝐵 of 𝑋 with 𝐴 is non-quasi-coincidence with 𝐵, there exist fuzzy open sets 𝑈 and 𝑉 such that 

𝐴 ≤ 𝑈 and 𝐵 ≤ 𝑉 and 𝑈 is non-quasi-coincidence with 𝑉. 

Definition 2.13. [11] A family 𝒜 of fuzzy sets is a cover of a fuzzy set ℬ if and only if ℬ ⊂ ∪ 

{𝐴 |𝐴 ∈ 𝒜 }. It is an open cover if and only if each member of 𝒜 is an open fuzzy set. A subcover 

of 𝒜 is a subfamily of 𝒜 which is also a cover.  

3 Intuitionistic fuzzy hemiring structure space 

In this section, the concept of an intuitionistic fuzzy hemiring 𝑅𝑖 (𝑖 = 1,2) spaces are initiated 

and some of their attributes are studied. Throughout this paper ℜ indicates a hemiring, the 

collection of intuitionistic fuzzy hemirings in ℜ is indicated by 𝐼ℜ, where 𝐼 = [0,1]. 

Definition 3.1. Let ℜ be a hemiring. Let ℋ be a family of intuitionistic fuzzy hemirings over ℜ 

which satisfies the following axioms: 

(i) 0ℜ, 1ℜ  ∈  ℋ; 

 (ii) If  𝛾1, 𝛾2  ∈ ℋ, then 𝛾1 ∧ 𝛾2 ∈ ℋ ; 

 (iii) If  𝛾𝑖 ∈ ℋ for each Ji , then ∨  𝛾𝑖 ∈ ℋ.  

Then ℋ is said to be an intuitionistic fuzzy hemiring structure (IFℋS) on ℜ and the ordered pair 

(ℜ, ℋ) is said to be an intuitionistic fuzzy hemiring structure space (IFℋSS). Every member of 

ℋ is said to be an intuitionistic fuzzy open hemiring. The complement of an intuitionistic fuzzy 

open hemiring is called as an intuitionistic fuzzy closed hemiring. 

Example 3.1. Let ℜ = {0, 1, 2} be a set of integers modulo 3 with binary operations as follows: 

 0 1 2  + 0 1 2 

0 0 0 0  0 0 1 2 

1 0 1 2  1 1 2 0 

2 0 2 1  2 2 0 1 

Then (ℜ,  , +) is a hemiring. Let the membership values of two intuitionistic fuzzy hemirings 

𝛾1, 𝛾2  ∈ 𝐼ℜ be defined by 𝛾𝜇1
, 𝛾𝜇2

: ℜ ⟶ [0,1] such that 

𝛾𝜇1
(0) = 0.2 𝛾𝜇2

(0) = 0.4 

𝛾𝜇1
(1) = 0.4 𝛾𝜇2

(1) = 0.4 

𝛾𝜇1
(2) = 0.5 𝛾𝜇2

(2) = 0.5 

Let the non-membership values of the intuitionistic fuzzy hemirings  𝛾1, 𝛾2  ∈ 𝐼ℜ  be defined by 

𝛾𝜈1
, 𝛾𝜈2

: ℜ ⟶ [0,1] such that 
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𝛾𝜈1
(0) = 0.6 𝛾𝜈2

(0) = 0.5 

𝛾𝜈1
(1) = 0.3 𝛾𝜈2

(1) = 0.3 

𝛾𝜈1
(2) = 0.4 𝛾𝜈2

(2) = 0.3 

 

Clearly ℋ = {0ℜ, 𝛾1, 𝛾2, 1ℜ} is an IFℋS on ℜ. Then the ordered pair (ℜ, ℋ)  is an IFℋSS. 

Definition 3.2. Let (ℜ, ℋ) be an IFℋSS. Then for any 𝜆 ∈ 𝐼ℜ, the intuitionistic fuzzy interior 

of denoted by IFℋInt( ) and is defined as IFℋInt( ) =  {𝛾 ∈ 𝐼ℜ:
 
𝛾 ≤ 𝜆 and 𝛾 ∈ 𝐼𝐹𝑂ℋ}. 

Definition 3.3. Let (ℜ, ℋ)  be an IFℋSS. Then for any 𝜆 ∈ 𝐼ℜ, the intuitionistic fuzzy closure 

of  denoted by IFℋCl( ) and is defined as IFℋCl(  ) =  {𝛾 ∈ 𝐼ℜ:   and 𝛾 ∈ 𝐼𝐹𝐶ℋ}. 

Definition 3.4. Let ℜ be a hemiring and (ℜ, ℋ)  be an IFℋSS. Any  𝐼ℜ in (ℜ, ℋ) is said to 

be an Intuitionistic Fuzzy 𝛼-open hemiring (IF𝛼𝑂ℋ), if  𝜆 ≤ 𝐼𝐹ℋ𝐼𝑛𝑡 (𝐼𝐹ℋ𝐶𝑙(𝐼𝐹ℋ𝐼𝑛𝑡(𝜆))). 

Example 3.2. As in Example 3.1, (ℜ,  , +) is a hemiring. Let the membership values of the 

intuitionistic fuzzy hemirings  𝛾1, 𝛾2 , 𝛾3 ∈ 𝐼ℜ be defined by  𝛾𝜇1
, 𝛾𝜇2

, 𝛾𝜇3
: ℜ ⟶ [0,1] such that 

𝛾𝜇1
(0) = 0.4 𝛾𝜇2

(0) = 0.4 𝛾𝜇3
(0) = 0.4 

𝛾𝜇1
(1) = 0.5 𝛾𝜇2

(1) = 0.5 𝛾𝜇3
(1) = 0.4 

𝛾𝜇1
(2) = 0.3 𝛾𝜇2

(2) = 0.4 𝛾𝜇3
(2) = 0.3 

Let the non-membership values of the intuitionistic fuzzy hemirings  𝛾1, 𝛾2 , 𝛾3  ∈ 𝐼ℜ be defined 

by  𝛾𝜈1
, 𝛾𝜈2

, 𝛾𝜈3
: ℜ ⟶ [0,1] such that 

𝛾𝜈1
(0) = 0.6 𝛾𝜈2

(0) = 0.5 𝛾𝜈3
(0) = 0.6 

𝛾𝜈1
(1) = 0.4 𝛾𝜈2

(1) = 0.4 𝛾𝜈3
(1) = 0.5 

𝛾𝜈1
(2) = 0.6 𝛾𝜈2

(2) = 0.5 𝛾𝜈3
(2) = 0.6 

Clearly ℋ = {0ℜ, 𝛾1, 𝛾2, 1ℜ} is an IFℋS on ℜ. Then the ordered pair (ℜ, ℋ)  is an IFℋSS. Then 

 𝛾3 is IF𝛼𝑂ℋ. 

Definition 3.5. Any 𝜆 ∈ 𝐼ℜ in (ℜ, ℋ) is referred to as an intuitionistic fuzzy 𝔥-open hemiring 

(IF𝔥Oℋ), if 𝜆 ≤ 𝐼𝐹ℋ𝐼𝑛𝑡(𝜆 ∨ 𝜇) such that 𝜇 ∈ ℋ and
 
𝜇 ≠ 1ℜ. 

Example 3.3. As defined in Example 3.2, (ℜ,  , +) is a hemiring and  𝛾3  ∈ 𝐼ℜ. Then 𝛾3 is an 

IF𝔥𝑂ℋ.   

Definition 3.6. Any intuitionistic fuzzy hemiring 𝜆 is said to be intuitionistic fuzzy 𝔥𝛼-open 

hemiring (IF𝔥 𝑂ℋ) if 𝜆 ≤ 𝐼𝐹ℋ𝑖𝑛𝑡(𝜆 ∨ 𝜇) such that 𝜇 ∈ ℋ𝛼 and
 
𝜇 ≠ 1ℜ where ℋ𝛼 is a 

collection of all IF𝛼𝑂ℋ. 

Example 3.4. As defined in Example 3.2, (ℜ,  , +) is a hemiring and  𝛾3  ∈ 𝐼ℜ. Then 𝛾3 is an 

IF𝔥𝛼𝑂ℋ.   

Definition 3.7. Let (ℜ, ℋ) be an IFℋSS. Then for any 𝜆 ∈ 𝐼ℜ, the intuitionistic fuzzy 𝔥𝛼 interior 

of  is denoted by IF𝔥𝛼ℋInt( ) and is defined as  

IF𝔥𝛼ℋInt( ) =  {𝛾 ∈ 𝐼ℜ:
 
𝛾 ≤ 𝜆  𝑎𝑛𝑑 𝛾 ∈ 𝐼𝐹𝔥𝛼𝑂ℋ}. 
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Example 3.5. As in Example 3.2, let (ℜ, ℋ) be an IFℋSS and 𝛾3  ∈ 𝐼ℜ. Let the membership 

value of an intuitionistic fuzzy hemiring 𝜆 ∈ 𝐼ℜ be defined by 𝜆𝜇: ℜ ⟶ [0,1] such that 

𝜆𝜇(0) = 0.4 

𝜆𝜇(1) = 0.5 

𝜆𝜇(2) = 0.6 

 Let the non-membership value of the intuitionistic fuzzy hemiring 𝜆 ∈ 𝐼ℜ be defined by 

 𝜆𝜈: ℜ ⟶ [0,1] such that 

𝜆𝜈(0) = 0.5 

𝜆𝜈(1) = 0.5 

𝜆𝜈(2) = 0.4 

Then IF𝔥𝛼ℋInt( ) = 𝛾3. 

Definition 3.8. Let (ℜ, ℋ)  be an IFℋSS. Then for any 𝜆 ∈ 𝐼ℜ, the intuitionistic fuzzy 

𝔥𝛼 closure of  is denoted by IF𝔥𝛼ℋCl(  ) and is defined as  

IF𝔥𝛼ℋCl(  ) =  {𝛾 ∈ 𝐼ℜ:   𝑎𝑛𝑑 𝛾 ∈ 𝐼𝐹𝔥𝛼𝐶ℋ }. 

Example 3.6. As in Example 3.2, let (ℜ, ℋ) be an IFℋSS. Let the membership value of an 

intuitionistic fuzzy hemiring 𝜆 ∈ 𝐼ℜ be defined by 𝜆𝜇: ℜ ⟶ [0,1] such that 

𝜆𝜇(0) = 0.3 

𝜆𝜇(1) = 0.4 

𝜆𝜇(2) = 0.5 

Let the non-membership value of the intuitionistic fuzzy hemiring 𝜆 ∈ 𝐼ℜ be defined by  

𝜆𝜈: ℜ ⟶ [0,1] such that 

𝜆𝜈(0) = 0.5 

𝜆𝜈(1) = 0.6 

𝜆𝜈(2) = 0.4 

Then IF𝔥𝛼ℋCl( ) = 𝛾2. 

Proposition 3.1. Every IF𝑂ℋ is an IF𝔥𝑂ℋ. 

Proof. Let (ℜ, ℋ) be an IFℋSS and 𝜆 ∈ 𝐼ℜ be any IF𝑂ℋ. Then, 𝜆 = 𝐼𝑛𝑡(𝜆) ≤ 𝐼𝑛𝑡(𝜆 ∨ 𝜇)  

for every non-empty hemiring 𝜇 ≠ 1ℜ and 𝜇 ∈ ℋ𝛼. Thus 𝜆 is an IF𝔥𝑂ℋ.  

Proposition 3.2. Every IF𝑂ℋ is an IF𝛼𝑂ℋ. 

Proof. Let (ℜ, ℋ) be an IFℋSS and let 𝜆 ∈ 𝐼ℜ be any IF𝑂ℋ. Therefore, 𝜆 = 𝐼𝑛𝑡(𝜆) ≤

𝐼𝑛𝑡 (𝐶𝑙(𝐼𝑛𝑡(𝜆))). Thus 𝜆 is an IF𝛼𝑂ℋ.  

Proposition 3.3. Each IF𝔥𝑂ℋ in any IFℋSS is an IF𝔥𝛼𝑂ℋ.  

Proof. Let (ℜ, ℋ)  be an IFℋSS and let 𝜆 ∈ 𝐼ℜ  be any IF𝔥𝑂ℋ. Then, for each IFℋ that is  

𝜇 ≠ 0ℜ, 𝜇 ≠ 1ℜ and 𝜇 ∈ ℋ, )(   Int . Also, every IF𝑂ℋ is an IF𝛼𝑂ℋ gives  is  

IF𝛼𝑂ℋ. Therefore, 𝜆 is an IF𝔥𝛼𝑂ℋ.  

Proposition 3.4. Any IF𝑂ℋ in any IFℋSS is an IF𝔥𝛼𝑂ℋ. 
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Proof. Let (ℜ, ℋ) be an IFℋSS and let 𝜆 ∈ 𝐼ℜ  be any IF𝑂ℋ. Since each IF𝑂ℋ is IF𝔥𝑂ℋ, then 

𝜆 is IF𝔥𝑂ℋ. By Proposition 3.3, we get that  is an IF𝔥𝛼𝑂ℋ.  

Definition 3.9. Let (ℜ, ℋ) be an IFℋSS and 𝜆 ∈ 𝐼ℜ. The intuitionistic fuzzy 𝔥𝛼 hemiring kernel 

of 𝜆 (IF𝔥𝛼ℋKer(𝜆)) is defined as IF𝔥𝛼ℋKer(𝜆) = ∧ {𝜇: 𝜆 ≤ 𝜇 𝑎𝑛𝑑 𝜇 ∈ 𝐼𝐹𝔥𝛼𝑂ℋ}. 

Proposition 3.5. Let (ℜ, ℋ)  be an IFℋSS and let 𝛾, 𝜂 ∈ 𝐼ℜ be any two intuitionistic fuzzy 

hemirings. If  𝛾 ≤ 𝜂, then IF𝔥𝛼ℋKer( 𝛾) ≤ IF𝔥𝛼ℋKer( 𝜂). 

Proof. Let (ℜ, ℋ)  be an IFℋSS and let 𝛾, 𝜂 ∈ 𝐼ℜ be any two intuitionistic fuzzy hemirings. Let 

𝛾 ≤ 𝜂. Then IF𝔥𝛼ℋKer(𝛾) = ∧ {𝜇𝑖 :  𝛾 ≤ 𝜇𝑖  𝑎𝑛𝑑 𝜇𝑖 ∈ 𝐼𝐹𝔥𝛼𝑂ℋ} and IF𝔥𝛼ℋKer(𝜂) = ∧

{𝛼𝑖: 𝜂 ≤ 𝛼𝑖  𝑎𝑛𝑑 𝛼𝑖 ∈ 𝐼𝐹𝔥𝛼𝑂ℋ}, 𝑖 ∈ 𝐽, where 𝐽 is an indexed set. Since 𝛾 ≤ 𝜂, each 𝜇𝑖 ≤ 𝛼𝑖. 

Therefore,  ∧ 𝜇𝑖 ≤ ∧ 𝛼𝑖. This implies that  IF𝔥𝛼ℋKer(𝛾) ≤ IF𝔥𝛼ℋKer(𝜂).                              

Proposition 3.6. Let (ℜ, ℋ) be an IFℋSS. Then the following statements hold true: 

(i) For any intuitionistic fuzzy hemiring 𝜆 ∈ 𝐼ℜ, 𝜆 ≤ IF𝔥𝛼ℋKer(𝜆); 

(ii) 𝜆 ∈ 𝐼ℜ is an intuitionistic fuzzy 𝔥𝛼 open hemiring then  = IF𝔥𝛼ℋKer(𝜆). 

Proof. (i) Let (ℜ, ℋ)  be an IFℋSS and 𝜆 ∈ 𝐼ℜ  be any intuitionistic fuzzy hemiring. By 

definition IF𝔥𝛼ℋKer(𝜆) = ∧ {𝜇𝑖 ∶  𝜆 ≤ 𝜇𝑖  𝑎𝑛𝑑 𝜇𝑖 ∈ 𝐼𝐹𝔥𝛼𝑂ℋ}, 𝑖 ∈ 𝐽, where 𝐽 is an indexed set. 

Since 𝜆 ≤ 𝜇𝑖  for every 𝜇𝑖 ,  𝜆 ≤ ∧ 𝜇𝑖 .   Thus 𝜆 ≤  𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜆). 

(ii) Let (ℜ, ℋ)  be an IFℋSS and 𝜆 ∈ 𝐼ℜ  be any IF𝔥𝛼𝑂ℋ. By (i), 𝜆 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜆). Also, 

IF𝔥𝛼ℋKer(𝜆) = ∧ {𝜇𝑖 ∶  𝜆 ≤ 𝜇𝑖  𝑎𝑛𝑑 𝜇𝑖 ∈ 𝐼𝐹𝔥𝛼𝑂ℋ}, 𝑖 ∈ 𝐽, where 𝐽 is an indexed set. Since 

𝜆 ∈ 𝐼ℜ  is IF𝔥𝛼𝑂ℋ,  ∧ 𝜇𝑖 ≤ 𝜆. Therefore, IF𝔥𝛼ℋKer(𝜆) ≤ 𝜆. Hence, 𝜆 = IF𝔥𝛼ℋKer(𝜆).       

Definition 3.10. Any IFℋSS (ℜ, ℋ) is called an intuitionistic fuzzy 𝔥𝛼 hemiring 0R  space  

if for every intuitionistic fuzzy 𝔥𝛼 open hemiring 𝜆 ∈ 𝐼ℜ in (ℜ, ℋ) and for every 𝛾 ∈ 𝐼ℜ with  

𝛾 ≤ 𝜆, IF𝔥𝛼𝑂ℋCl(𝛾) ≤ 𝜆. 

Example 3.7. As in Example 3.1, (ℜ,  , +) is a hemiring. Let the membership values of two 

intuitionistic fuzzy hemirings  𝜂1, 𝜂2  ∈ 𝐼ℜ be defined by 𝜂𝜇1
, 𝜂𝜇2

: ℜ ⟶ [0,1] such that 

𝜂𝜇1
(0) = 0.4 𝜂𝜇2

(0) = 0.3 

𝜂𝜇1
(1) = 0.5 𝜂𝜇2

(1) = 0.5 

𝜂𝜇1
(2) = 0.2 𝜂𝜇2

(2) = 0.2 

Let the non-membership values of the intuitionistic fuzzy hemirings  𝜂1, 𝜂2  ∈ 𝐼ℜ be defined by 

𝜂𝜈1
, 𝜂𝜈2

: ℜ ⟶ [0,1] such that 

𝜂𝜈1
(0) = 0.4 𝜂𝜈2

(0) = 0.5 

𝜂𝜈1
(1) = 0.3 𝜂𝜈2

(1) = 0.4 

𝜂𝜈1
(2) = 0.5 𝜂𝜈2

(2) = 0.6 

Clearly, ℋ = {0ℜ, 𝜂1, 𝜂2, 1ℜ} is an IFℋS on ℜ. Then the ordered pair (ℜ, ℋ) is an IFℋSS.  

Let 𝜂1 ∈ ℋ and for any intuitionistic fuzzy  hemiring 𝛾 ∈ 𝐼ℜ with 𝛾 ≤ 𝜂1. Then IF 𝔥𝛼ℋCl(𝛾) 

= (1ℜ − 𝜂2). This implies that (1ℜ − 𝜂2) = 𝜂1. Thus IF𝔥𝛼ℋCl(𝛾) = 𝜂1. Similarly, for every 𝜂𝑖 ∈

ℋ and 𝛾 ≤  𝜂𝑖 , 𝑖 ∈ J and 𝛾 ∈ ℜ, IF𝔥𝛼ℋCl(𝛾) = 𝜂𝑖  is true. Hence (ℜ, ℋ) is an intutionistic 

fuzzy 𝔥𝛼 hemiring 𝑅0 space. 



636 

Definition 3.11. Let (ℜ, ℋ) be an IFℋSS. Any of two intutionistic fuzzy hemirings 𝜆, 𝜂 ∈ 𝐼ℜ is 

said to be an: 

(i) Intuitionistic fuzzy quasi-coincidence if 𝜆(𝑎) + 𝜂(𝑎) > 1, ∀𝑎 ∈ ℜ 

(ii) Intuitionistic fuzzy non-quasi-coincidence if 𝜆(𝑎) + 𝜂(𝑎) ≤ 1, ∀𝑎 ∈ ℜ 

Proposition 3.7. Let (ℜ, ℋ) be an IFℋSS. Then the following statements are equivalent: 

(i) (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space ; 

(ii) For any intuitionistic fuzzy 𝔥𝛼 closed hemiring 𝜆 ∈ 𝐼ℜ in (ℜ, ℋ) and an intuitionistic 

fuzzy hemiring  𝜇 ∈ 𝐼ℜ with 𝜇 being non-quasi-coincidence with 𝜆, there exists an 

intuitionistic fuzzy 𝔥𝛼 open hemiring 𝛾 ∈ 𝐼ℜ in (ℜ, ℋ) such that 𝜆 ≤ 𝛾 and 𝜇 is non-quasi-

coincidence with 𝛾; 

(iii) For any intuitionistic fuzzy 𝔥𝛼 closed hemiring 𝜆 ∈ 𝐼ℜ in (ℜ, ℋ) and 𝜇 is non-quasi-

coincidence with 𝜆, IF𝔥𝛼ℋCl(𝜇) is non-quasi-coincidence with 𝜆. 

Proof. (i) ⇒ (ii) Let 𝜆, 𝜇 ∈ 𝐼ℜ where 𝜆 is an intuitionistic fuzzy 𝔥𝛼 closed hemiring in (ℜ, ℋ) 

and 𝜇 is non-quasi-coincidence with 𝜆.  

This implies that 𝜇 ≤ (1ℜ − 𝜆). Then by (i), IF𝔥𝛼ℋ𝐶𝑙(𝜇 ) ≤ (1ℜ − 𝜆).  

Let 𝛾 = (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇)), then 𝛾 is an intuitionistic fuzzy 𝔥𝛼 open hemiring in (ℜ, ℋ) 

and also 𝜆 ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇)) implies 𝜆 ≤ 𝛾. 

Since 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇), 𝜇 ≤ (1ℜ − (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇))). This implies that 𝜇 ≤ (1ℜ − 𝛾). 

Then 𝜇 is non-quasi-coincidence with 𝛾. Hence 𝜆 ≤ 𝛾 and  𝜇 is non-quasi-coincidence with 𝛾. 

(ii) ⇒ (iii) Let 𝜆, 𝜇 ∈ 𝐼ℜ and  𝜆 is an intuitionistic fuzzy 𝔥𝛼 closed hemiring in (ℜ, ℋ) and 𝜇 is 

non-quasi-coincidence with 𝜆. Then by (ii), there exists an intuitionistic fuzzy 𝔥𝛼 open hemiring 

𝛾 ∈ 𝐼ℜ such that 𝜆 ≤ 𝛾 and 𝜇 is non-quasi-coincidence with 𝛾. This implies that 𝜇 ≤ (1ℜ − 𝛾). 

Since 𝛾 is an intuitionistic fuzzy 𝔥𝛼 open hemiring in (ℜ, ℋ), IF𝔥𝛼ℋCl(𝜇) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(1ℜ −

𝛾) = (1ℜ − 𝛾) which implies that IF𝔥𝛼ℋ𝐶𝑙(𝜇) is non-quasi-coincidence with 𝛾. Since 𝜆 ≤ 𝛾, 

IF𝔥𝛼ℋ𝐶𝑙(𝜇 ) is non-quasi-coincidence with 𝜆. 

(iii) ⇒ (i) Let 𝜆 ∈ 𝐼ℜ be an intuitionistic fuzzy 𝔥𝛼 open hemiring in (ℜ, ℋ) and let 𝜇 be non-

quasi-coincidence with 𝜆. Now, (1ℜ − 𝜆) is an intuitionistic fuzzy 𝔥𝛼 closed hemiring in (ℜ, ℋ) 

such that 𝜇 is non-quasi-coincidence with (1ℜ − 𝜆). By (iii), IF 𝔥𝛼ℋ𝐶𝑙(𝜇) is non-quasi-

coincidence with (1ℜ − 𝜆) and hence IF 𝔥𝛼ℋ𝐶𝑙(𝜇) ≤ 𝜆. Therefore, (ℜ, ℋ) is an intuitionistic 

fuzzy 𝔥𝛼 hemiring 𝑅0 space.  

Proposition 3.8. Let (ℜ, ℋ) be an IFℋSS. Then (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅0 space if and only if for every pair of intuitionistic fuzzy  hemirings 𝜇, 𝜂 ∈ 𝐼ℜ with 𝜇 being  

non-quasi-coincidence with 𝜂 and IF𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂), 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) is non-quasi-

coincidence with  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂).  

Proof. Suppose that an IFℋSS (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space.  

Let 𝜇, 𝜂 ∈ 𝐼ℜ with 𝜇 being non-quasi-coincidence with 𝜂 and IF𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). 

Then there exists an intuitionistic fuzzy hemiring 𝛿 ∈ 𝐼ℜ such that 𝛿 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇)  

and 𝛿 ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). If 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂), then 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). Hence  

𝛿 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂), but this is a contradiction.  

Thus ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂), that is, 𝜇 ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)). Since (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)) is an 

intuitionistic fuzzy 𝔥𝛼 open hemiring in (ℜ, ℋ) and (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 
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hemiring 𝑅0 space, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇)  ≤  (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)). Hence 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇)
  

is non-quasi-

coincidence with 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂).  

Conversely, assume that if for every pair 𝜇, 𝜂 ∈ 𝐼ℜ with 𝜇 is non-quasi-coincidence with  𝜂 

and IF𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂), 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) is non-quasi-coincidence with 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). 

Let 𝜂 ∈ 𝐼ℜ be an intuitionistic fuzzy 𝔥𝛼 open hemiring in (ℜ, ℋ). Let 𝜇 ≤ 𝜂 and 𝜈 ≰ 𝜂. Then 

𝜈 ≤ (1ℜ − 𝜂), 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜈) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(1ℜ − 𝜂) = (1ℜ − 𝜂). Since 𝜇 ≤ 𝜂, 𝜇  is non-quasi-

coincidence with (1ℜ − 𝜂) and also IF𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜈) ≤ (1ℜ − 𝜂) implies that 

IF𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ (1ℜ − 𝜂). By hypothesis, IF𝔥𝛼ℋ𝐶𝑙(𝜇) is non-quasi-coincidence with (1ℜ − 𝜂). 

This implies that IF𝔥𝛼ℋ𝐶𝑙(𝜇)  ≤ (1ℜ − 1ℜ + 𝜂) = 𝜂. Therefore, IF𝔥𝛼ℋ𝐶𝑙(𝜇)  ≤ 𝜂. Hence 

(ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space.   

Proposition 3.9. Let (ℜ, ℋ) be an IFℋSS and 𝜇, 𝜂 ∈ 𝐼ℜ  be an intuitionistic fuzzy hemirings. 

Then 𝜂 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) if and only if 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂).  

Proof. Suppose that 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂) and 𝜂 ≰ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇). By the definition of 

𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇), there exists an intuitionistic fuzzy 𝔥𝛼 open hemiring 𝜆 ∈ 𝐼ℜ such that  𝜇 ≤ 𝜆 

and 𝜂 ≰ 𝜆. Hence 𝜂 ≤ (1ℜ − 𝜆) which implies that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(1ℜ − 𝜆) =

(1ℜ − 𝜆). Then 𝜆 ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)). Since 𝜇 ≤ 𝜆, 𝜇 ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)). But this is a 

contradiction to 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). Hence 𝜂 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝑥𝜇).  

Conversely, suppose that 𝜂 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) and 𝜇 ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). Then 𝜇 ≤ (1ℜ −

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)) and |then 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)). Since 𝜂 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂) and 

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂)) ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇)), 𝜂 ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇)). But this is a contradiction 

to 𝜂 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇). Hence 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂).  

Proposition 3.10. Let (ℜ, ℋ) be an IFℋSS and 𝜇 , 𝜂 ∈ 𝐼ℜ be intuitionistic fuzzy hemirings. 

Then 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂) if and only if 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). 

Proof. Suppose 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂). Then there exists an intuitionistic fuzzy 

hemiring 𝛿 ∈ 𝐼ℜ such that 𝛿 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) and 𝛿 ≰ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂). Now consider 

𝛿 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇). By Proposition 3.9, 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿). This implies that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≤

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿). On the other hand, 𝛿 ≰ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂), by Proposition 3.9,  𝜂 ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿) 

which implies that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂) ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿). Since 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿) and  

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂) ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿), 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). 

Conversely, suppose that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). Then there exists an intuitionistic 

fuzzy hemiring 𝛿 ∈ 𝐼ℜ such that 𝛿 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) and 𝛿 ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). If 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂), 

then 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). Hence 𝛿 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). But this is contradiction. Then 

𝜇 ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). By Proposition 3.9, 𝜂 ≰  𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) and 𝜂 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂). Hence 

𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂).   

Proposition 3.11. Let (ℜ, ℋ) be an IFℋSS. If (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅0 space, then for each pair of an intuitionistic fuzzy hemirings 𝛼, 𝛽 ∈ 𝐼ℜ with  𝛼 is non-quasi-

coincidence with 𝛽, either 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) = 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) or 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) is non-quasi-

coincidence with  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽). 

Proof. Let (ℜ, ℋ) be an IFℋSS. Suppose that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) and 

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽).  
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Since 𝛼 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) and 𝛼 ≰ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽), thus 𝛼 ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽)),  

(1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽)) is an intuitionistic fuzzy 𝔥𝛼 open hemiring in (ℜ, ℋ). Since (ℜ, ℋ) is an 

intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≤ (1ℜ − 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽)). This is a 

contradiction to our assumption. Hence either 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) = 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) or  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) 

is non-quasi-coincidence with 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽).  

Proposition 3.12. Let (ℜ, ℋ) be an IFℋSS. If (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅0 space, then for each pair of intuitionistic fuzzy hemirings 𝜇, 𝜂 ∈ 𝐼ℜ with 𝜇 non-quasi-

coincidence with 𝜂 and IF𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂), 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) is non-quasi-

coincidence with  𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂). 

Proof. Suppose that an IFℋSS (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space. Let  

𝜇, 𝜂 ∈ 𝐼ℜ with 𝜇 be non-quasi-coincidence with 𝜂 and IF𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂). By 

Proposition 3.10,  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). Suppose that 𝐼𝐹𝔥𝛼ℋKer(𝜇) is quasi-coincid-

ence with 𝐼𝐹𝔥𝛼ℋKer(𝜂) for some 𝑧 ∈ ℜ. Let 𝜆 = 𝐼𝐹𝔥𝛼ℋKer(𝜇)(𝑧) ∧  𝐼𝐹𝔥𝛼ℋKer(𝜂)(𝑧) 

∈ (0,1]. Then 𝜆 ≤ 𝐼𝐹𝔥𝛼ℋKer(𝜇), 𝜆 ≤ 𝐼𝐹𝔥𝛼ℋKer(𝜂). Consider 𝜆 ≤ 𝐼𝐹𝔥𝛼ℋKer(𝜇), by 

Proposition 3.9 𝜇 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜆) which implies that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜆). Then by 

Proposition 3.11, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) = 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜆).  

Similarly, on the other hand, 𝜆 ≤ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂) implies that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂) = 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜆). 

This implies that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) = 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂) = 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜆). This is a contradiction to 

IF𝔥𝛼ℋ𝐶𝑙(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). Therefore, 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) is non-quasi-coincidence with 

𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜂).  

Definition 3.12. If an IFℋSS (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅1 space, then for 

each pair of intuitionistic fuzzy hemirings 𝜂1, 𝜂2 ∈ 𝐼ℜ such that  𝜂1 is non-quasi-coincidence 

with 𝜂2 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) ≠ 1ℜ, there exist intuitionistic fuzzy 𝔥𝛼 open 

hemirings 𝛾1 , 𝛾2  ≠ 1ℜ in (ℜ, ℋ) such that  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) ≤ 𝛾1,  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) ≤ 𝛾2 and   𝛾1 

is non-quasi-coincidence with 𝛾2 . 

Example 3.8. As defined in Example 3.1, (ℜ,  , +) is a hemiring. Let the membership values of 

two intuitionistic fuzzy hemirings  𝛾1, 𝛾2 ∈ 𝐼ℜ be defined by 𝛾𝜇1
, 𝛾𝜇2

: ℜ ⟶ [0,1] such that 

𝛾𝜇1
(0) = 0.3 𝛾𝜇2

(0) = 0.7 

𝛾𝜇1
(1) = 0.3 𝛾𝜇2

(1) = 0.7 

𝛾𝜇1
(2) = 0.3 𝛾𝜇2

(2) = 0.7 

Let the non-membership values of the two intuitionistic fuzzy hemirings  𝛾1, 𝛾2 ∈ 𝐼ℜ be defined 

by 𝛾𝜈1
, 𝛾𝜈2

: ℜ ⟶ [0,1] such that 

𝛾𝜈1
(0) = 0.7 𝛾𝜈2

(0) = 0.3 

𝛾𝜈1
(1) = 0.7 𝛾𝜈2

(1) = 0.3 

𝛾𝜈1
(2) = 0.7 𝛾𝜈2

(2) = 0.3 

Clearly ℋ = {0ℜ 21 ,,  ,1ℜ} is an IFℋS on ℜ. Then the ordered pair (ℜ, ℋ) is an IFℋSS. Then 

0ℜ 21 ,,  ,1ℜ are 𝐼𝐹𝔥𝛼ℋ𝐶𝑙𝑜𝑝𝑒𝑛𝑠.  
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Let the membership values of two intuitionistic fuzzy hemirings  𝜂1, 𝜂2  ∈ 𝐼ℜ be defined by 

𝜂𝜇1
, 𝜂𝜇2

: ℜ ⟶ [0,1] such that 

𝜂𝜇1
(0) = 0.1 𝜂𝜇2

(0) = 0.2 

𝜂𝜇1
(1) = 0.1 𝜂𝜇2

(1) = 0.2 

𝜂𝜇1
(2) = 0.1 𝜂𝜇2

(2) = 0.2 

Let the non-membership values of the two intuitionistic fuzzy hemirings  𝜂1, 𝜂2  ∈ 𝐼ℜ  be defined 

by 𝜂𝜈1
, 𝜂𝜈2

: ℜ ⟶ [0,1] such that 

𝜂𝜈1
(0) = 0.8 𝜂𝜈2

(0) = 0.6 

𝜂𝜈1
(1) = 0.8 𝜂𝜈2

(1) = 0.6 

𝜂𝜈1
(2) = 0.8 𝜂𝜈2

(2) = 0.6 

Then 𝜂1 is non-quasi-coincidence with 𝜂2 if there exist 𝛾1, 𝛾2  ∈ 𝐼ℜ  such that  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) =

𝛾1 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) = 𝛾2 and 𝛾1 is non-quasi-coincidence with 𝛾2. Thus 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) ≠

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2). Similarly, for every pair of intuitionistic fuzzy hemirings 𝜂1, 𝜂2 ∈ 𝐼ℜ with  𝜂1 

being non-quasi-coincidence with 𝜂2 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) ≠ 1ℜ, there exist 

𝛾1, 𝛾2 ∈ ℋ such that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) = 𝛾1, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) = 𝛾2 and  𝛾1 is non-quasi-coincidence 

with 𝛾2 true. Hence (ℜ, ℋ) is an intuitionistic fuzzy hemiring 𝑅1 space.  

Proposition 3.13. Let (ℜ, ℋ) be an IFℋSS. If (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅1 space, then (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space.  

Proof. Suppose that (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅1 space. Then for every  

pair 𝜂1, 𝜂2 ∈ 𝐼ℜ such that  𝜂1 is non-quasi-coincidence with  𝜂2 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) ≠

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) ≠ 1ℜ, there exist intuitionistic fuzzy 𝔥𝛼 open hemirings 1ℜ ≠ 𝛾1, 𝛾2 in (ℜ, ℋ) 

such that  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) ≤ 𝛾1,  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) ≤ 𝛾2 and   𝛾1  is non-quasi-coincidence with 𝛾2. 

This implies that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) is non-quasi-coincidence with 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2). By Proposition 

3.8, (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼  hemiring 𝑅0 space.   

Remark 3.1. The following Example 3.9 shows that the reverse assertion of Proposition 3.13 

needs not be true. 

Example 3.9. As defined in Example 3.1, (ℜ,  , +) is a hemiring. Let the membership values of 

four intuitionistic fuzzy hemirings  𝛾1, 𝛾2, 𝛾3, 𝛾4 ∈ 𝐼ℜ be defined by 𝛾𝜇1
, 𝛾𝜇2

, 𝛾𝜇3
, 𝛾𝜇4

: ℜ ⟶ [0,1] 

such that 

𝛾𝜇1
(0) = 0.3 𝛾𝜇2

(0) = 0.6 𝛾𝜇3
(0) = 0.7 𝛾𝜇4

(0) = 0.4 

𝛾𝜇1
(1) = 0.3 𝛾𝜇2

(1) = 0.6 𝛾𝜇3
(1) = 0.7 𝛾𝜇4

(1) = 0.4 

𝛾𝜇1
(2) = 0.3 𝛾𝜇2

(2) = 0.6 𝛾𝜇3
(2) = 0.7 𝛾𝜇4

(2) = 0.4 

Let the non-membership values of the four intuitionistic fuzzy hemirings 𝛾1, 𝛾2, 𝛾3 , 𝛾4  ∈ 𝐼ℜ be 

defined by 𝛾𝜈1
, 𝛾𝜈2

, 𝛾𝜈3
, 𝛾𝜈4

: ℜ ⟶ [0,1] such that 

𝛾𝜈1
(0) = 0.7 𝛾𝜈2

(0) = 0.4 𝛾𝜈3
(0) = 0.3 𝛾𝜈4

(0) = 0.6 

𝛾𝜈1
(1) = 0.7 𝛾𝜈2

(1) = 0.4 𝛾𝜈3
(1) = 0.3 𝛾𝜈4

(1) = 0.6 

𝛾𝜈1
(2) = 0.7 𝛾𝜈2

(2) = 0.4 𝛾𝜈3
(2) = 0.3 𝛾𝜈4

(2) = 0.6 
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Clearly, ℋ = {0ℜ 𝛾1,  𝛾2, 𝛾3,  𝛾4 ,1ℜ} is an IFℋS on ℜ. Then the ordered pair (ℜ, ℋ) is an 

IFℋSS. Clearly, (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space.  

Let the membership values of two intuitionistic fuzzy hemirings  𝜂1, 𝜂2  ∈ 𝐼ℜ be defined by 

𝜂𝜇1
, 𝜂𝜇2

: ℜ ⟶ [0,1] such that 

𝜂𝜇1
(0) = 0.6 𝜂𝜇2

(0) = 0.2 

𝜂𝜇1
(1) = 0.6 𝜂𝜇2

(1) = 0.2 

𝜂𝜇1
(2) = 0.6 𝜂𝜇2

(2) = 0.2 

Let the non-membership values of the two intuitionistic fuzzy hemirings  𝜂1, 𝜂2  ∈ 𝐼ℜ be defined 

by 𝜂𝜈1
, 𝜂𝜈2

: ℜ ⟶ [0,1] such that 

𝜂𝜈1
(0) = 0.3 𝜂𝜈2

(0) = 0.6 

𝜂𝜈1
(1) = 0.3 𝜂𝜈2

(1) = 0.6 

𝜂𝜈1
(2) = 0.3 𝜂𝜈2

(2) = 0.6 

Then 𝜂1 is non-quasi-coincidence with 𝜂2 if there exist  𝛾3 ,  𝛾4 ∈ 𝐼ℜ such that  𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) =

𝛾3 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2) = 𝛾4. Thus 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂1) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂2). But (𝛾3 + 𝛾4) > 𝐼ℜ. Hence, 

𝛾3  is quasi-coincidence with 𝛾4. Hence (ℜ, ℋ) is not an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅1 space. 

Proposition 3.14. Let (ℜ, ℋ) be an IFℋSS. Then (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅1 space if and only if for every pair of an intuitionistic fuzzy hemirings 𝛼, 𝛽 ∈ 𝐼ℜ such that  𝛼 

is non-quasi-coincidence with 𝛽 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≠ 1ℜ, there exist 1ℜ ≠ 𝜆1,

𝜆2 ∈ ℋ such that 𝛼 ≤ 𝜆1, 𝛽 ≤ 𝜆2 and 𝜆1 is non-quasi-coincidence with 𝜆2 and (ℜ, ℋ) is an 

intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space.  

Proof. Suppose that (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅1 space. Let 𝛼, 𝛽 ∈ 𝐼ℜ  

be two intuitionistic fuzzy hemirings in ℜ such that 𝛼 is non-quasi-coincidence with 𝛽  

and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≠ 1ℜ. Then there exist 1ℜ ≠ 𝜆1, 𝜆2 ∈ ℋ such that 

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≤ 𝜆1, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≤ 𝜆2 and 𝜆1 is non-quasi-coincidence with 𝜆2. Since 𝛼 ≤

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) and 𝛽 ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽), 𝛼 ≤ 𝜆1, 𝛽 ≤ 𝜆2 and 𝜆1 is non-quasi-coincidence with 𝜆2. 

Conversely, assume that for every pair of intuitionistic fuzzy hemirings 𝛼, 𝛽 ∈ 𝐼ℜ such  

that 𝛼 is non-quasi-coincidence with 𝛽 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≠ 1ℜ there exist  

1ℜ ≠ 𝜆1, 𝜆2 ∈ ℋ such that 𝛼 ≤ 𝜆1, 𝛽 ≤ 𝜆2 and 𝜆1 is non-quasi-coincidence with 𝜆2. Since 

(ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅0 space, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≤ 𝜆1, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≤ 𝜆2. 

Thus 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≤ 𝜆1, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≤ 𝜆2 and 𝜆1 is non-quasi-coincidence with 𝜆2. Hence 

(ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅1 space.   

Proposition 3.15. Let (ℜ, ℋ) be an IFℋSS. Then (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅1 space if and only if for every pair of intuitionistic fuzzy hemirings 𝛼, 𝛽 ∈ 𝐼ℜ where 𝛼 is non-

quasi-coincidence with 𝛽 such that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) is non-quasi-coincidence with 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽), 

there exist 1ℜ ≠ 𝜆1, 𝜆2 ∈ ℋ such that 𝛼 ≤ 𝜆1, 𝛽 ≤ 𝜆2 and 𝜆1 is non-quasi-coincidence with 𝜆2. 

Proof. The proof follows immediately from Definition 3.9 and Proposition 3.11.  

Proposition 3.16. Let (ℜ, ℋ) be an IFℋSS. Then the following statements are equivalent: 

(i) (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅1 space; 
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(ii) For any two intuitionistic fuzzy hemirings 𝛼, 𝛽 ∈ 𝐼ℜ where 𝛼 is non-quasi-coincidence 

with 𝛽, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≠ 1ℜ implies that there exist intuitionistic fuzzy 

𝔥𝛼 closed hemirings  𝜆1, 𝜆2 ∈ 𝐼ℜ in (ℜ, ℋ) such that 𝛼 ≤ 𝜆1, 𝛽 ≤ 𝜆2, 𝛼 ≰ 𝜆2, 𝛽 ≰ 𝜆1 

and 𝜆1 is non-quasi-coincidence with 𝜆2. 

Proof. (i) ⇒ (ii) Suppose that (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 𝑅1 space. Let  

𝛼, 𝛽 ∈ 𝐼ℜ with 𝛼 being non-quasi-coincidence with 𝛽 and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≠ 1ℜ. 

By Proposition 3.14, there exist two intuitionistic fuzzy 𝔥𝛼 open hemirings 𝜆1, 𝜆2 ∈ 𝐼ℜ in (ℜ, ℋ) 

such that 𝛼 ≤ 𝜆1, 𝛽 ≤ 𝜆2 and 𝜆1 is non-quasi-coincidence with 𝜆2. Take 𝜂 = (1ℜ − 𝜆2), 𝜈 =

(1ℜ − 𝜆1). Then 𝜂 and 𝜈 are intuitionistic fuzzy 𝔥𝛼 closed hemirings in (ℜ, ℋ), 𝛼 ≤ 𝜂, 𝛼 ≰

𝜈, 𝛽 ≰ 𝜂, 𝛽 ≤ 𝜈 and 𝜂 is quasi-coincidence with 𝜈. 

(ii) ⇒ (i) Let 𝛼, 𝛽 ∈ 𝐼ℜ such that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛼 ) ≠ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛽) ≠ 1ℜ. By (ii), there exist 

intuitionistic fuzzy 𝔥𝛼 closed hemirings 𝜂, 𝜈 ∈ 𝐼ℜ in (ℜ, ℋ) such that 𝛼 ≤ 𝜂, 𝛽 ≤ 𝜈, 𝛼 ≰ 𝜈,

𝛽 ≰ 𝜂 and 𝜂 is quasi-coincidence with 𝜈. This implies 𝛼 ≤ (1ℜ −  𝜈), 𝛽 ≤ (1ℜ − 𝜂). Therefore 

(1ℜ −  𝜈) and (1ℜ − 𝜂) are intuitionistic fuzzy 𝔥𝛼 open hemirings in (ℜ, ℋ) and (1ℜ −  𝜈) is 

non-quasi-coincidence with (1ℜ − 𝜂). By Proposition 3.14, (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 

hemiring 𝑅1 space.   

Proposition 3.17. Let (ℜ, ℋ) be an IFℋSS. Then (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring 

𝑅1 space if and only if for every pair of an intuitionistic fuzzy hemirings 𝛼, 𝛽 ∈ 𝐼ℜ with 𝛼 being 

non-quasi-coincidence with 𝛽 and 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝜇) ≠ 𝐼𝐹𝔥𝛼ℋ𝐾𝑒𝑟(𝛿), there exist intuitionistic 

fuzzy 𝔥𝛼 open hemirings 𝜆, 𝛾 ∈ 𝐼ℜ in (ℜ, ℋ) such that 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≤ 𝜆, 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿) ≤ 𝛾 

and  𝜆 is non-quasi-coincidence with 𝛾. 

Proof. The proof follows immediately from Proposition 3.10 since 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇) ≠

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝛿).  

4 Properties of intuitionistic fuzzy hemiring swelling 

and intuitionistic fuzzy hemiring shrinking via IFHSS 

In this section, the concepts of intuitionistic fuzzy hemiring shrinking and intuitionistic fuzzy 

hemiring swelling are introduced. Also, some propositions of them are studied. 

Definition 4.1. Let (ℜ, ℋ) be an IFℋSS. A family ℬ = {𝜇𝜆}𝜆∈Λ of intuitionistic fuzzy hemirings 

in ℜ is said to be an intuitionistic fuzzy overlapping family if there exists 𝑥 ∈ ℜ such that  

𝜇𝛼(𝑥) + 𝜇𝛽(𝑥) > 1, for all 𝛼, 𝛽 ∈ Λ.  

A family {𝜇𝜆}𝜆∈Λ is intuitionistic fuzzy non-overlapping if it is not intuitionistic fuzzy 

overlapping that is for every 𝑥 ∈ ℜ there exist 𝛼, 𝛽 ∈ Λ such that 𝜇𝛼(𝑥) + 𝜇𝛽(𝑥) ≤ 1. 

Definition 4.2. Let (ℜ, ℋ) be an IFℋSS. For 𝜆𝑖 ∈ 𝐼ℜ, 𝑖 ∈ 𝐽 where 𝐽 is an indexed set, the 

intuitionistic fuzzy hemiring swelling of the family 𝒜 = {𝜆𝑖 ∶  𝑖 ∈ 𝐽} is the family of 

intuitionistic fuzzy hemirings ℬ = {𝜇𝑖 ∈ 𝐼ℜ ∶  𝑖 ∈ 𝐽} such that 𝜆𝑖 ≤ 𝜇𝑖 for every 𝑖 ∈ 𝐽 and for 

every finite set of indices 𝑖1, 𝑖2, 𝑖3, … , 𝑖𝑚 ∈ 𝐽, the family {𝜆𝑖1
, 𝜆𝑖2

, 𝜆𝑖3
, … , 𝜆𝑖𝑚

} is an overlapping 

family if and only if {𝜇𝑖1
, 𝜇𝑖2

, 𝜇𝑖3
, … , 𝜇𝑖𝑚

} is an overlapping family.  
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An intuitionistic fuzzy hemiring swelling is said to be an intuitionistic fuzzy 𝔥𝛼 open 

(respectively, intuitionistic fuzzy 𝔥𝛼 closed) hemiring swelling if all of its members are 

intuitionistic fuzzy 𝔥𝛼  open (respectively, intuitionistic fuzzy 𝔥𝛼 closed) hemirings. 

Clearly, every intuitionistic fuzzy hemiring swelling  ℬ of a family 𝒜 satisfies the equality  

𝑂𝑟𝑑𝐼𝐹ℋ𝒜 = 𝑂𝑟𝑑𝐼𝐹ℋℬ. 

Definition 4.3. Let (ℜ, ℋ) be an IFℋSS. The intuitionistic fuzzy hemiring shrinking of  

the fuzzy cover 𝒜 = {𝜆𝑖 ∈ 𝐼ℜ ∶  𝑖 ∈ 𝐽} of (ℜ, ℋ) is defined to be the intuitionistic fuzzy cover 

ℬ = {𝜇𝑖 ∈ 𝐼ℜ ∶  𝑖 ∈ 𝐽} of (ℜ, ℋ) such that 𝜇𝑗 ≤ 𝜆𝑖 where 𝑗 ≤ 𝑖 for every 𝑖 ∈ 𝐽. An intuitionistic 

fuzzy hemiring shrinking is said to be an intuitionistic fuzzy 𝔥𝛼 open hemiring (respectively, 

intuitionistic fuzzy 𝔥𝛼 closed) shrinking if all of its members are intuitionistic fuzzy 𝔥𝛼 open 

(respectively, intuitionistic fuzzy 𝔥𝛼 closed) hemirings.  

Clearly, every intuitionistic fuzzy hemiring shrinking  ℬ of an intuitionistic fuzzy cover 𝒜 is 

an intuitionistic fuzzy refinement of 𝒜 and satisfies the inequality 𝑂𝑟𝑑𝐼𝐹ℋℬ ≤ 𝑂𝑟𝑑𝐼𝐹ℋ𝒜. 

Definition 4.4. A hemiring (ℜ, ℋ) is called an intuitionistic fuzzy 𝔥𝛼 hemiring normal if for 

each pair of intuitionistic fuzzy 𝔥𝛼 closed hemirings 𝜆 and 𝜇 of (ℜ, ℋ) with 𝜆 being non-quasi-

coincidence with 𝜇, there exist intuitionistic fuzzy 𝔥𝛼 open hemirings 𝛾 and 𝜂 such that 𝜆 ≤ 𝛾 

and 𝜇 ≤ 𝜂 and 𝛾 is non-quasi-coincidence with 𝜂.   

Proposition 4.1. Let (ℜ, ℋ) be an IFℋSS. Then the following statements are equivalent: 

(i) (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring normal space; 

(ii) For each intuitionistic fuzzy 𝔥𝛼 closed hemiring 𝛾 ∈ 𝐼ℜ and for each intuitionistic fuzzy 

𝔥𝛼 open hemiring 𝜆 ∈ 𝐼ℜ with 𝛾 ≤ 𝜆, there exists an intuitionistic fuzzy 𝔥𝛼 open 

hemiring 𝜂 ∈ 𝐼ℜ where 𝛾 ≤ 𝜂 such that IF𝔥𝛼ℋCl(𝜂) ≤ 𝜆; 

(iii) For each pair of intuitionistic fuzzy 𝔥𝛼 closed hemirings  𝛾, 𝜇 ∈ 𝐼ℜ with  𝛾 is non-quasi-

coincidence with 𝜇, there exists an intuitionistic fuzzy 𝔥𝛼 open hemiring 𝜂 ∈ 𝐼ℜ where 

𝛾 ≤ 𝜂 such that IF𝔥𝛼ℋCl(𝜂) is non-quasi-coincidence with 𝜇; 

(iv) For each pair of an intuitionistic fuzzy 𝔥𝛼 closed hemirings 𝛾, 𝜇 ∈ 𝐼ℜ with 𝛾 being non-

quasi-coincidence with 𝜇, there exist intuitionistic fuzzy 𝔥𝛼 open hemirings 𝜂, 𝜈 ∈ 𝐼ℜ 

where 𝛾 ≤ 𝜂 and 𝜇 ≤ 𝜈 such that IF𝔥𝛼ℋCl (𝜈) is non-quasi-coincidence with 

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂). 

Proof. (i) ⇒ (ii) Let (ℜ, ℋ) be an intuitionistic fuzzy 𝔥𝛼 hemiring normal space. Let 𝛾 ∈ 𝐼ℜ be 

an intuitionistic fuzzy 𝔥𝛼 closed hemiring and 𝜆 ∈ 𝐼ℜ be any intuitionistic fuzzy 𝔥𝛼 open 

hemiring with 𝛾 ≤ 𝜆. This implies that 𝛾 is non-quasi-coincidence with (1ℜ − 𝜆). Also, 𝛾 and 

(1ℜ − 𝜆) are intuitionistic fuzzy 𝔥𝛼 closed hemirings in (ℜ, ℋ). Since (ℜ, ℋ) is an intuitionistic 

fuzzy 𝔥𝛼 hemiring normal space, there exist intuitionistic fuzzy 𝔥𝛼 open hemiring  𝜂, 𝜈 ∈ 𝐼ℜ 

with 𝛾 ≤ 𝜂 and (1ℜ − 𝜆) ≤ 𝜈 such that  𝜂 is non-quasi-coincidence with 𝜈. This implies that 𝜂 ≤

(1ℜ − 𝜈) and hence  IF𝔥𝛼ℋCl(𝜂) ≤ 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(1ℜ − 𝜈) = (1ℜ − 𝜈), since (1ℜ − 𝜈) is an 

intuitionistic fuzzy 𝔥𝛼 closed hemiring. Since (1ℜ − 𝜆) ≤ 𝜈, (1ℜ − 𝜈) ≤ 𝜆. Therefore, 

IF𝔥𝛼ℋCl(𝜂) ≤ (1ℜ − 𝜈) ≤ 𝜆. Hence, IF𝔥𝛼ℋCl(𝜂) ≤ 𝜆. 

(ii) ⇒ (iii) Let  𝛾, 𝜇 ∈ 𝐼ℜ be two intuitionistic fuzzy 𝔥𝛼 closed hemirings with 𝛾 being non-

quasi-coincidence with 𝜇. Then 𝛾 ≤ (1ℜ − 𝜇), where (1ℜ − 𝜇) is an intuitionistic fuzzy 𝔥𝛼 open 
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hemiring. Therefore by (ii) there exists an intuitionistic fuzzy 𝔥𝛼 open hemiring  𝜂 ∈ 𝐼ℜ with  

𝛾 ≤ 𝜂 such that IF𝔥𝛼ℋCl(𝜂) ≤ (1ℜ − 𝜇). This implies that IF𝔥𝛼ℋCl(𝜂) is non-quasi-

coincidence with 𝜇.  

(iii) ⇒ (iv) Let  𝛾, 𝜇 ∈ 𝐼ℜ be intuitionistic fuzzy 𝔥𝛼 closed hemirings with 𝛾 being non-quasi-

coincidence with 𝜇. Then by (iii), there exists an intuitionistic fuzzy 𝔥𝛼 open hemiring  𝜂 ∈ 𝐼ℜ 

with  𝛾 ≤ 𝜂 such that IF𝔥𝛼ℋCl(𝜂) is non-quasi-coincidence with 𝜇. Again by (iii), there exists 

an intuitionistic fuzzy 𝔥𝛼 open hemiring  𝜈 ∈ 𝐼ℜ where 𝜇 ≤ 𝜈 such that IF𝔥𝛼ℋCl (𝜈) is non-

quasi-coincidence with 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜂).  

(iv) ⇒ (i) Let 𝛾, 𝜇 ∈ 𝐼ℜ be two intuitionistic fuzzy 𝔥𝛼 closed hemirings with 𝛾 being non-quasi-

coincidence with 𝜇. Then by (iv), there exist intuitionistic fuzzy 𝔥𝛼 open hemirings 𝜂, 𝜈 ∈ 𝐼ℜ 

where 𝛾 ≤ 𝜂 and 𝜇 ≤ 𝜈 such that IF𝔥𝛼ℋCl (𝜂) is non-quasi-coincidence with 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜈). 

This implies that  𝜂 is non-quasi-coincidence with 𝜈. Hence (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 

hemiring normal space.  

This completes the proof.   

Proposition 4.2. Let (ℜ, ℋ) be an intuitionistic fuzzy 𝔥𝛼 hemiring normal space and for every 

finite family {𝜆𝑖 ∈ 𝐼ℜ}
𝑖=1

𝑘
 of intuitionistic fuzzy 𝔥𝛼 closed hemirings there exists an intuitionistic 

fuzzy 𝔥𝛼 open hemiring swelling {𝜇𝑖 ∈ 𝐼ℜ}
𝑖=1

𝑘
 such that 𝜆𝑖 ≤ 𝜇𝑖. Moreover, if a family 

{𝛾𝑖 ∈ 𝐼ℜ}
𝑖=1

𝑘
 of intuitionistic fuzzy 𝔥𝛼 open hemirings satisfies the inequality 𝜆𝑖 ≤ 𝛾𝑖 for 𝑖 =

1, 2, 3, … , 𝑘, then for an intuitionistic fuzzy 𝔥𝛼 open hemiring swelling {𝛾𝑖 ∈ 𝐼ℜ}
𝑖=1

𝑘
, 

IF𝔥𝛼ℋCl(𝜇𝑖)  ≤ 𝛾𝑖  for 𝑖 = 1, 2, 3, … , 𝑘.  

Proof. Let {𝜆𝑖𝑗
∈ 𝐼ℜ, 𝑗 = 1, 2, … , 𝑚, 𝑖 = 1, 2, … , 𝑘} be an overlapping family of intuitionistic 

fuzzy 𝔥𝛼 closed hemirings in (ℜ, ℋ) which satisfies the condition that 𝜆1 is non-quasi-

coincidence with 𝜆𝑖𝑗
 , 𝑗 = 1, 2, … , 𝑚, 𝑖 = 1, 2, … , 𝑘 where 𝜆1 ∈ 𝐼ℜ is an intuitionistic fuzzy 𝔥𝛼 

closed hemiring in (ℜ, ℋ). Let 𝜂1 =∨𝑖=1
𝑘 (∧𝑗=1

𝑚 𝜆𝑖𝑗
), 𝑗 = 1, 2, … , 𝑚, 𝑖 = 1, 2, … , 𝑘. Then 𝜂1 is 

an intuitionistic fuzzy 𝔥𝛼 closed hemiring in (ℜ, ℋ) such that  𝜂1 is non-quasi-coincidence with 

𝜆1. Since (ℜ, ℋ) is an intuitionistic fuzzy 𝔥𝛼 hemiring normal space and  𝜂1 is non-quasi-

coincidence with 𝜆1, by Proposition 4.1, there exists an intuitionistic fuzzy 𝔥𝛼 open hemiring 𝜇1 

such that 𝜆1 ≤ 𝜇1 and IF𝔥𝛼ℋCl(𝜇1) is non-quasi-coincidence with 𝜂1. This implies that the 

family {𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇1),  𝜆2,  𝜆3, … , 𝜆𝑘} is an intuitionistic fuzzy 𝔥𝛼 closed hemiring swelling of 

the family {𝜆𝑖}𝑖=1
𝑘 . 

Assume that for 𝑖 = 1, 2, … , 𝑛 − 1 and 𝑛 < 𝑘, there is an intuitionistic fuzzy 𝔥𝛼 open 

hemiring 𝜇𝑖 such that 𝜆𝑖 ≤ 𝜇𝑖 and the family  {𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇1), 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇2), …, 

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇𝑛−1),  𝜆𝑛 , … , 𝜆𝑘} is an intuitionistic fuzzy 𝔥𝛼 closed hemiring swelling of the family 

{𝜆𝑖}𝑖=1
𝑘 . Let 

𝔉 = { 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇1)𝑗 , 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇2)𝑗, … , 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇𝑛−1)𝑗 , 𝜆𝑛𝑗
, … , 𝜆𝑘𝑗

, 𝑗 = 1, 2, … , 𝑚 } 

be an overlapping family of an intuitionistic fuzzy 𝔥𝛼 closed hemirings in (ℜ, ℋ) and for any 

𝑗, 𝛼𝑖𝑗
 be the members of 𝔉 which satisfies the condition 𝛼𝑖𝑗

 is non-quasi-coincidence with 𝜆𝑛 ,

𝑗 = 1, 2, … , 𝑚, 𝑖 = 1, 2, … , 𝑘. Let 𝜂𝑛 =∨𝑖=1
𝑘 (∧𝑗=1

𝑚 𝛼𝑖𝑗
). Then 𝜂𝑛 is an intuitionistic fuzzy 𝔥𝛼 
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closed hemiring in (ℜ, ℋ) such that  𝜂𝑛 is non-quasi-coincidence with 𝜆𝑛. Again by 

Proposition 4.1, there exists an intuitionistic fuzzy 𝔥𝛼 open hemiring 𝜇𝑛 such that 𝜆𝑛 ≤ 𝜇𝑛 and 

𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇𝑛) is non-quasi-coincidence with 𝜂𝑛. Hence the family  

{𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇1), 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇2), 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇3), … , 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇𝑛),  𝜆𝑛+1, … , 𝜆𝑘} 

is an intuitionistic fuzzy 𝔥𝛼 closed hemiring swelling of the family {𝜆𝑖}𝑖=1
𝑘 . Similarly, there are 

some intuitionistic fuzzy 𝔥𝛼 open hemirings 𝜇1, 𝜇2, . . . , 𝜇𝑘  such that 𝜆𝑖 ≤ 𝜇𝑖 for 𝑖 = 1, 2, … , 𝑘 

and the family {𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇𝑖)}𝑖=1
𝑘  is an intuitionistic fuzzy 𝔥𝛼 closed hemiring swelling of the 

family {𝜆𝑖}𝑖=1
𝑘 . Clearly, the family {𝜇𝑖 }𝑖=1

𝑘  is the required intuitionistic fuzzy 𝔥𝛼 open hemiring 

swelling of the family {𝜆𝑖}𝑖=1
𝑘 .  

Assume that a family {𝛾𝑖 ∈ 𝐼ℜ}
𝐼=1

𝑘
 of intuitionistic fuzzy 𝔥𝛼 open hemirings of (ℜ, ℋ) 

satisfies 𝜆𝑖 ≤ 𝛾𝑖  for 𝑖 = 1, 2, … , 𝑘. Then by Proposition 4.1, there exists an intuitionistic fuzzy 

𝔥𝛼 open hemiring 𝜇𝑖 ∈ 𝐼ℜ such that 𝜆𝑖 ≤ 𝜇𝑖  and 𝐼𝐹𝔥𝛼ℋ𝐶𝑙(𝜇𝑖) ≤ 𝛾𝑖   for 𝑖 = 1, 2, … , 𝑘.  

5 Conclusion 

In this paper intuitionistic fuzzy hemiring structure spaces axioms are studied and established 

with examples. Also, the concept of an intuitionistic fuzzy hemiring shrinking and an 

intuitionistic fuzzy hemiring swelling and an intuitionistic fuzzy hemiring 𝔥𝛼 normal spaces are 

introduced and some of its properties are studied. In further study intuitionistic fuzzy hemiring 

may be extended in covering dimension of intuitionistic fuzzy hemiring 𝔥𝛼 normal spaces.    
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