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1 Introduction

The idea of fuzzy sets is essential to many scientific disciplines, including computer science,
engineering and pure mathematics. Almost every branch of mathematics has been influenced by
fuzzy sets since Zadeh [18] introduced the concept in 1965. Fuzzy topological space theory was
first proposed and explored by Chang [11] in 1968. Njasted [15] introduced a-open set, Abbas
[1] provided h-open set. The generalized fuzzy open set has gained considerable attention, as
open sets from the foundation of topological structures. Singal, Rajvansi and Bin Shahna
presented the idea of fuzzy a-open sets in [9, 17]. As a significant extension of fuzzy open sets,
fuzzy a-open sets have been proposed. The fuzzy a-open sets are a helpful bridge in the study
of sensitive topology since they are weaker than some other generalized sets but stronger than
fuzzy open sets. Numerous academics have expanded and examined different generalizations of
fuzzy sets, such as Pu and Liu [16], Azad [7]. The concepts of fuzzy a-open sets further enriches
this line of research by establishing a bridge between classical open sets and other generalized
open sets, enabling more comprehensive understanding of fuzzy topological structures.

Ali et al. [2, 3] investigated the concepts of hemirings and fuzzy hemirings. The concept of
intuitionistic fuzzy sets (IFSs) was introduced by Atanassov [5], in which each element has a
membership degree and a non-membership degree, with the sum of these being limited to be less
than or equal to one. Hutton [10] was the first to suggest the idea of fuzzy normal spaces. Kubiak
[14] established many interesting properties of fuzzy normal spaces.

This paper introduces and establishes some properties of intuitionistic fuzzy hemiring
structure spaces, intuitionistic fuzzy ha open and closed hemirings. The notions of intuitionistic
fuzzy hemiring shrinking, intuitionistic fuzzy hemiring swelling and intuitionistic fuzzy
hemiring ha normal spaces are presented in this paper, along with some of its characteristics.

2 Preliminaries

In this section some basic definitions are given.

Definition 2.1. [6] Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS for short)
A is an object having the form A = {{(x,u,(x),v,(x)):x € X}, where the functions
pa(x),v4(x): X - [0,1] define, respectively, the degree of membership and the degree of non-
membership of the element x € X to the set A, which is a subset of X, and for every element
Xx€X,0=<pus(x)+vylx) <1.

Definition 2.2. [12] An intuitionistic fuzzy topology (IFT for short) on a non-empty set X is a
family t of IFSs in X satisfying:

@ 0.1.€r7,

(b) G,nNnG, €etforanyG,,G, €T,

(©) UG, € forany family {G; | j e T} c 7.

In this case, the pair (X, 7) is called an IFTS and any IFS in 7 is called an intuitionistic fuzzy
open set (IFOS for short) in X. The complement of intuitionistic fuzzy open set is intuitionistic
fuzzy closed set (IFCS for short) in X.
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Definition 2.3. [12] Let (X,7) be an IFTS and A = (x, u4, v,) be an IFS in X. Then the fuzzy
interior and fuzzy closure of A are defined by

Cl(A) =n{K:Kisan IFCSin X and A € X},
Int(A) =U {G:Gisan IFOS in X and G < A}.

Note that CI(A) is an IFCS and Int(A) is an IFOS in X. Further,
(@ AisanlIFCS in X if and only if CI(4) = 4;
(b) AisanIFOS an X if and only if Int(A4) = A.

Definition 2.4. [13] The intersection of all fuzzy open subsets of a fuzzy topological space (X, 7)
containing A is called the kernel of A (briefly Ker(A)), this means that

Ker(A)=n{G € T:A < G}.

Definition 2.5. [13] A fuzzy topological space (X, t) is called fuzzy R,-space (FR,-space, for
short) if for each fuzzy openset U and x, € U, Cl{x;} < U.

Definition 2.6. [13] A fuzzy topological space (X, 1) is called fuzzy R,-space (FR,-space, for

short) if for each two distinct fuzzy points x; and y, of X with Cl{x,} # Cl{y,}, there exist
disjoint fuzzy open sets U,V such that cl{x;} < U and cl{y,} < V.

Definition 2.7. [2] Let R be a hemiring. A fuzzy set u of R is said to be fuzzy hemiring of R if
it satisfies the following conditions:

(FHy): p(x +y) = min{u(x), u(»)};

(FHy): p(xy) = minfu(x), u(y)}; vVx,y € R.
Definition 2.8. [4] Let (X, T) be a fuzzy topological space. For ; € I¥ , i € J the swelling of
the family A = {A; : i € 3} is the family of fuzzy sets B = u; € I¥ : i € § such that A; < y;
for every i €3 and for every finite set of indices iy,i,,i3,...,0i,, €3, the family
{Aip Aiy iy, Ay} is an overlapping family if and only if {u,pi, piy o p, ) i an
overlapping family.

A fuzzy swelling is said to be a fuzzy open (closed) swelling if all its members are fuzzy

open (closed) sets.
Clearly, every fuzzy swelling B of a family A satisfies the equality Ord;.A = Ord,B.

Definition 2.9. [4] Let (X, T) be a fuzzy topological space. The fuzzy shrinking of the fuzzy
cover A = {J; : i € I} is defined to be the fuzzy cover B = p; € I* : i € J such that u; < A

where j < i for every i € J. A fuzzy shrinking is open (closed) if all its members are fuzzy open
(fuzzy closed) sets.

Clearly, every fuzzy shrinking B of a fuzzy cover A is a fuzzy refinement of A and
satisfies the inequality Ord;B < OrdsA.

Definition 2.10. [3] Let R be a hemiring. A fuzzy set u in R is defined as a mapping from R to
[0,1], the usual interval of real numbers. We denote by I? the set of all fuzzy sets in R.

Definition 2.11. [12] Let X be a non-empty set. A family B = {u,},¢a Of fuzzy sets in X is said
to be an overlapping family if there exists x € X such that u, (x) + ug(x) > 1, forall a, § € A.
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A family {u;},e4 is non-overlapping if it is not overlapping, that is, for every x € X there
exist a, B € A such that u, (x) + ug(x) < 1.

Definition 2.12. [8] A space X is called fuzzy normal if for each pair of fuzzy closed sets A and
B of X with A is non-quasi-coincidence with B, there exist fuzzy open sets U and V such that
A <Uand B <V and U is non-quasi-coincidence with V.

Definition 2.13. [11] A family A of fuzzy sets is a cover of a fuzzy set B if and only if B c U
{A |A € A }. Itisanopen cover ifand only if each member of A is an open fuzzy set. A subcover
of A is a subfamily of A4 which is also a cover.

3 Intuitionistic fuzzy hemiring structure space

In this section, the concept of an intuitionistic fuzzy hemiring R; (i = 1,2) spaces are initiated
and some of their attributes are studied. Throughout this paper R indicates a hemiring, the
collection of intuitionistic fuzzy hemirings in R is indicated by I*®, where I = [0,1].

Definition 3.1. Let R be a hemiring. Let H be a family of intuitionistic fuzzy hemirings over R
which satisfies the following axioms:

() Ox1g € H;

@iy If y,y, €EH, theny, Ay, EH

(il If y; € H foreach ieJ,thenv y; € H.

Then H is said to be an intuitionistic fuzzy hemiring structure (IFAH'S) on R and the ordered pair
(R, 70) is said to be an intuitionistic fuzzy hemiring structure space (IFF'SS). Every member of
 is said to be an intuitionistic fuzzy open hemiring. The complement of an intuitionistic fuzzy
open hemiring is called as an intuitionistic fuzzy closed hemiring.

Example 3.1. Let R = {0, 1, 2} be a set of integers modulo 3 with binary operations as follows:

0(1]2 +(0]1]2
0(0(0 0(01]2
0(1]2 111,2|0
021 21201

Then (R, -, +) is a hemiring. Let the membership values of two intuitionistic fuzzy hemirings
Y1, ¥2 € I* be defined by y,,,v,,: ® — [0,1] such that

¥, (0) = 0.2 ¥,,(0) = 0.4
¥, (1) = 0.4 ¥, (1) = 0.4
¥, (2) = 0.5 ¥.,(2) =05

Let the non-membership values of the intuitionistic fuzzy hemirings y;,y, € I* be defined by
Yoy Yu,s R — [0,1] such that
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¥y, (0) = 0.6 ,(0) = 0.5
¥, (1) =03 Y, (1) = 0.3
¥, (2) = 04 ¥, (2) = 0.3

Clearly £ = {0, ¥1,¥2, 1} isan IFFS on R. Then the ordered pair (R, H) is an IFHSS.

Definition 3.2. Let (R, H) be an IFAH'SS. Then for any A € I®, the intuitionistic fuzzy interior
of A denoted by IFFInt(A) and is defined as IFFHInt(1) = v{y € I*:y < Aandy € IFOK }.

Definition 3.3. Let (R, #) be an IFAH'SS. Then for any A € I%, the intuitionistic fuzzy closure
of A denoted by IFHCI(A) and is defined as IFHCI(A) = A {y €I®: A<yandy € IFC}[}.

Definition 3.4. Let R be a hemiring and (R, H) be an IFHSS. Any A eI®in (R, #) is said to
be an Intuitionistic Fuzzy a-open hemiring (IFa0%¢), if A < IF#Int (IFHCI(IFHInt(D)))

Example 3.2. As in Example 3.1, (R, -, +) is a hemiring. Let the membership values of the
intuitionistic fuzzy hemirings yy,v,,vs € I be defined by y,.,v,,,v,,: ® — [0,1] such that

Vu, (0) = 0.4 Yy, (0) = 0.4 ¥,,(0) = 0.4
Vu, (1) = 0.5 Vu,(1) = 0.5 ¥, (1) = 0.4
¥, (2) = 0.3 Vi, (2) = 0.4 ¥, (2) =03

Let the non-membership values of the intuitionistic fuzzy hemirings ¥1,v,,ys € I™ be defined
by Vv, Vv, Yot R — [0,1] such that

1v,(0) = 0.6 ¥,(0) = 0.5 Y, (0) = 0.6
1, (1) = 0.4 W, (1) = 0.4 Yo, (1) = 0.5
1, (2) = 0.6 W, (2) = 0.5 Y, (2) = 0.6

Clearly 7 = {0g, y1, 72, 1x} isan IFH'S on R. Then the ordered pair (R, H) isan IFAHSS. Then
Y3 IS IFaOH .

Definition 3.5. Any 1 € I® in (R, ) is referred to as an intuitionistic fuzzy h-open hemiring
(IF)OH), if A < IFHInt(AV p) suchthat u € H and u # 1.

Example 3.3. As defined in Example 3.2, (R, -, +) is a hemiring and y; € I®. Then y; is an
IFHOF.

Definition 3.6. Any intuitionistic fuzzy hemiring A is said to be intuitionistic fuzzy hHa-open
hemiring (IFhax OH) if A < IFHint(AV w) such that u € H* and u # 1 where H® is a
collection of all IFROH .

Example 3.4. As defined in Example 3.2, (R, -, +) is a hemiring and y; € I®. Then y; is an
IFhaOH .

Definition 3.7. Let (R, ) be an IFASS. Then for any A € I®, the intuitionistic fuzzy ha interior
of Ais denoted by IFhaH Int(A) and is defined as

IFpaFInt(1) = v{y € I®:y < 1 and y € I[FhaOH }.
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Example 3.5. As in Example 3.2, let (R, ) be an IFH'SS and y; € I®. Let the membership
value of an intuitionistic fuzzy hemiring A € I* be defined by Ay: R — [0,1] such that

1,(0) = 0.4
1,(1) =05
1,(2) =06

Let the non-membership value of the intuitionistic fuzzy hemiring A € I® be defined by
A,: R — [0,1] such that

2,(0) = 05
2,(1) =05
,(2) =04

Then IFhaH Int(A) = y5.

Definition 3.8. Let (R,H) be an IFHSS. Then for any A € I%, the intuitionistic fuzzy
ba closure of Ais denoted by IFhaH CI( A1) and is defined as

IFhaFCI(A) = r{y € I®: A<yandy € IFhaCH }.

Example 3.6. As in Example 3.2, let (R, ) be an IFH'SS. Let the membership value of an
intuitionistic fuzzy hemiring A € I** be defined by 1,,: ® — [0,1] such that

2,(0) = 0.3
2,(1) = 0.4
1,(2) =05

Let the non-membership value of the intuitionistic fuzzy hemiring A € I® be defined by
Ay: R — [0,1] such that

2,(0) = 0.5
2,(1) = 0.6
2,(2) = 0.4

Then IFhaH CI( 1) = y,.

Proposition 3.1. Every IFOH is an IFHOH .
Proof. Let (R, ) be an IFASS and A € I® be any IFOX. Then, 2 = Int(1) < Int(AV p)
for every non-empty hemiring u # 1g and u € H'*. Thus A is an IFHOH . L

Proposition 3.2. Every IFOH is an IFaO% .
Proof. Let (R,H)be an IFHSS and let 2 € I® be any IFOF. Therefore, 1 = Int(1) <
Int (CI(Int(2))). Thus A is an IFa07H. O

Proposition 3.3. Each IFHOH in any IFH'SS is an IFhaOH .

Proof. Let (R, H) be an IFH'SS and let 2 € I® be any IFHOF . Then, for each IFH that is
U#+0g u#lg and ueH, A<Int(Av ). Also, every IFOH is an IFaOH gives uis
IFaOH . Therefore, A is an IFhaOH . L]

Proposition 3.4. Any IFOH inany IFH'SS is an IFhaOH .
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Proof. Let (R, ) be an IFA'SS and let A € I* be any IFOZ . Since each IFO is IFhOZ, then
A is IFHOH . By Proposition 3.3, we get that 4 is an IFhaOH . [

Definition 3.9. Let (R, ) be an IF'SS and A € I®. The intuitionistic fuzzy ha hemiring kernel
of A2 (IFbaFKer(1)) is defined as IFhaH Ker(A) = A{u: A < wand u € IFHaOH }.

Proposition 3.5. Let (R, 7£) be an IFZSS and let y,n € I® be any two intuitionistic fuzzy
hemirings. If y <n, then IFpaH Ker(y) < IFhpaFH Ker(n).

Proof. Let (R, H) be an IFH'SS and let y,n € I* be any two intuitionistic fuzzy hemirings. Let
Yy <n. Then IFpaHKer(y) = A{y;: v < u; and y; € IFhaOH} and IFhaFKer(n) = A
{a;:n < a; and a; € IFhaOFH}, i € J, where J is an indexed set. Since y <1, each y; < a;.
Therefore, A u; < A a; This implies that IFpaF Ker(y) < IFhaF Ker(n). O

Proposition 3.6. Let (R, I') be an IFAH'SS. Then the following statements hold true:

(i)  For any intuitionistic fuzzy hemiring A € I*, 1 < IFhaF Ker(A);

(i) 2 € I®isan intuitionistic fuzzy ha open hemiring then A= IFha Ker(A).
Proof. (i) Let (R,7) be an IFASS and A € I® be any intuitionistic fuzzy hemiring. By
definition IFhaH Ker(A) = A {u; : A < u; and y; € IFha0F}, i € J, where J is an indexed set.
Since A < u; foreveryu;, A <Au;. Thus A < IFhaH Ker(A).

(i) Let (R, ) be an IFHSS and 2 € I® be any IFhaOF . By (i), A < IFhaF Ker(A). Also,
IFbaFtKer(A) = A{y; : A <u; and u; € IFhaOH}, i € J, where J is an indexed set. Since
A €% isIFhaOH, Ay; < A. Therefore, IFhaH Ker(1) < A. Hence, A = IFhaFH Ker(1). O

Definition 3.10. Any IFH'SS (R,H) is called an intuitionistic fuzzy ha hemiring R, space
if for every intuitionistic fuzzy ha open hemiring A € I® in (R, H) and for every y € I® with
Y < A, IFhaOHCl(y) < A.

Example 3.7. As in Example 3.1, (R, -, +) is a hemiring. Let the membership values of two
intuitionistic fuzzy hemirings n,,7, € I* be defined by Ny Nuys R — [0,1] such that

Ny, (0) = 0.4 Nu,(0) = 0.3
My, (1) =05 Ny, (1) = 0.5
Ny, (2) =02 Ny, (2) = 0.2

Let the non-membership values of the intuitionistic fuzzy hemirings 7,1, € I* be defined by
My, M, R — [0,1] such that

m,(0) =04 1v,(0) = 0.5
m,(1) =03 My, (1) = 0.4
m,(2) =05 7v,(2) = 0.6

Clearly, H ={0g, 11, 12, 1%} is an IFH'S on R. Then the ordered pair (R, H) is an IFH'SS.

Letn, € # and for any intuitionistic fuzzy hemiring y € I® withy < n,. Then IF haH Cl(y)
= (1 — ny). This implies that (1 — 1n,) =n4. Thus IFhaH Cl(y) =n,. Similarly, for everyn; €
Handy < n;, i €Jandy € R, IFhaHCl(y) = n; is true. Hence (R, H) is an intutionistic
fuzzy ha hemiring R, space.
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Definition 3.11. Let (R, H) be an IFA'SS. Any of two intutionistic fuzzy hemirings 2,7 € I* is
said to be an:

(i) Intuitionistic fuzzy quasi-coincidence if A(a) + n(a) > 1,Va € R

(i) Intuitionistic fuzzy non-quasi-coincidence if A(a) + n(a) < 1,Vva € R

Proposition 3.7. Let (R, ') be an IFAH'SS. Then the following statements are equivalent:

(i) (R, H) is an intuitionistic fuzzy ha hemiring R, space ;

(ii) For any intuitionistic fuzzy ha closed hemiring A2 € I® in (R, ) and an intuitionistic
fuzzy hemiring p € I® with u being non-quasi-coincidence with A, there exists an
intuitionistic fuzzy ha open hemiring y € I* in (R, ) such that 1 < y and p is non-quasi-
coincidence with y;

(iii) For any intuitionistic fuzzy ha closed hemiring 1 € I* in (R, ) and p is non-quasi-
coincidence with A, IFpaH Cl(u) is non-quasi-coincidence with A.

Proof. (i) = (ii) Let A, u € I™ where 1 is an intuitionistic fuzzy ha closed hemiring in (R, )
and u is non-quasi-coincidence with A.

This implies that 4 < (1 — A). Then by (i), IFhaH Cl(u) < (15 — A).

Let y = (1 — IFhaH Cl(u)), then y is an intuitionistic fuzzy ha open hemiring in (R, )
and also A < (1 — IFhaH Cl(w)) implies 1 < y.

Since u < IFhaH Cl(p), u < (1 — (1 — IFhaFH Cl(w))). This implies that 4 < (15 — ).
Then u is non-quasi-coincidence with y. Hence 2 < y and u is non-quasi-coincidence with y.

(i) = (iii) Let A, € I® and A is an intuitionistic fuzzy Ha closed hemiring in (R, H) and u is
non-quasi-coincidence with A. Then by (ii), there exists an intuitionistic fuzzy ha open hemiring
y € I® such that 1 < y and u is non-quasi-coincidence with y. This implies that u < (15 — ).
Since y is an intuitionistic fuzzy ha open hemiring in (R, H), IFhaH Cl(u) < IFhaH Cl(1y —
v) = (1 — y) which implies that IFhaF CI(w) is non-quasi-coincidence with y. Since 2 <,
IFhaF Cl(u ) is non-quasi-coincidence with A.

(iii) = (i) Let A € I be an intuitionistic fuzzy ha open hemiring in (R, ) and let u be non-
quasi-coincidence with 2. Now, (15 — A) is an intuitionistic fuzzy ha closed hemiring in (R, H)
such that u is non-quasi-coincidence with (14 — A). By (iii), IFbad Cl(u) is non-quasi-
coincidence with (1 — A) and hence IF haH Cl(u) < A. Therefore, (R, ) is an intuitionistic
fuzzy ha hemiring R, space. [

Proposition 3.8. Let (R, #) be an IFAH'SS. Then (R, H) is an intuitionistic fuzzy ha hemiring
R, space if and only if for every pair of intuitionistic fuzzy hemirings u,n € I with u being
non-quasi-coincidence with n and IFhaH Cl(u) # IFhaF Cl(n), IFhaH Cl(u) is non-quasi-
coincidence with IFhaH Cl(n).
Proof. Suppose that an IFH'SS (R,H) is an intuitionistic fuzzy Ha hemiring R, space.
Let u,n € I™ with u being non-quasi-coincidence withn and IFbaH CI(u) # IFHaF Cl(n).
Then there exists an intuitionistic fuzzy hemiring & € I® such that § < IFhaHCIl(1)
and § £ IFhaHCl(n). If u <IFbhaHCl(n), then IFHhaHCl(n) < IFhaFCl(n). Hence
6 < IFhaH Cl(n), but this is a contradiction.

Thus £ IFhadCl(n), that is, u < (1 — IFhaF Cl(n)). Since (14 — IFhaF Cl(n)) is an
intuitionistic fuzzy ha open hemiring in (R,H) and (R,H) is an intuitionistic fuzzy ha
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hemiring R, space, IFhaH Cl(u) < (1 — IFhaHCl(n)). Hence IFHhaH Cl(u) is non-quasi-
coincidence with IFhaF Cl(n).

Conversely, assume that if for every pair u, n € I* with p is non-quasi-coincidence with 7
and IFpaH Cl(w) # IFhad Cl(n), IFHhaH Cl(u) is non-quasi-coincidence with IFhaH CL(n).
Let n € I be an intuitionistic fuzzy Ha open hemiring in (R, H). Let u < n and v £ 1. Then
v < (1 — 1), IFhaHCl(v) < IFHhaHCl(1 —n) = (14 —n). Since u <mn, u is non-quasi-
coincidence with (1@ —n) and also IFhaH Cl(n) # IFhaH Cl(v) < (1 —n) implies that
IFhaF Cl(n) # (14 — n). By hypothesis, IFhaH Cl(u) is non-quasi-coincidence with (1 — 7).
This implies that IFhaFCl(u) < (1 — 1 + 1) = n. Therefore, IFhaH Cl() < n. Hence
(R, 7) is an intuitionistic fuzzy ha hemiring R, space. O

Proposition 3.9. Let (R, H) be an IFASS and u,n € I® be an intuitionistic fuzzy hemirings.
Thenn < IFpaH Ker(w) ifand only if u < IFhadH Cl(n).

Proof. Suppose that u < IFha¥Cl(n) and n < IFhaH Ker(u). By the definition of
IFhaH Ker(u), there exists an intuitionistic fuzzy ha open hemiring A € I® such that p < 2
and n £ A. Hence n < (14 — ) which implies that IFhatCl(n) < IFhaH Cl(1ly — 1) =
(1g — ). Then A < (1 — IFbaH Cl(n)). Since u < A, u < (15 — IFHaH CL(n)). But this is a
contradiction to u < IFhaH Cl(n). Hence n < IFhaH Ker(x,).

Conversely, suppose that n < IFhaH Ker(u) and u £ IFhaHCl(n). Then p < (1g —
IFbaHCl(n)) and [then IFhaH Ker(w) < (1 — IFHaH CL(n)). Since n < IFhaF Cl(n) and
IFhaH Cl(n)) < (1g — IFhaH Ker(u)),n < (1x — IFhaH Ker(w)). But this is a contradiction
ton < IFpaH Ker(u). Hence u < IFHhaH Cl(n). [

Proposition 3.10. Let (R, H) be an IFA'SS and u,n € I™ be intuitionistic fuzzy hemirings.
Then IFhaH Ker(p) # IFhaH Ker(n) if and only if IFhaH Cl(p) # IFhaH Cl(n).

Proof. Suppose IFhaH Ker(u) # IFhaH Ker(n). Then there exists an intuitionistic fuzzy
hemiring & € I® such that 6 < IFhatKer(n) and & < IFhaFKer(n). Now consider
6 < IFhaH Ker (). By Proposition 3.9, u < IFhaH CL(5). This implies that IFhaH Cl(u) <
IFHad Cl(S). On the other hand, § £ IFhaH Ker(n), by Proposition 3.9, n £ IFhaH CI(H)
which implies that IFhaH Cl(n) £ IFHhaH CI(5). Since [IFhaH Cl(u) < IFHhaH Cl(5) and
IFhaH Cl(n) % IFhaH CL(5), IFhaH Cl(u) + IFhaH Cl(n).

Conversely, suppose that IFhaH Cl(p) # IFhaH Cl(n). Then there exists an intuitionistic
fuzzy hemiring § € I such that § < IFhaH Cl(u) and § & IFhaH Cl(n). If u < IFhaH CL(7n),
then IFhaH Cl(p) < IFHad Cl(n). Hence § < IFhad Cl(n). But this is contradiction. Then
u £ IFhaH Cl(n). By Proposition 3.9, n £ IFhaH Ker(n) and n < IFhaH Ker(n). Hence
IFhaH Ker(u) # IFhaH Ker(n). U

Proposition 3.11. Let (R, H) be an IFHSS. If (R, H) is an intuitionistic fuzzy ha hemiring
R, space, then for each pair of an intuitionistic fuzzy hemirings a, B € I with « is non-quasi-
coincidence with B, either IFhaHCl(a) = IFhaH ClL(B) or IFhaH Cl(a) is non-quasi-
coincidence with IFhaH CL(B).

Proof. Let (R,H) be an IFHSS. Suppose that IFhaHCl(a) # IFhadH CI(B) and
IFhaH Cl(a) < IFhaFCl(B).
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Since a < IFhaHCl(a) and a £ IFhaHCI(B), thus a < (1g — IFhaHCL(BR)),
(1g — IFHa CL(B)) is an intuitionistic fuzzy ha open hemiring in (R, H). Since (R, H) is an
intuitionistic fuzzy Ha hemiring R, space, IFhaH Cl(a) < (1x — IFhaH CL(B)). This is a
contradiction to our assumption. Hence either IFhaH Cl(a) = IFhaH CL(B) or IFhaH Cl(a)
IS non-quasi-coincidence with IFhaH CL(B). [

Proposition 3.12. Let (R, H) be an IFAHSS. If (R, H) is an intuitionistic fuzzy ha hemiring
R, space, then for each pair of intuitionistic fuzzy hemirings u,n € I® with p non-quasi-
coincidence with n and IFhaH Ker(u) # IFhaH Ker(n), IFhatKer(u) is non-quasi-
coincidence with IFhaH Ker(n).

Proof. Suppose that an IFH'SS (R, #) is an intuitionistic fuzzy ha hemiring R, space. Let
u,m € I* with u be non-quasi-coincidence with n and IFhaH Ker(u) # IFhaH Ker(n). By
Proposition 3.10, IFhaH Cl(u) # IFhaH Cl(n). Suppose that IFhaF Ker(w) is quasi-coincid-
ence with IFhaHKer(n) for some z € R. Let A = IFhaHKer(u)(z) A IFhaFHKer(n)(z)
€ (0,1]. Then A < IFbhaHKer(u), A <IFhpaHKer(n). Consider A < IFhaHKer(u), by
Proposition 3.9 u < IFhaH CL(A) which implies that IFhaH Cl(p) < IFhaH CL(A). Then by
Proposition 3.11, IFhaH Cl(u) = IFHhaH CL(A).

Similarly, on the other hand, A < IFhaH{ Ker(n) implies that IFhat Cl(n) = IFhad CI(A).
This implies that IFhaF Cl(u) = IFhaF Cl(n) = IFhadCI(A). This is a contradiction to
IFhaH Cl(u) # IFhaFCl(n). Therefore, IFhatKer(u) is non-quasi-coincidence with
IFhaH Ker(n). [

Definition 3.12. If an IFF£SS (R,H) is an intuitionistic fuzzy ha hemiring R, space, then for
each pair of intuitionistic fuzzy hemirings n,, 1, € I® such that n, is non-quasi-coincidence
with n, and IFhaH Cl(n,) # IFHhaH Cl(n,) # 1g, there exist intuitionistic fuzzy Ha open
hemirings y,,y, # 1 in (R, H) such that IFhaH Cl(n,) < y,, IFhaHCl(n,) <y, and y,;
IS non-quasi-coincidence with y,.

Example 3.8. As defined in Example 3.1, (R, -, +) is a hemiring. Let the membership values of
two intuitionistic fuzzy hemirings y,,y, € I* be defined by Yy Yu,: R — [0,1] such that

¥, (0) = 0.3 ¥,.,(0) = 0.7
¥, (1) = 0.3 ¥, (1) = 0.7
¥, (2) = 0.3 ¥, (2) =07

Let the non-membership values of the two intuitionistic fuzzy hemirings y;,v, € I be defined
by vy, ¥v,: R — [0,1] such that

)/Vl (0) = 0'7 )/VZ (0) = 0.3
)/Vl(l) = 0'7 )/‘Vz(l) = 0.3
)/Vl (2) = 0'7 )/VZ (2) = 0.3

Clearly H ={0x,y,,7,,1x} isan IFHS on R. Then the ordered pair (R, H') is an IFH'SS. Then
Ox,7.,7,.15 are IFhaH Clopens.
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Let the membership values of two intuitionistic fuzzy hemirings n,,7n, € I* be defined by

Ny Ny, R — [0,1] such that

Let the non-membership values of the two intuitionistic fuzzy hemirings 1,1, € I® be defined

Nu,(0) =01 N, (0) = 0.2
Ny, (1) =01 Ny, (1) = 0.2
Ny, (2) =01 Ny, (2) = 0.2

by 1y, Mv,: R — [0,1] such that

1v,(0) = 0.8 1,,(0) = 0.6
1v,(1) = 0.8 m,,(1) = 0.6
1nv,(2) = 0.8 m,,(2) = 0.6

Then n, is non-quasi-coincidence with n, if there exist y,,y, € I® suchthat IFhaH Cl(n,) =
v: and IFhaH Cl(n,) =y, and y, is non-quasi-coincidence with y,. Thus IFhaH Cl(n,) #
IFhaH Cl(n,). Similarly, for every pair of intuitionistic fuzzy hemirings n,, n, € I* with 7,
being non-quasi-coincidence withn, and IFhaH Cl(n,) # IFhaH Cl(n,) # 1, there exist
Y1, Y2 € H such that IFhaFH Cl(n,) = y,, IFhad Cl(n,) =y, and y; is non-quasi-coincidence
with y, true. Hence (R, ) is an intuitionistic fuzzy hemiring R, space. O

Proposition 3.13. Let (R, H) be an IFAHSS. If (R,H) is an intuitionistic fuzzy ha hemiring
R, space, then (R, #) is an intuitionistic fuzzy ha hemiring R, space.

Proof. Suppose that (R, #) is an intuitionistic fuzzy ha hemiring R, space. Then for every
pair n;, 1, € I® such that 7, is non-quasi-coincidence with 7, and IFbhaHCl(n,) #
IFHhadCl(n,) # 1, there exist intuitionistic fuzzy ha open hemirings 1 # ¥4, ¥, in (R, H)
such that IFhaH Cl(n,) < v1, IFHaH Cl(n,) <y, and y; is non-quasi-coincidence with y,.
This implies that IFhaH Cl(n,) is non-quasi-coincidence with IFhaH Cl(n,). By Proposition
3.8, (R, H) is an intuitionistic fuzzy ha hemiring R, space. [

Remark 3.1. The following Example 3.9 shows that the reverse assertion of Proposition 3.13
needs not be true.

Example 3.9. As defined in Example 3.1, (R, -, +) is a hemiring. Let the membership values of
four intuitionistic fuzzy hemirings yi,¥,,¥3,¥a € I™* be defined by Yy Vi Yugr Yy s R — [0,1]
such that

Yu, (0) = 0.3 Y, (0) = 0.6 Yus (0) = 0.7 Yu,(0) = 0.4
Yu, (1) = 0.3 Yu, (1) = 0.6 Yu, (1) = 0.7 Yu, (1) = 0.4
Yu, (2) =03 Yu,(2) = 0.6 Yus (2) = 0.7 Yu,(2) = 0.4

Let the non-membership values of the four intuitionistic fuzzy hemirings vy, ¥,,¥s,vs € I be

defined by .., ¥y, Yuss Yo, R — [0,1] such that

%, (0) = 0.7 Y1, (0) = 0.4 Y4, (0) = 0.3 Yo, (0) = 0.6
Y, (1) =07 Yo, (1) = 0.4 Yo, (1) = 0.3 Yo, (1) = 0.6
%, (2) =07 Y, (2) = 0.4 Yo, (2) = 0.3 Yo, (2) = 0.6
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Clearly, H = {0g v1, V2, V3, V4 ,1x} is an IFH'S on R. Then the ordered pair (R, #) is an
IFH'SS. Clearly, (R, #) is an intuitionistic fuzzy ha hemiring R, space.

Let the membership values of two intuitionistic fuzzy hemirings n,,7n, € I* be defined by
Nuyr Muys R — [0,1] such that

M4, (0) = 0.6 N, (0) = 0.2
Ny, (1) = 0.6 Ny, (1) = 0.2
Ny, (2) = 0.6 Ny, (2) = 0.2

Let the non-membership values of the two intuitionistic fuzzy hemirings n,,7n, € I* be defined
by 1y, Mv,: R — [0,1] such that

17v,(0) =03 1,,(0) = 0.6
7,,(1) =03 m,,(1) = 0.6
7,,(2) =03 m,(2) = 0.6

Then n, is non-quasi-coincidence with n, if there exist y3, v, € I such that IFhaCl(n,) =
¥s and IFhaH Cl(n,) = y,. Thus IFhaH Cl(n,) # IFhaH Cl(n,). But (y5 + y,) > I*. Hence,
ys is quasi-coincidence with y,. Hence (R,H) is not an intuitionistic fuzzy ha hemiring
R, space.

Proposition 3.14. Let (R, ') be an IFAH'SS. Then (R, H) is an intuitionistic fuzzy ha hemiring
R, space if and only if for every pair of an intuitionistic fuzzy hemirings o, f € I*® such that «
is non-quasi-coincidence with g and IFhaH Cl(a) # IFhaH CL(B) # 1g, there exist 1 # A4,
A, € H such that @ < 44, B < 4, and A, is non-quasi-coincidence with A1, and (R, H) is an
intuitionistic fuzzy ha hemiring R, space.
Proof. Suppose that (R, ) is an intuitionistic fuzzy ha hemiring R, space. Let a, B € I®
be two intuitionistic fuzzy hemirings in R such that a is non-quasi-coincidence with g
and IFhaHCl(a) # IFhaH CL(B) # 1x. Then there exist 1 # A4,4, € H such that
IFhaH Cl(a) < A4, IFhaH CL(B) < A, and A, is non-quasi-coincidence with A,. Since a <
IFhaH Cl(a) and B < IFhaH CL(B), a < A4, B < A, and A, is non-quasi-coincidence with A,.
Conversely, assume that for every pair of intuitionistic fuzzy hemirings a, B € I® such
that « is non-quasi-coincidence with g and IFhaH Cl(a) # IFhaH ClI(f) # 1 there exist
1g # A4, A, € H such that @ < 44, B < A, and A, is non-quasi-coincidence with A,. Since
(R, H) is an intuitionistic fuzzy ha hemiring R, space, IFhaH Cl(a) < A;, IFHhaH CL(B) < A,.
Thus IFhaH Cl(a) < A4, IFHhaH CI(B) < A, and A, is non-quasi-coincidence with 4,. Hence
(R, H) is an intuitionistic fuzzy ha hemiring R, space. O

Proposition 3.15. Let (R, ') be an IFAH'SS. Then (R, H) is an intuitionistic fuzzy ha hemiring
R, space if and only if for every pair of intuitionistic fuzzy hemirings «, 8 € I* where « is non-
quasi-coincidence with £ such that IFpaH Cl(«) is non-quasi-coincidence with IFhaH CL(B),
there exist 14 # 4;,4, € H such that a < 4,, 8 < 4, and A, is non-quasi-coincidence with 2,.
Proof. The proof follows immediately from Definition 3.9 and Proposition 3.11. L]

Proposition 3.16. Let (R, H') be an IFH'SS. Then the following statements are equivalent:
(i) (R, H) isan intuitionistic fuzzy ha hemiring R, space;
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(i) For any two intuitionistic fuzzy hemirings a, B € I* where « is non-quasi-coincidence
with 8, IFhaH Cl(a) # IFHaH CI(B) # 1 implies that there exist intuitionistic fuzzy
ha closed hemirings A;,A, € I®in (R, H) suchthat a <A, <A, a A, B£ A
and A, is non-quasi-coincidence with A,.
Proof. (i) = (ii) Suppose that (R,H) is an intuitionistic fuzzy ha hemiring R, space. Let
a, B € I™ with a being non-quasi-coincidence with g and IFhaF Cl(a) # IFhaH CL(B) # 1.
By Proposition 3.14, there exist two intuitionistic fuzzy ha open hemirings A;,1, € I® in (R, H)
such that « < 4, B < 1, and A, is non-quasi-coincidence with A,. Take n = (1 — 1,), v =
(1 — A1). Then n and v are intuitionistic fuzzy ha closed hemirings in (R, ), a <n,a <
v, £ 1, B <vandn is quasi-coincidence with v.

(i) = (i) Let @, B € I® such that IFhaH Cl(a) # IFhaH CL(B) # 1. By (ii), there exist
intuitionistic fuzzy ba closed hemirings n,v € I® in (R, ) suchthat e <1, B <v,a £,
B < n and n is quasi-coincidence with v. This implies a« < (1 — v), B < (1 — ). Therefore
(1 — v) and (1 — n) are intuitionistic fuzzy ha open hemirings in (R, H) and (14 — v) is
non-quasi-coincidence with (1 — ). By Proposition 3.14, (R, H) is an intuitionistic fuzzy ba
hemiring R, space. L]
Proposition 3.17. Let (R, ') be an IFAH'SS. Then (R, H) is an intuitionistic fuzzy ha hemiring
R, space if and only if for every pair of an intuitionistic fuzzy hemirings a, B € I*® with a being
non-quasi-coincidence with § and IFhaH Ker(u) # IFhaH Ker(6), there exist intuitionistic
fuzzy ha open hemirings A,y € I® in (R, H) such that IFhaH Cl(u) < A, IFhaHCI(5) <y
and A is non-quasi-coincidence with y.

Proof. The proof follows immediately from Proposition 3.10 since I[FhaHCl(u) #
IFhaH CL(6). O

4 Properties of intuitionistic fuzzy hemiring swelling
and intuitionistic fuzzy hemiring shrinking via IFHSS

In this section, the concepts of intuitionistic fuzzy hemiring shrinking and intuitionistic fuzzy
hemiring swelling are introduced. Also, some propositions of them are studied.

Definition 4.1. Let (R, H') be an IFAH'SS. A family B = {u;},¢a of intuitionistic fuzzy hemirings
in R is said to be an intuitionistic fuzzy overlapping family if there exists x € R such that
to(x) + ug(x) > 1, forall a, B € A.

A family {u;},en is intuitionistic fuzzy non-overlapping if it is not intuitionistic fuzzy
overlapping that is for every x € R there exist a, § € A such that u, (x) + pug(x) < 1.

Definition 4.2. Let (R, H) be an IFHSS. For A; € I%, i € ] where J is an indexed set, the
intuitionistic fuzzy hemiring swelling of the family A ={A;: i € J} is the family of
intuitionistic fuzzy hemirings B = {Mi et e]} such that A; < u; for every i € J and for
every finite set of indices iy, i,, i3, ..., i,, €], the family {Ail,liz,liy ...,Aim} is an overlapping
family if and only if {u; , i, s, -, i, } is an overlapping family.
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An intuitionistic fuzzy hemiring swelling is said to be an intuitionistic fuzzy ha open
(respectively, intuitionistic fuzzy ha closed) hemiring swelling if all of its members are
intuitionistic fuzzy ha open (respectively, intuitionistic fuzzy ha closed) hemirings.

Clearly, every intuitionistic fuzzy hemiring swelling B of a family A satisfies the equality
Ord;ps A = OrdpsB.

Definition 4.3. Let (R,H) be an IFHSS. The intuitionistic fuzzy hemiring shrinking of
the fuzzy cover A = {A; € I* : i € J} of (R, 3) is defined to be the intuitionistic fuzzy cover
B ={u €I™: i €J}of (R,H)suchthat u; < 2A; where j < i for every i € J. An intuitionistic
fuzzy hemiring shrinking is said to be an intuitionistic fuzzy ha open hemiring (respectively,
intuitionistic fuzzy ha closed) shrinking if all of its members are intuitionistic fuzzy hHa open
(respectively, intuitionistic fuzzy ha closed) hemirings.

Clearly, every intuitionistic fuzzy hemiring shrinking B of an intuitionistic fuzzy cover A is
an intuitionistic fuzzy refinement of A and satisfies the inequality Ord;p+B < Ord;psA.

Definition 4.4. A hemiring (R, H) is called an intuitionistic fuzzy ha hemiring normal if for
each pair of intuitionistic fuzzy ha closed hemirings A and u of (R, 7) with A being non-quasi-
coincidence with p, there exist intuitionistic fuzzy ha open hemirings y and n such that A < y
and u < n and y is non-quasi-coincidence with 7.

Proposition 4.1. Let (R, H') be an IFH'SS. Then the following statements are equivalent:

(i) (R, H)is an intuitionistic fuzzy ha hemiring normal space;

(i)  For each intuitionistic fuzzy ba closed hemiring ¥ € I*® and for each intuitionistic fuzzy
ha open hemiring A € I® with y < A, there exists an intuitionistic fuzzy ha open
hemiring n € I® where ¥ < 7 such that IFhaH Cl(n) < A;

(iii) For each pair of intuitionistic fuzzy ha closed hemirings y, u € I® with y is non-quasi-
coincidence with p, there exists an intuitionistic fuzzy ha open hemiring n € I® where
v < n such that IFhaF Cl(n) is non-quasi-coincidence with y;

(iv) For each pair of an intuitionistic fuzzy ha closed hemirings y, p € I* with y being non-
quasi-coincidence with p, there exist intuitionistic fuzzy ha open hemirings n, v € I®
where y <n and u <v such that IFpaFCl (v) is non-quasi-coincidence with
IFhaFCl(n).

Proof. (i) = (ii) Let (R, ) be an intuitionistic fuzzy ha hemiring normal space. Let y € I be
an intuitionistic fuzzy ba closed hemiring and A € I® be any intuitionistic fuzzy ha open
hemiring with y < A. This implies that y is non-quasi-coincidence with (1% — A). Also, y and
(14 — A) are intuitionistic fuzzy Ha closed hemirings in (R, H). Since (R, H) is an intuitionistic
fuzzy ha hemiring normal space, there exist intuitionistic fuzzy ha open hemiring 1, v € I®
withy < nand (1 — A) < v such that 7 is non-quasi-coincidence with v. This implies that n <
(14 —v) and hence IFhaHCl(n) < IFhaH Cl(1g —v) = (1 —v), since (1 —v) is an
intuitionistic fuzzy ba closed hemiring. Since (1 —A) <v, (1 —v) < A. Therefore,
IFhaH Cl(n) < (1 —v) < A. Hence, IFhaH Cl(n) < A.

(ii) = (iii) Let y, u € I*® be two intuitionistic fuzzy ha closed hemirings with y being non-
quasi-coincidence with . Theny < (1 — ), where (1 — w) is an intuitionistic fuzzy ha open
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hemiring. Therefore by (ii) there exists an intuitionistic fuzzy ha open hemiring n € I* with
¥y <n such that IFhaFCl(n) < (14 —u). This implies that IFhaF Cl(n) is non-quasi-
coincidence with p.

(iii) = (iv) Let y, u € I*® be intuitionistic fuzzy ha closed hemirings with y being non-quasi-
coincidence with u. Then by (iii), there exists an intuitionistic fuzzy ha open hemiring n € I*
with y < n such that IFha3 Cl(n) is non-quasi-coincidence with p. Again by (iii), there exists
an intuitionistic fuzzy ba open hemiring v € I® where p < v such that IFhaF Cl (v) is non-
quasi-coincidence with IFhaH Cl(n).

(iv) = (i) Let y, u € I*® be two intuitionistic fuzzy ha closed hemirings with y being non-quasi-
coincidence with u. Then by (iv), there exist intuitionistic fuzzy ha open hemirings n, v € I®
where y < n and u < v such that IFhaF Cl (n) is non-quasi-coincidence with IFhaH Cl(v).
This implies that 7 is non-quasi-coincidence with v. Hence (R, ) is an intuitionistic fuzzy ha
hemiring normal space.

This completes the proof. L]

Proposition 4.2. Let (R, /) be an intuitionistic fuzzy ha hemiring normal space and for every
finite family {A; € Iﬁ’*}f=1 of intuitionistic fuzzy ha closed hemirings there exists an intuitionistic

fuzzy ha open hemiring swelling {u; € 15“}?=1 such that A; < u;. Moreover, if a family
{Vi € Iﬁ"}f=1 of intuitionistic fuzzy ha open hemirings satisfies the inequality A; < y; for i =
1,2,3,...,k, then for an intuitionistic fuzzy bHa open hemiring swelling {Vi € 19‘};,
IFhaH Cl(u;)) <y; fori =1,2,3,..., k.

Proof. Let {/’Lij et j=1,2,..,m i=1,2, k} be an overlapping family of intuitionistic
fuzzy ba closed hemirings in (R,H) which satisfies the condition that A, is non-quasi-
coincidence with /11',- Jj=1,2,..,m, i =1,2,..,k where ; € I is an intuitionistic fuzzy ha

closed hemiring in (R, #). Let n; =v& (/\j";1 Al-j),j =1,2,...,m i=12,..,k. Thenn, is
an intuitionistic fuzzy ba closed hemiring in (R, ) such that n, is non-quasi-coincidence with
As1. Since (R, ) is an intuitionistic fuzzy ha hemiring normal space and 1, is non-quasi-
coincidence with A, by Proposition 4.1, there exists an intuitionistic fuzzy ha open hemiring p,
such that 1, <y and IFhaH Cl(y,) is non-quasi-coincidence with n,. This implies that the
family {IFhaH Cl(u,), Ay, Ag, ..., A} is an intuitionistic fuzzy ha closed hemiring swelling of
the family {4;}<,.

Assume that for i =1,2,..,n—1 and n < k, there is an intuitionistic fuzzy bHa open
hemiring u; such that A; <w; and the family {IFhaHCl(u,), IFHaH Cl(uy), ...,
IFHaH Cl(pp—1), An -, Ak} is an intuitionistic fuzzy ha closed hemiring swelling of the family
A3y Let

§ = { IFDaHCl(uy) 1, IFDQHCL(3) oo, IFOQHCL =) jy Ay s Ay ] = 1,2, 01}

be an overlapping family of an intuitionistic fuzzy ba closed hemirings in (R,H) and for any
Jrai be the members of & which satisfies the condition a; IS non-quasi-coincidence with A,

ji=12,...,m, i=12, ..k Letn, =vk, (A2, al-j). Then n,, is an intuitionistic fuzzy Hha
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closed hemiring in (R,H) such that 7, is non-quasi-coincidence with A,. Again by
Proposition 4.1, there exists an intuitionistic fuzzy ha open hemiring p,, such that 1,, < u,, and
IFhaH Cl(u,) is non-quasi-coincidence with n,,. Hence the family

{IFha Cl(uy), IFHaF Cl(ty), IFHaF CL(ts), o, IFHAHCL(), Ay s i}

is an intuitionistic fuzzy ba closed hemiring swelling of the family {A,}*_,. Similarly, there are
some intuitionistic fuzzy ha open hemirings py, Hy, ..., Mg SUChthat A; < y; fori =1,2,..,k
and the family {IFhaH Cl(u;)}¥_, is an intuitionistic fuzzy ha closed hemiring swelling of the
family {1;}¥_,. Clearly, the family {u;}¥_, is the required intuitionistic fuzzy ha open hemiring
swelling of the family {4;}£,.

Assume that a family {y; € I‘R}f=1 of intuitionistic fuzzy ha open hemirings of (R, H)

satisfies 1; < y; fori = 1,2, ..., k. Then by Proposition 4.1, there exists an intuitionistic fuzzy
ha open hemiring y; € I*® such that 4; < y; and IFhaHCl(w;) <vy; fori=1,2,..,k. O

5 Conclusion

In this paper intuitionistic fuzzy hemiring structure spaces axioms are studied and established
with examples. Also, the concept of an intuitionistic fuzzy hemiring shrinking and an
intuitionistic fuzzy hemiring swelling and an intuitionistic fuzzy hemiring ba normal spaces are
introduced and some of its properties are studied. In further study intuitionistic fuzzy hemiring
may be extended in covering dimension of intuitionistic fuzzy hemiring ha normal spaces.
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