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Abstract: The purpose of this paper is to establish the connectedness in intuitionistic fuzzy
topological space. In this paper we give six notions of separatedness, connectedness and total
connectedness and one notion of T;-space in intuitionistic fuzzy topological space. Also, we find
a relation between classical topology and intuitionistic fuzzy topology. Further, we show that
connectedness in intuitionistic fuzzy topological spaces are productive and we demonstrate some
of its features.
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1 Introduction

The basic concept of a fuzzy set was given by Zadeh [40] in 1965, after then fuzzy topology by

Chang [13] in 1968. The generalized concept of intuitionistic fuzzy set was introduced by

Atanassov [9] which take into account both the degrees of membership and non-membership

subject to the condition that their sum does not exceed 1. Coker [11, 12, 14]-17] and his

colleagues introduced intuitionistic fuzzy topological spaces and connectedness in intuitionistic
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fuzzy topological spaces was introduced by Ozcag and Coker [29]. Islam et al. [23, 24], S. Das
[18], Lee et al. [25, 26], Minana et al. [28], M. Barile [10], R. Srivastava et al. [33, 34], Tiwari
et al. [38], Estiag Ahmed et al. [1-5], L. Ying-Ming et al. [39], Talukder et al. [35], Fang et al.
[19], Hasan et al. [20], Tamilmani [37], R. Islam et al. [22], M. K. Ahmad et al. [6], A. M. Ali
et al. [7, 8], Ramadan et al. [30], Immaculate et al. [21] and N. X. Tan et al. [36] subsequently
developed the study of intuitionistic fuzzy topological spaces by using intuitionistic fuzzy sets.
In this paper, we define six new notions of separatedness, connectedness and total connectedness
and one notion of T;-space in intuitionistic fuzzy topological space and some of their features.

2 Notation and preliminaries

Throughout this paper, X is a non-empty set, T is a topology, t is a fuzzy topology, T is
an intuitionistic topology and t is an intuitionistic fuzzy topology. A and u are fuzzy sets,
A = (uy,vy) is an intuitionistic fuzzy set. Particularly, by 0 and 1 we denote constant fuzzy sets
taking values 0 and 1, respectively.

Definition 2.1 [13]. Let X be a non-empty set. A family t of fuzzy sets in X is called a fuzzy
topology on X if the following conditions hold.

(1)0,1€t,
@ Anuetforall A,ue€t,
(3) U A; € t for any arbitrary family {4; € t,j € J}.

Definition 2.2 [14]. Suppose that X is a non-empty set. An intuitionistic set A on X is an object
having the form A = (X, A,, A;), where A; and A, are subsets of X satisfying A; N A, = ¢. The
set A, is called the set of members of A, while A, is called the set of non-members of A. In this
paper, we use the simpler notation A = (44, 4,) instead of A = (X, A,, A,) for an intuitionistic
set.

Definition 2.3 [9]. Let X be a non-empty set. An intuitionistic fuzzy set A (IFS, in short) in X is
an object having the form A = {(x, 4 (x),v4(x)): x € X}, where p, and v, are fuzzy sets in X
denoting the degree of membership and the degree of non-membership, respectively, subject to
the condition p,(x) + v, (x) < 1.

Throughout this paper, we use the simpler notation A = (uy,v4) instead of A=
{(x, uA(x),vA(x)): X € X} for IFSs.

Definition 2.4 [9]. Let X be a non-empty set and IFSs 4, B in X be given by A = (u4,v,) and
B = (up,Vvg) respectively, then

@ AS Bifuy(x) <pg(x)andvy(x) =vg(x) forall x € X,
(b)A=BifAS Band B C 4,

(C)A = (VA;MA);

(MANB = (uaNpp,vaUvp),

(e)AUB = (ug VU pup,va Nvp).
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Definition 2.5 [14]. Let {4; = (HAJ-»VAJ-) ,j € J} be an arbitrary family of IFSs in X. Then

@ n4;=(n HajUVa; ),

(© 0. =(0,1), 1. = (1,0).
Definition 2.6 [14]. An intuitionistic fuzzy topology (IFT, in short) on a non-empty set X is a
family 7 of IFSs in X satisfying the following axioms:

1)0.,1. €T,
(2)AnBert,forall A,B €,
(3) U A; € T for any arbitrary family {4; € 7,j € J}.

The pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS, in short), members
of t are called intuitionistic fuzzy open sets (IFOS, in short).

Definition 2.7 [32]. Let A = (u4,v4) be an IFS in X and U be a non-empty subset of X. The
restriction of A to U is an IFS in U, denoted by A|U and defined by A|U = (u4|U, v4|U).

Definition 2.8 [23]. Let (X, T) be an intuitionistic fuzzy topological space and U be a non-empty
subset of X, then t; = {A|U: A € 1} is an intuitionistic fuzzy topology on U and (U, ty) is called
subspace of (X, 7).

Definition 2.9 [32]. Let &, 8 € (0,1) and & + B < 1. An intuitionistic fuzzy point (IFP for short)
P(ap) Of X defined by p{g, gy = (x, iy, vp), for y € X

_(a if y=x (B if y=x
“P(y)_{o if yzx 20 "P(y)_{1 if y#x°

In this case, x is called the support of péca”g). An IFP pg‘a_ﬁ) is said to belong to an IFS
A = (x,uy,v,) Of X, denoted by pi, g) € A, if @ < py(x) and f = vy (x).
Proposition 2.1 [32]. An IFS A in X is the union of all IFP belonging to A.

Definition 2.10 [11]. Let A = (x, u4,v4) and B = (y, ug,vg) be IFSs in X and Y respectively.
Then the product of IFSs A and B denoted by AXB is defined by AXB =

X - X . -
{(x, Y), Ua _.u'BrVAxVB)} where (MA _.UB) (x,y) = mln(liA(x),llB(y)) and (VAXVB)(X; y) =
max(vA(x),vB(y)) for all (x,y) € X xY . Obviously, 0 < (,uA>_<uB) + (vA;(vB) < 1. This
definition can be extended to an arbitrary family of IFSs.

Definition 2.11 [34]. Two disjoint non-empty intuitionistic fuzzy subsets A = (uy4,v4) and
B = (up,vp) of an IFTS (X, ) are said to be separated if there exist U; € 7 (i = 1,2) such that
U 2AU,2BandU;NnA=U,NnB=0._.

Definition 2.12 [34]. Let (X, t) be an IFTS and A be an IFS in X which is strictly positive, i.e.,
A(x) > 0. (i.e., uy(x) > 0,v4(x) < 1,Vx € X). A pair U;,U, € tis called (C1)-separation of
AifUliA,UziA,U1UU2 =AandU1nU2 =0~.

74



Definition 2.13 [31]. A fuzzy topological space X is said to be disconnected if X = A U B, where
A and B are non-empty open fuzzy sets in X such that A n B = @. Hence a fuzzy topological
space X cannot be represented as the union of two non-empty, disjoint open fuzzy sets on X.

Definition 2.14 [27]. Let (X,7) be an intuitionistic fuzzy topological space. A family
{(u,vg,): 1 €J3 of IFOS in X is called open cover of X if U ug, = 1 and nvg, = 0. If every
open cover of X has a finite subcover, then X is said to be intuitionistic fuzzy compact (IF-
compact, in short).

Definition 2.15 [27]. A family {(u,, ve,): i € J} of IFOS in X is called (a, 3)-level open cover
of X ifUug, =aand Nvg, < witha +p < 1. If every (a, B)-level open cover of X has a
finite subcover, then X is said to be («, 8)-level IF-compact.

3 Connectedness in intuitionistic fuzzy topological space

In this section we define six new definitions of separatedness, connectedness and total
connectedness and one notions of T;-space in intuitionistic fuzzy topological space (IFTS, in
short) and established several properties of these notions.

Definition 3.1. Two disjoint non-empty intuitionistic fuzzy subsets A = (uy4,v4) and
B = (ug,vg) of an IFTS X are said to be separated if A and B neither contain a limit point of
the other, i.e., A and B are separated iff An B = (0,1) and An B = (0.1).

Definition 3.2. Two IFS’s A = (uu,v4) and B = (ug,vp) in X are called Q-separated for an
IFTS (X, t) if and only if there exist closed (open) IFS’s G = (ug,vg) and H = (uy,vy) in X
suchthat ACG,B S HandAnB = (0,1) =G NH.

Definition 3.3. An intuitionistic fuzzy subsets A = (uy4,v4) Of an IFTS X is disconnected if
there exist open intuitionistic fuzzy subsets G = (ug,vg) and H = (uy,vy) of X such that
(ANG)UANH)=(1,00and (ANnG)Nn(AnH)=(0,1). In this case, G UH is called a
disconnection.

Definition 3.4. An IFTS X is said to be disconnected if AU B = (1,0) and A n B = (0,1) where
A = (uy,v4) and B = (ug,vg) are non-empty open intuitionistic fuzzy subsets of X.

Theorem 3.1. Union of two non-empty separated intuitionistic fuzzy subsets of an IFTS X is
disconnected.

Proof. Let A = (uy,v4) and B = (ug,vg) are two non-empty separated intuitionistic fuzzy
subsets of an IFTS X, so ANnB = (0,1)and AnB = (0.1). LetG = B and H = A°. Then G
and H are open and (AUB) NG = (1,,0) and (AU B) N H = (1, 0) are non-empty disjoint
IFSs whose union is AU B. Thus G and H form a disconnection of AU B. Hence AU B is
disconnected. L]

Theorem 3.2. Consider M' = {A;}, where A; = (ua,,v4,) is a class of IF-connected subsets of
an IFTS X such that no two members of M are separated. Then B = U; 4; is IF-connected.
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Proof. Assume that B is not IF-connected. Let G = (ug, v¢) and H = (uy, vy) are two open IFS
of X such that G U H is an IF-disconnection of B. Now each A; € M is IF-connected and so is
contained in either G or H and disjoint from the other. Since any two members of 4; ,A4;, € M
are not separated and so 4;, U A;, is IF-connected, hence A;, U A;, is contained in either G or H
and disjoint from the other. Accordingly all the members of M and hence B = U; A; must be
contained in either G or H and disjoint from the other. But this contradicts the fact that G U H is
an IF-disconnection of B, hence B is IF-connected. 0

Theorem 3.3. Let G U H be a disconnection of an IFS A = (uy4,v4). ThenANn G and AN H are
separated IFSs.

Proof. Here A n G and A N H are disjoint, hence we need only to show that each IFS contains no
limit point of the other. Let p(;,, ), m,n € I be a limit point of A N G and sUPPOSe p(mn) € A N
H. Then H is an open IFS containing p(m»y and so H contains a point of A N G distinct from
Pimny 1.6, ANG)NH # (0,1).But (AnG)n(AnH) = (0,1) = (An G) N H. Accordingly
Pimn) € AN H. Similarly if p(, ) be a limit point of AN H, then pi ) € ANG. ThusAN G
and A N H are separated IFSs. [

Theorem 3.4. If an IFTS (X,7) is IF-disconnected and 7* 2 t then (X,7*) is also IF-
disconnected.

Proof. Given IFTS (X, t) is IF-disconnected. Let A, B € T where A = (uy,v4) and B = (ug, vg)
are non-empty open intuitionistic fuzzy subsets of X, then AU B = (1,0) and An B = (0,1).
Since t* 2 7 and A, B € 7 then obviously ,B € t*, hence AUB = (1,0) and An B = (0,1),
which implies that (X, 7*) is also IF-disconnected. O

Definition 3.5. An IFTS (X, ) is called

a) Intuitionistic fuzzy connected (IFC) (i) if (X, ) has no proper clopen (clopen means
closed-open) IFS.

b) IFC (ii) if there do not exist non-empty IFSs A,B in X which are separated and
AUB = (1,0).

¢) IFC (iii) if there is no clopen IFS A >> (0,1) which is C1 separated.

d) IFC (iv) if there do not exist A = (u4,v4), B = (ug,vg) € 7\{(0,1), (1.0)} such that
AUB=(r,0)with0<r<landAnB = (0,1).

e) IFC (v) iff for any a € I,, there exist no non-empty proper subset H € X such that
aly =a(ly, 1x_p) aly_y = a(lx_p 1y) €T

f) 1FC (vi) iff there exist no non-zero Q-separated IFSs A = (uy4,v4) and B = (ug,vg) in X
with AU B = (1,0).

Theorem 3.5. The following statements are equivalent:

a) IFTS (X, 1) is IFC (vi)

b) There do not exist two non-zero disjoint closed IFSs A = (uy4,v4) and B = (ug,vg),
where max(uy, ug) = 1.

¢) There do not exist two non-zero disjoint open IFSs A = (uy4,v4) and B = (ug, vg), Where

max(py, up) = 1.
d) IFTS (X, 1) is IFC (ii)
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Proof. (a) = (b): Let there exist IFSs A = (u4,v,4), B = (ug,vg) € ¢ suchthat A # B,AUB =
(1,0) and An B = (0,1) then clearly A and B are Q-separated. So that, (X, t) is not IFC (vi), a
contradiction to (a).

(b) = (c): If A,B € twhere A = (uy,v4),B = (ug,vg),AUB = (1,0) and A n B = (0,1) then
A and B closed which contradicts (b).

(c) = (d): If (X,7) isnot IFC (ii) then there exist A4, B € I* — {(1,0)} such that A, B are separated
and AUB = (1,0). Now 3G,H € tsuch that A G, B<S Hand GNnB = (1,0) =HnNA. But
then G and H satisfying G N H = (0,1) and G U H = (1,0) which contradicting (c).

(d) = (a): If there exist some IFS A = (14, 1,c) € TN 7€ —{(0,1),(1,0)}, then A = (14, 1,¢),
A€ = (1,¢,14) are two non-zero separated sets with max(1,,1,c) =1. This contradicts
(d). 0

Theorem 3.6. An IFTS (X, 1) is IF-connected if and only if there exists no non-empty IFOS A
and B in X such that A = B,

Proof. Necessity. Assume that A and B are two IFOSs in X such that A # (0,1) # B and
A = B¢, since B is an IFOS which implies that B¢ = A is an IFCS and B # (0,1) implies that
B¢ # (1,0),i.e.,A # (1,0). Hence there exists a proper IFS A as A # (0,1) and A # (1,0), such
that A is both IFOS and IFCS. But this is a contradiction that (X, t) is IF-connected.

Sufficiency. Let (X, ) is an IFTS and A is both IFOS and IFCS in X such that (0,1) # A #
(1,0). Here A = B. Inthis case B isan IFOS and 4 # (1,0). Thisimpliesthat, B = A¢ # (0,1),
which is a contradiction. Hence, there exist no proper IFS in X which is both IFO and IFC. So,
(X, 1) is IF-connected. [

Theorem 3.7. Let (X, T) be a topological space and (X, t) be its corresponding IFTS, where
T ={(1, 1Ac):A € T}. Then (X, T) is connected if and only if (X, 7) is IF-connected.

Proof. Suppose (X, T) is disconnected, so there exist two non-empty subsets A4, B of X such that
AUB=X,AnB =0.Since A,B €Tthenl, = (14,1,c) ETand 13 = (1p,15¢c) € 7.
Now, 1, U1l = (14,1,c) U (1p,15¢)
= (1, U 15,14 N 1pc)
= (Laus, L4¢n50)
= (L4us, 1(AUB)C)
= (1x,1p)
= (1,0).
Again, 1, N1z = (1,,1,c) N (1p,15¢)
= (14Nn1p,1,cU1kc)
= (Lanp, Lycype)
= (Lans 1(AnB)C)
= (15, 1x)
= (0,1).
So, (X, 1) is IF-disconnected. Hence (X, T) is connected if (X, 7) is IF-connected.
Conversely, suppose (X, t) is IF-disconnected. Since 14,15 € T so mm,0) and 1, N 15 =
(0,1), then we can write 1, U 15 = (1,0)
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= (14, 1,4¢) U (15, 15¢) = (1,0)
= (1,U15,1,c N 1) = (1,0)
= (Laup 14cnpc) = (1,0)
So,1,,p=1=1,=>1"101]=AUB = X.
Again, 1, n 15 = (0,1).
= (14, 1,4¢) N (1p,15¢) = (0,1)
= (14N 1p,1,c Ulge) = (0,1)
= (1ang> L4cupc) = (0,1).
S0, 1405 =0 =14 = 171(0,1] = An B = @. Hence (X, T) is disconnected.
So, (X, T) is connected if and only if (X, ) is IF-connected. [

Theorem 3.8. If (X,7) and (Y,d) are IF-connected space then (X X Y,t X §) is also IF-
connected.

Proof. Consider (X X Y, 7 X §) is not IF-connected then 34, B € t X § such that AU B = (1,0)
and AnB = (0,1). Since A, Betxdthen A=CXxD and B=E X F, where C = (uc,v¢),

E = (’u,E,VE) ET and D = ('u,D,VD),F = (MF, VF) € 6. NOW C XD = (HCXHD,VC>.<VD), Where

(e k) () = min(ue(0), o)) and (vesevp) (1) = max(ve (), (), V(x,y) €
7% &. Similarly, E X F = (uEqu,vE;(vF).

Now, AU B = (1,0) = (C x D) U (E x F) = (1,0)

= (MC%MD:VC).(VD) u (llE>_<.UF» VE;(VF) = (1,0)

= (min(uc (%), up (¥)) U min(pg (), pur (v)) , max(ve (x), vp () N max(vg (x), v (1)) =
(1,0)

i.e., min(uc(x), up () U min(ug (x), ur () = 1

= Either, min(,uc(x),,uD (y)) =1or, min(,uE(x),yF(y)) =1

= Either uc(x) = L, up(y) = 1or, pp(x) = Lup(y) =1

For, max(vc(x),vp (y)) N max(vE(x),vF(y)) =0

= max(vc(x),vD(y)) = 0 and max(vE(x),vp(y)) =0

= ve(x) =0,vp(y) =0,ve(x) =0,vp(y) =0

Case I: Suppose uc(x) =1, up(y) = 1.

Then CUE = (uc,ve) U (g, ve) = (e U g, ve Nvg) = (1,0) as pe(x) = 1.

Case Il: Suppose ug(x) =1, up(y) = 1.

ThenD UF = (up,vp) U (up, Vi) = (up U pp, vp Nvp) = (1,0) as up(y) = 1.
Again,ANnB=(01) =(CxD)n(ExXxF)=(01)

= (MC>_<.U'D1VC>.(VD) n (#E>_<MF» VE).(VF) = (1,0)

= (min(ﬂc(x);ﬂu(yn n min(.UE(x);ﬂF(J’)) ,max(vc(x),vD (}’)) U maX(VE(x):VF(y))) =
(0,1),

i.e., min(ue (), up () N min(pg (x), pp(y)) = 0

= min(ﬂc(x),uD(y)) = 0 and min(#E(x)'#F(Y)) =0
= Either us(x) = 0, or up(y) = 0 and either ug(x) = 0or up(y) =0
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Again, for, max(vc(x),vD (y)) U max(vE(x),vF(y)) =1
=Either max(vc(x),vD(y)) =1or, max(vE(x),vF(y)) =1
= Either ve(x) = 1 orvp(y) = 1, or, either vg(x) = 1 orve(y) = 1

Case IlI: Suppose pq-(x) = 0,0r up(y) = 0and vq(x) = 1.
Then C N E = (uc,ve) N (g, ve) = (pe N pp, ve U vg) = (0,1).
Case IV: Suppose ug(x) =0 or us(y) = 0and vp(y) = 1.
Then D N F = (up,vp) N (up, vi) = (tp N i, vp U vp) = (0,1).
So, (X,7) and (Y,8) are not connected, hence if (X,t) and (Y,&) are IF-connected then
(X x Y, T x §) is IF-connected. O
Definition 3.6. An IFTS (X,7) is said to be totally IF-connected if for each pair of IFP
Pa,prdp,e € X, there exists a disconnection G U H of X withp, s € G and g, € H.
Theorem 3.9. The continuous image of a totally IF-disconnected space is totally IF-
disconnected.
Proof. Let f: (X,7) — (Y, 8) be a continuous function from an IFTS (X, ) to (Y, §). Consider
Xa,p Yrs D€ tWO IFP inY = f(X). Since f is continuous f~*(x,,z) and f~'(y;,s) are IFP in X.
If (X,7) is totally IF-disconnected then there exists a disconnection G U H of X where
f_l(xa,ﬁ) € G = (g, ve) and f_l(yr,s) € H = (uy, vy). Since f_l(xa,ﬁ) EG>xqp € f(G)
and f'(y,.s) € H = y,5 € f(H). Again G U H is a disconnection of X such that G UH =
(1,0)0and n H = (0,1).
Here, G UH = (1,0) = (ug,vg) U (ug, vy) = (1,0)
= (g U gy, ve Nvy) = (1,0)
And G NnH = (0,1) = (ug, vg) N (uy,vy) = (1,0)
= (U6 N v U vy) = (1,0).
So, f(G) = (f (ue), f(vg)) and f(H) = (f (un), f (Vi) gives
f@G@VfH) = (f(ue) fve)) U (f (uw), f (Vi)
= (f(ue) Y fun), f(ve) N f(vi))
= ((ug VU uH)(f_l(x)),(vG n VH)(f_l(x)))
= (1,0).
And £(G) N f(H) = (f (ue), f(ve)) 0 (f (), f (Vi)
= (f(ue) N fur), f(ve) U f(vi))
= ((ug N IJH)(f_l(x));(VG U VH)(f_l(x)))
= (0,1).
So, Y = f(X) is totally IF-disconnected. L

Definition 3.7. An IFTS (X, 1) is Ty-space if V IF-singleton x, g, Vimn € X With x5 # Vi n,
then 34 = (4, v4), B = (up,vg) ETSUChthat x, 53 € A,y € Aand x4 5 & B, Ymn € B.

Theorem 3.10. Every IF- T; space is totally IF-disconnected space.
Proof. Let (X,7) be an IFTS and also IF- T; space. If x4, Vimn € X With x4 g # ¥, then

3A = (s, va), B = (ug,vg) ETsuchthatx,z € A, Yy, € Aand x5 & B,y € B.
Now
Xap €A = (Uava) = ua(x) = a,v4(x) < B,

Xap & B = (up,vg) = up(x) < a,vg(x) > B,
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)’m,n e A = (,uArvA) = .UA(}’) < m;VA(}’) > n,
Ymn € B = (up,vp) = ug(y) = m,vg(y) < n.

So, (AUB)(x) = (uy Y ug,vanvg) > (a,B),(AnB)(x) = (uy N g, vy Uvg) < (a,B) and
(AUB)(y) = (ua U pp,va Nvg) > (m,n), (AN B)(y) = (ua N pp,va Uvg) < (m,n). Hence
A U B is a disconnection of X, so (X, 7) is totally IF-disconnected. [

4 Conclusion

The results presented in this paper indicate that many of the basic concepts in general topology
can readily to extend to intuitionistic fuzzy topological spaces. Although the theory of
intuitionistic fuzzy set is still in embryonic stage, it shows promise of having wide applications
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