
Fifteenth Int. Conf. on IFSs, Burgas, 11-12 May 2011
NIFS 17 (2011), 2, 17-24

On intuitionistic fuzzy tree-interpretations by index matrices

Rangasamy Parvathi1, Anthony Shannon2, Panagiotis Chountas3 and
Krassimir Atanassov4

1 Department of Mathematics,
Vellalar College for Women, Erode - 638 012, Tamilnadu, India

E-mail: paarvathis@rediffmail.com
2 Faculty of Engineering & IT, University of Technology,

Sydney, NSW 2007, Australia
E-mails: tshannon38@gmail.com, anthony.Shannon@uts.edu.au

3 HSCS - University of Westminster, London, HA1 3TP, UK
E-mail: chountp@wmin.ac.uk

4 Dept. of Bioinformatics and Mathematical Modelling
Institute of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences

Acad. G. Bonchev Str., Block 105, 1113 Sofia, Bulgaria
E-mail: krat@bas.bg

Abstract: Using the apparatus of index matrices, representations of (graph) trees and of opera-
tions over them, are given. Three examples illustrate the graph-operations are discussed here.
Keywords: Index matrix, Intuitionistic fuzzy graph
AMS Classification: 03E72, 05C50

1 Introduction and preliminary remarks on
index matrices

The concept of Index Matrix (IM) was introduced in [1] and discussed in more details in [2, 3].
Here, following [1, 2, 3], the basic definitions and properties related to IMs are given.

Let I be a fixed set of indices and R be the set of all real numbers. By IM with index sets K
and L (K,L ⊂ I), we mean the object,

[K,L, {aki,lj}] ≡

l1 l2 . . . ln
k1 ak1,l1 ak1,l2 . . . ak1,ln
k2 ak2,l1 ak2,l2 . . . ak2,ln
...
km akm,l1 akm,l2 . . . akm,ln

,

where K = {k1, k2, ..., km}, L = {l1, l2, ..., ln}, for 1 ≤ i ≤ m, and 1 ≤ j ≤ n : aki,lj ∈ R.
On the basis of the above definition, in [3] the new object of the Intuitionistic Fuzzy IM (IFIM)

was introduced, so that it has the form

[K,L, {〈µki,lj , νki,lj〉}]
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≡

l1 l2 . . . ln
k1 〈µk1,l1 , νk1,l1〉 〈µk1,l2 , νk1,l2〉 . . . 〈µk1,ln , νk1,ln〉
k2 〈µk2,l1 , νk2,l1〉 〈µk2,l2 , νk2,l2〉 . . . 〈µk2,ln , νk2,ln〉
...
km 〈µkm,l1 , νkm,l1〉 〈µkm,l2 , νkm,l2〉 . . . 〈µkm,ln , νkm,ln〉

,

where for every 1 ≤ i ≤ m, 1 ≤ j ≤ n: 0 ≤ µki,lj , νki,lj , µki,lj + νki,lj ≤ 1.
For the IMs A = [K,L, {aki,lj}], B = [P,Q, {bpr,qs}], six operations that are analogous to the

usual matrix operations of addition and multiplication are defined, as well as other, specific ones.
Here we give only operations “addition” and “structural subtraction”.

A⊕B = [K ∪ P,L ∪Q, {ctu,vw}],

where

ctu,vw =



aki,lj , if tu = ki ∈ K and vw = lj ∈ L−Q
or tu = ki ∈ K − P and vw = lj ∈ L;

bpr,qs , if tu = pr ∈ P and vw = qs ∈ Q− L
or tu = pr ∈ P −K and vw = qs ∈ Q;

aki,lj + bpr,qs , if tu = ki = pr ∈ K ∩ P
and vw = lj = qs ∈ L ∩Q;

0, otherwise

.

If the IMs A1, A2, ..., An are given, then

⊕
r∑

i=1

Ai = A1 ⊕ A2 ⊕ ...⊕ An.

A	B = [K − P,L−Q, {ctu,vw}],
where “−” is the set–theoretic difference operation and

ctu,vw = aki,lj , for tu = ki ∈ K − P and vw = lj ∈ L−Q.

Let IM A = [K,L, {ak,l}] be given.
First, local substitution over the IM is defined for the couples of indices (p, k) and/or (q, l),

respectively, by
[
p

k
]A = [(K − {k}) ∪ {p}, L, {ak,l}],

[
q

l
]A = [K, (L− {l}) ∪ {q}, {ak,l}],

Secondly,
[
p

k

q

l
]A = [

p

k
][
q

l
]A,

i.e.
[
p

k

q

l
]A = [(K − {k}) ∪ {p}, (L− {l}) ∪ {q}, {ak,l}].

Obviously, for the above indices k, l, p, q,

[
k

p
]([
p

k
]A) = [

l

q
]([
q

l
]A) = [

k

p

l

q
]([
p

k

q

l
]A) = A,
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Let the sets of indices P = {p1, p2, ..., pm}, Q = {q1, q2, ..., qn} be given.
Third, for them define sequentially,

[
P

K
]A = [

p1
k1

p2
k2
...
pn
kn

]A,

[
Q

L
]A = ([

q1
l1

q2
l2
...
qn
ln
]A),

[
P

K

Q

L
]A = [

P

K
][
Q

L
]A,

i.e.,

[
P

K

Q

L
]A = [

p1
k1

p2
k2
...
pm
km

q1
l1

q2
l2
...
qn
ln
]A = [P,Q, {ak,l}]

Let A be an ordinary IM, and let its element akf ,lg be an IM by itself,

akf ,lg = [P,Q, {bpr,qs}],

where
K ∩ P = L ∩Q = ∅.

Here, introduce the following hierarchical operation

A|(akf ,lg) = [(K − {kf}) ∪ P, (L− {lg}) ∪Q, {ctu,vw}],

where

ctu,vw =


aki,lj , if tu = ki ∈ K − {kf} and vw = lj ∈ L− {lg}

bpr,qs , if tu = pr ∈ P and vw = qs ∈ Q

0, otherwise

If akf ,lg is not an element of IM A, then

A|(akf ,lg) = A.

2 Main results
Let us have a (fixed) set of vertices V . An IFTree T (over V) will be the ordered pair T = (V ∗, A∗)
(see [5, 6, 7]), where for V ⊂ V ,

V ∗ = {〈v, µV (v), νV (v)〉|v ∈ V },

and for A ⊂ V × V,

A∗ = {〈g, µA(g), νA(g)〉|(∃v, w ∈ V )(g = 〈v, w〉 ∈ A)},

where µV (v) and νV (v) are degrees of membership and non-membership of the element v ∈ V to
V and

0 ≤ µV (v) + νV (v) ≤ 1.
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Let the IFTree T = [V,A] be given, where V is the set of its vertices and A is the set of its
arcs, and let it have the following IM-form

T = [V, V, {aki,lj}].

Let its vertex w be fixed and let the subtree with source vertex w be

U = [W,W, {bki,lj}],

where
W = {w,w1, w2, ..., ws} ⊆ V.

Let P be the new IFTree to be inserted at the vertex w of the IFTree T and let it have the
IM-form

P = [Q,Q, {cki,lj}],
for which w ∈ Q and {q1, q2, ..., qr} ⊂ Q are destination vertices.

Then, the IM-form of the new IFTree T ∗ will be

T ∗ = ([V, V, {aki,lj}]	[W,W, {aki,lj}])⊕[Q,Q, {cki,lj}]⊕⊕
r∑

i=1

[qi
w

] [wi,1

w1

]
...

[
wi,s

ws

]
[W,W, {bki,lj}].

We illustrate these definitions by some examples.
Example 1. Let the ordered IFTree T1, in Fig. 1, be given, and let P (see Fig. 2) be the new
ordered IFTree to be inserted at vertex w of T1. The resultant IFTree T ∗

1 is given in Fig. 3.
Let the two IFTrees have representations, respectively
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Fig. 1. Fig. 2

T1 =

v1 v2 w v3 v4 w1 w2 v5
v1 αv1,v1 αv1,v2 αv1,w αv1,v3 αv1,v4 αv1,w1 αv1,w2 αv1,v5

v2 αv2,v1 αv2,v2 αv2,w αv2,v3 αv2,v4 αv2,w1 αv2,w2 αv2,v5

w αw,v1 αw,v2 αw,w αw,v3 αw,v4 αw,w1 αw,w2 αw,v5

v3 αv3,v1 αv3,v2 αv3,w αv3,v3 αv3,v4 αv3,w1 αv3,w2 αv3,v5

v4 αv4,v1 αv4,v2 αv4,w αv4,v3 αv4,v4 αv4,w1 αv4,w2 αv4,v5

w1 αw1,v1 αw1,v2 αw1,w αw1,v3 αw1,v4 αw1,w1 αw1,w2 αw1,v5

w2 αw2,v1 αw2,v2 αw2,w αw2,v3 αw2,v4 αw2,w1 αw2,w2 αw2,v5

v5 αv5,v1 αv5,v2 αv5,w αv5,v3 αv5,v4 αv5,w1 αv5,w2 αv5,v5

,

where αa,b = 〈µa,b, νa,b〉 for a, b ∈ {v1, v2, w, v3, v4, w1, w2, v5} and

P =

w q1 q2 q3
w βw,w βw,q1 βw,q2 βw,q3

q1 βq1,w βq1,q1 βq1,q2 βq1,q3
q2 βq2,w βq2,q1 βq2,q2 βq2,q3
q3 βq3,w βq3,q1 βq3,q2 βq3,q3

,
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where βa,b = 〈µa,b, νa,b〉 for a, b ∈ {w, q1, q2, q3}.

• • • • • •

• • • • •

• • •

•�
�
�

�
�
�+

Q
Q
Q
Q
Q
Qs?

�
�

�
�

�
�+

Q
Q
Q
Q
Q
Qs?

�
�
�

�
�
�+

Q
Q
Q
Q
Q
Qs

�
�

�
�	 ?

�
�
�
���

A
A
A
AAU

@
@
@
@R?

w1,1 w1,2 w2,1 w2,2 w3,1 w3,2

v4 q1 q2 q3 v5

v2 w v3

v1

Fig. 3

Hawing in mind [4] and the fact that the IFTree is ordered, we can rewrite the IMs T1 and P
to the (equivalent) forms

T1 =

v2 w v3 v4 w1 w2 v5

v1 αv1,v2 αv1,w αv1,v3 O O O O
v2 O O O αv2,v4 O O O
w O O O O αw,w1 αw,w2 O
v3 O O O O O O αv3,v5

and

P =
q1 q2 q3

w βw,q1 βw,q2 βw,q3

,

where O = 〈0, 1〉.
The IM-form of the IFTree T ∗

1 is

T ∗
1 = ([{v1, v2, w, v3, v4, w1, w2, v5}, {v1, v2, w, v3, v4, w1, w2, v5}, {aki,lj}]

	[{w,w1, w2}, {w,w1, w2}, {aki,lj}])

⊕[{w, q1, q2, q3}, {w, q1, q2, q3}, {cki,lj}]

⊕ ⊕
3∑

i=1

[qi
w

] [wi,1

w1

] [
wi,2

w2

]
[{w,w1, w2}, {w,w1, w2}, {bki,lj}]

= [{v1, v2, w, v3, v4, q1, q2, q3, v5, w1,1, w1,2, w2,1, w2,2, w3,1, w3,2},

{v1, v2, w, v3, v4, q1, q2, q3, v5, w1,1, w1,2, w2,1, w2,2, w3,1, w3,2}, {da,b}]

= [{v1, v2, w, v3, q1, q2, q3},

{v2, w, v3, v4, q1, q2, q3, v5, w1,1, w1,2, w2,1, w2,2, w3,1, w3,2, }, {da,b}],

where the values of the elements da,b are determined as above.
Example 2. Let the ordered IFTree T2, in Fig. 4, be given, and let P (see Fig. 2) be the new
ordered IFTree to be inserted at vertex w of T2. The resultant IFTree T ∗

2 is given in Fig. 5.
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The IFTree T2 has representation

T2 =

w w1 w2 w3

w βw,w βw,w1 βw,w2 βw,w3

w1 βw1,w βw1,w1 βw1,w2 βw1,w3

w2 βw2,w βw2,w1 βw2,w2 βw2,w3

w3 βw3,w βw3,w1 βw3,w2 βw3,w3

=
w1 w2 w3

w βw,w1 βw,w2 βw,w3

.
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Then

T ∗
2 = ([{w,w1, w2, w3}, {w,w1, w2, w3}, {aki,lj}]	 [{w,w1, w2, w3}, {w,w1, w2, w3}, {aki,lj}])

⊕[{w, q1, q2, q3}, {w, q1, q2, q3}, {cki,lj}]

⊕ ⊕
3∑

i=1

[qi
w

] [wi,1

w1

] [
wi,2

w2

] [
wi,3

w3

]
[{w,w1, w2, w3}, {w,w1, w2, w3}, {bki,lj}]

= [{w, q1, q2, q3}, {w, q1, q2, q3}, {cki,lj}]

⊕ ⊕
3∑

i=1

[qi
w

] [wi,1

w1

] [
wi,2

w2

] [
wi,3

w3

]
[{w,w1, w2, w3}, {w,w1, w2, w3}, {bki,lj}]

= [{w, q1, q2, q3, w1,1, w1,2, w1,3, w2,1, w2,2, w2,3, w3,1, w3,2, w3,3},
{w, q1, q2, q3, w1,1, w1,2, w1,3, w2,1, w2,2, w2,3, w3,1, w3,2, w3,3}, {cki,lj}].

= [{w, q1, q2, q3}, {q1, q2, q3, w1,1, w1,2, w1,3, w2,1, w2,2, w2,3, w3,1, w3,2, w3,3}, {cki,lj}].
Example 3. Let the ordered IFTree T3, in Fig. 6, be given, and let P (see Fig. 2) be the new
ordered IFTree to be inserted at vertex w of T3. The resultant IFTree T ∗

2 is given in Fig. 7.
The IFTree T3 has representation

22



T3 =

v1 v2 w v3
v1 βv1,v1 βv1,v2 βv1,w βv1,v3
v2 βv2,v1 βv2,v2 βv2,w βv2,v3
w βw,v1 βw,v2 βw,w βw,v3

v3 βv3,v1 βv3,v2 βv3,w βv3,v3

=
v2 w v3

v1 βv,v2 βv1,w βv1,v3
.
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The IM-form of the IFTree T ∗
3 is

T ∗
3 = ([{v1, v2, w, v3}, {v1, v2, w, v3}, {aki,lj}]	 [{w}, {w}, {0}])

⊕[{w, q1, q2, q3}, {w, q1, q2, q3}, {cki,lj}]

= [{v1, v2, w, v3, q1, q2, q3}, {v1, v2, w, v3, q1, q2, q3}, {da,b}]

= [{v1, w, }, {v2, w, v3, q1, q2, q3}, {da,b}].
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