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Abstract: The aim of this paper is to define the notion of coincidence for intuitionistic fuzzy
observables. We study the almost everywhere coincidence using intuitionistic fuzzy state m or
intuitionistic fuzzy probability P . We further show the connection between m-almost everywhere
coincidence and P-almost everywhere coincidence of intuicionistic fuzzy observables.
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1 Introduction and elementary notions

The notion of coincidence of observables was studied by M. Jurečková on MV-algebras with
product in papers [4, 5]. Later in [6] B. Riečan and M. Jurečková defined a coincidence of
observables on fuzzy quantum logic. Since the intuitionistic fuzzy sets are a generalization of
the fuzzy sets, so we will try to define a coincidence of intuitionistic fuzzy observables. In this
section we explain the basic terms from intuitionistic fuzzy probability theory, which we will use
later in the paper.

The notion of intuitionistic fuzzy sets was introduced by K. T. Atanassov in 1983 in paper [1].
By intuitionistic fuzzy set A on Ω he understand a pair (µA, νA) of mappings µA, νA : Ω → [0, 1]

such that µA + νA ≤ 1Ω.
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Similarly as an intuitionistic fuzzy event he understand an intuitionistic fuzzy set A = (µA, νA)

such that µA, νA : Ω → [0, 1] are S-measurable (see [2, 3, 11]). The family of all intuitionistic
fuzzy events on (Ω,S) will be denoted by F .

In this paper we will work with Lukasiewicz binary operations ⊕ and ⊙ on F , which are
given by these equalities

A⊕B = ((µA + µB) ∧ 1Ω, (νA + νB − 1Ω) ∨ 0Ω)),

A⊙B = ((µA + µB − 1Ω) ∨ 0Ω, (νA + νB) ∧ 1Ω))

for A = (µA, νA),B = (µB, νB) ∈ F . The partial ordering ≤ on F is defined as follows:

A ≤ B ⇐⇒ µA ≤ µB, νA ≥ νB.

In the next section we will study the coincidence of intuitionistic fuzzy observables using an
intuitionistic fuzzy state m or using an intuitionistic fuzzy probability P . By an intuitionistic
fuzzy state we mean a mapping m : F → [0, 1] which is satisfying the following three conditions
(see [12]):

(i) m((1Ω, 0Ω)) = 1 , m((0Ω, 1Ω)) = 0;

(ii) if A⊙B = (0Ω, 1Ω) and A,B ∈ F , then m(A⊕B) = m(A) +m(B);

(iii) if An ↗ A (i.e. µAn ↗ µA, νAn ↘ νA), then m(An) ↗ m(A).

By intuitionistic fuzzy probability we understand a mapping P : F → J , which is satisfying
the following conditions (see [8, 9]):

(i) P((1Ω, 0Ω)) = [1, 1] , P((0Ω, 1Ω)) = [0, 0];

(ii) if A⊙B = (0Ω, 1Ω), then P(A⊕B) = P(A) + P(B);

(iii) if An ↗ A, then P(An) ↗ P(A).

There [αn, βn] ↗ [α, β] means that αn ↗ α, βn ↗ β, but An = (µAn , νAn) ↗ A = (µA, νA)

means µAn ↗ µA, νAn ↘ νA.
Remark that the intuitionistic fuzzy probability P can be expressed using two intuitionistic

fuzzy states P♭, P♯, where P(A) = [P♭(A),P♯(A)] for each A ∈ F (see [10]). Such
[P♭(A),P♯(A)] is an interval, then P♭(A) ≤ P♯(A) for each A ∈ F .

Remind that the intuitionistic fuzzy observable in the intuitionistic fuzzy space has the same
role as the random variable in the classical probability space. By the notion of n-dimensional
intuitionistic fuzzy observable we mean each mapping x : B(Rn) → F satisfying the following
conditions (see [12]):

(i) x(Rn) = (1Ω, 0Ω), x(∅) = (0Ω, 1Ω);

(ii) if A ∩B = ∅ and A,B ∈ B(Rn), then x(A)⊙ x(B) = (0Ω, 1Ω) and
x(A ∪B) = x(A)⊕ x(B);

(iii) if An ↗ A and An, A ∈ B(Rn), n ∈ N , then x(An) ↗ x(A).

For n = 1 we say simply about intuitionistic fuzzy observable. There B(R) is the σ-algebra
of the family of all intervals in R of the form [a, b) = {x ∈ R : a ≤ x < b}, (see [13]).
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2 Coincidence of intuitionistic fuzzy observables

In this section we define the notion of almost everywhere coincidence for intuitionistic fuzzy
observables. We will use two approaches, one with and one without the use of a joint intuitionistic
fuzzy observable. Throughout the text we will use the notation ”IF” for intuitionistic fuzzy.

Now we recall what we mean by an joint IF-observable. An joint IF-observable of two
IF-observables x, y is a two-dimensional IF-observable h : B(R2) → F , which is satisfying the
following condition:

h(C ×D) = x(C) ∗ y(D)

for each C,D ∈ B(R), see [11]. There ∗ is the product operation on the family of IF-events F
given by A ∗ B =

(
µA · µB, 1Ω − (1Ω − νA) · (1Ω − νB)

)
=
(
µA · µB, νA + νB − νA · νB

)
for

each A = (µA, νA) ∈ F , B = (µB, νB) ∈ F and · is a multiplication, see [7].
In [7] the product ∗ on F was defined as a binary operation, which is satisfying the following

conditions:

(i) (1Ω, 0Ω) ∗A = A;

(ii) the operation ∗ is commutative and associative;

(iii) if A⊙B = (0Ω, 1Ω), then C∗(A⊕B) = (C∗A)⊕(C∗B) and (C∗A)⊙(C∗B) = (0Ω, 1Ω);

(iv) if An ↘ (0Ω, 1Ω), Bn ↘ (0Ω, 1Ω), then An ∗Bn ↘ (0Ω, 1Ω)

for each A,B,C,An,Bn ∈ F , n ∈ N .

2.1 Almost everywhere coincidence using IF-state

In this subsection, we will study the almost everywhere coincidence of IF-observables with using
IF-state m.

Definition 1. Let (F , ∗) be the IF-space with product ∗ and m : F → [0, 1] be an IF-state. We
say that the IF-observables x, y : B(R) → F coincide m-almost everywhere if and only if

m
(
h
(
{(u, v) ∈ R2 ;u = v}

))
= 1,

where h : B(R) → F is the joint IF-observable of IF-observables x, y. We write that x = y

m-almost everywhere.

The next theorem shows a formulation of coincidence of IF-observables without using the
joint IF-observable.

Theorem 1. Let (F , ∗) be the IF-space with product ∗ and m : F → [0, 1] be an IF-state. Two
IF-observables x, y : B(R) → F coincide m-almost everywhere if and only if

m
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
= 0 and m

(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
= 0

for each u ∈ R.
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Proof. “ ⇒ ” Let x = y m-almost everywhere. Then by Definition 1

m
(
h
(
{(u, v) ∈ R2 ;u = v}

))
= 1, (1)

where h : B(R) → F is the joint IF-observable of IF-observables x, y.
But (

(−∞, u)× (u,∞)
)
∩ {(u, v) ∈ R2 ;u = v} = ∅

and (
(u,∞)× (−∞, u)

)
∩ {(u, v) ∈ R2 ;u = v} = ∅.

Therefore using (1) we have

0 = m
(
h
(
(−∞, u)× (u,∞)

))
= m

(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
,

0 = m
(
h
(
(u,∞)× (−∞, u)

))
= m

(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
for each u ∈ R.

“ ⇐ ” Let ∀u ∈ R

m
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
= 0 and m

(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
= 0. (2)

Denote

An =
∞⋃

i=−∞

([
i− 1

2n
,
i

2n

)
×
[
i− 1

2n
,
i

2n

))
.

Then An ⊃ An+1 for each n ∈ N and

m
(
h
(
{(u, v) ∈ R2 ;u = v}

))
= lim

n→∞
m
(
h(An)

)
.

For the complement Ac
n of the set An holds

Ac
n ⊂

(
∞⋃

i=−∞

((
−∞,

i− 1

2n

)
×
(
i− 1

2n
,∞
)))

∪

(
∞⋃

i=−∞

((
i− 1

2n
,∞
)
×
(
−∞,

i− 1

2n

)))
. (3)

Therefore using (1), (2) and (3) we obtain

m
(
h(Ac

n)
)

≤

(
∞∑

i=−∞

m

(
x

((
−∞,

i− 1

2n

))
∗ y

((
i− 1

2n
,∞
))))

+

+

(
∞∑

i=−∞

m

(
x

((
i− 1

2n
,∞
))

∗ y

((
−∞,

i− 1

2n

))))
= 0

and hence m
(
h(An)

)
= 1.

Finally
m
(
h
(
{(u, v) ∈ R2 ;u = v}

))
= lim

n→∞
m
(
h(An)

)
= 1

and by Definition 1 we have that x = y m-almost everywhere.
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2.2 Almost everywhere coincidence using IF-probability

In this subsection, we will explain an almost everywhere coincidence of IF-observables in
connection with the IF-probability P . We will show how P-almost everywhere coincidence and
m-almost everywhere coincidence are related, too.

Definition 2. Let (F , ∗) be the IF-space with product ∗ and P be an IF-probability. We say that
the IF-observables x, y : B(R) → F coincide P-almost everywhere if and only if

P
(
h
(
{(u, v) ∈ R2 ;u = v}

))
= [1, 1] = 1,

where h : B(R) → F is the joint IF-observable of IF-observables x, y. We write that x = y

P-almost everywhere.

Theorem 2. Let (F , ∗) be the IF-space with product ∗ and P be an IF-probability. The IF-
observables x, y : B(R)→F coincide P-almost everywhere if and only if they coincide P♭-almost
everywhere and P♯-almost everywhere, where P♭, P♯ are the IF-states.

Proof. Let (F , ∗) be the IF-space with product ∗, P be an IF-probability and x, y : B(R) → F
be the IF-observables. The IF-probability P can be expressed using two IF-states P♭, P♯, where
P(A) = [P♭(A),P♯(A)] for each A ∈ F .

Using Definition 2 the IF-observables x, y coincide P-almost everywhere if and only if

P
(
h
(
{(u, v) ∈ R2;u = v}

))
=
[
P♭
(
h
(
{(u, v) ∈ R2;u = v}

))
,P♯
(
h
(
{(u, v) ∈ R2 ;u = v}

))]
= [1, 1] = 1,

where h : B(R) → F is the joint IF-observable of IF-observables x, y. Therefore

P♭
(
h
(
{(u, v) ∈ R2 ;u = v}

))
= 1,

P♯
(
h
(
{(u, v) ∈ R2 ;u = v}

))
= 1.

Hence using Definition 1 we obtain that the IF-observables x, y coincide P♭-almost everywhere
and P♯-almost everywhere.

Theorem 3. Let (F , ∗) be the IF-space with product ∗ and P be an IF-probability. Two IF-
observables x, y : B(R) → F coincide P-almost everywhere if and only if

P
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
= [0, 0] = 0 and P

(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
= [0, 0] = 0

for each u ∈ R.

Proof. Let (F , ∗) be the IF-space with product ∗ and P be an IF-probability. The IF-probability
P can be expressed using two IF-states P♭, P♯, where P(A) = [P♭(A),P♯(A)] for each A ∈ F .

Using Theorem 2 we have that two IF-observables x, y : B(R) → F coincide P-almost
everywhere if and only if they coincide P♭-almost everywhere and P♯-almost everywhere. For
this reason

P♭
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
= 0 and P♭

(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
= 0,
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P♯
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
= 0 and P♯

(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
= 0

for each u ∈ R, see Theorem 1.
Hence

P
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
=
[
P♭
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))
,P♯
(
x
(
(−∞, u)

)
∗ y
(
(u,∞)

))]
= [0, 0] = 0

and

P
(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
=
[
P♭
(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))
,P♯
(
x
(
(u,∞)

)
∗ y
(
(−∞, u)

))]
= [0, 0] = 0

for each u ∈ R.

3 Conclusion

The present paper deals with the study of almost everywhere coincidence of intuitionistic fuzzy
observables in relation to intuitionistic fuzzy state m and intuitionistic fuzzy probability P . The
notion of almost everywhere coincidence is crucial for invariant observables. In further research,
we will try to show the existence of an invariant intuitionistic fuzzy observable in a modification
of the Individual ergodic theorem for intuitionistic fuzzy observables.
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