Notes on Intuitionistic Fuzzy Sets

Print ISSN 1310-4926, Online ISSN 2367-8283
2026, Volume 32, Number 1, 68—87

DOI: 10.7546/nifs.2026.32.1.68-87

Rational divergence measures

on intuitionistic fuzzy sets

Vladimir Kobza

Department of Mathematics, Matej Bel University in Banska Bystrica
Tajovského 40, 974 01 Bansk4 Bystrica, Slovakia
e-mail: vliadimir.kobza@umb. sk

Received: 10 November 2025 Revised: 16 March 2026
Accepted: 22 March 2026 Online First: 25 March 2026

Abstract: This paper investigates the theoretical foundations and practical applications of rational
divergence measures within the framework of fuzzy set theory. Unlike traditional distance metrics,
rational divergence measures are characterized by their functional form, typically expressed as a
ratio of membership functions or set cardinalities, which allows for a more nuanced quantification
of the “informational gap” between fuzzy sets.

The study explores the axiomatic properties of these measures, focusing on their ability to
handle non-linearity and uncertainty in complex data structures. By examining rational forms
of divergence, such as those derived from the Jaccard-like ratios or specialized f-divergences,
this work demonstrates how these measures overcome the limitations of standard Euclidean
distances in high-dimensional fuzzy spaces. Key emphasis is placed on their role in multi-criteria
decision-making (MCDM) and pattern recognition, where the rational expression of divergence
provides a more stable and intuitive measure of dissimilarity.

Furthermore, the paper provides a comparative analysis of different rational divergence
formulations, evaluating their sensitivity to membership fluctuations and their performance
in clustering algorithms. The results suggest that rational divergence measures offer superior
discriminative power, making them a tool for modeling expert knowledge and imprecise
information in modern intelligent systems.
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Many authors investigated the possibilities how two fuzzy sets can be compared. The basic
study of fuzzy sets theory was introduced by Lotfi Zadeh in 1965. We discuss the divergences
defined on more general objects, namely intuitionistic fuzzy sets (IFSs). We have focused on
special class of divergences, since some restriction conditions are necessary. This approach to
the divergence measure is motivated by class of the rational similarity measures between fuzzy
subsets expressed using some set operations (namely intersection, complement, difference, and
symmetric difference) and their scalar cardinalities. In this study, we have considered the value of
divergence between IFSs as a > _-count of two scalar cardinalities, i.e. as a pair of real numbers.
Keywords: Intuitionistic fuzzy set, Divergence measure, Local property, Rational similarity
measure.
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1 Introduction

The history of Intuitionistic Fuzzy Sets (IFS) began in 1983 when the Bulgarian mathematician
Krassimir Atanassov introduced the concept as a significant extension of Lotfi Zadeh’s original
fuzzy set theory [3]. While Zadeh’s model focused solely on a degree of membership, Atanassov
realized that human reasoning often involves a degree of non-membership that is not simply the
complement of the first. For each point in the universe X a degree of membership and a degree
of non-membership are assigned. A major milestone occurred in 1986 with the publication of
the foundational paper that formally defined the core constraint: the sum of the membership and
non-membership degrees must be between O and 1. The remaining value was identified as the
hesitation margin, representing uncertainty or lack of information. IFS is a tool of multi-criteria
decision-making, pattern recognition, and the development of even more complex systems like
intuitionistic fuzzy sets of second type. Atanassov defined an intuitionistic fuzzy set (IF-set) as
follows:

A= {(z,pa(z), va(z)) [x € X},

where 114 and v, are membership (non-membership) functions p4,v4 : X — [0, 1], such that
0 < pa(z) +va(zx) < 1forall x € X and pa(z), va(z) are membership and non-membership
degrees, respectively, of the element x € X in the set A. The family of all intuitionistic fuzzy
sets defined in the universe X will be denoted by the symbol I F'S(X). Of course, each fuzzy set
can be considered as a special case of an IF-set, where v4(z) = 1 — pa(x) and m4(z) = 0.

The concept of triangular norms originated from the need to generalize the triangle inequality
in metric spaces. In 1942, Austrian mathematician Karl Menger introduced the idea in his
work on probabilistic metric spaces. Menger’s goal was to replace fixed distance values with
probability distribution functions. His original axioms for t-norms were initially weaker than the
modern standards we use today. The formal, modern axiomatization was developed by Berthold
Schweizer and Abe Sklar between 1958 and 1961. Schweizer and Sklar defined the t-norms as
associative and commutative binary operations in the interval [0, 1]. They established that the
number 1 must serve as a neutral element of the operation. During the 1960s, research focused
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primarily on their role in mathematical analysis and probability. A major turning point occurred
with the start of fuzzy set theory by Lotfi Zadeh in 1965. Researchers realized that t-norms are the
perfect tool to model the logical “and” connective (conjunction). Due to fuzzy logic, the t-norms
became crucial for modeling uncertainty and linguistic variables. In the 1980s, parameterized
families like the Frank and Hamacher t-norms were introduced.

The triangular norm (t-norm) is a function 7" : [0, 1] x [0, 1] — [0, 1] that satisfies the following
conditions:

(T1) T(a,b) =T(b,a), forall a,b € [0, 1] (commutativity),
(T2) T(T(a,b),c) =T(a,T(b,c)), forall a,b, c € [0, 1] (associativity),
(T3) b <c=T(a,b) <T(a,c),forall a,b,c € [0, 1] (monotonicity),
(T4) T(a,1) = a, forall a € [0, 1] (boundary condition).
The basic t-norms are the following:
* minimum t-norm: T);(a,b) = min(a,b), for all a,b € [0, 1],
e product t-norm: Tp(a,b) = a - b, forall a,b € [0, 1],
* Lukasiewicz t-norm: T, (a,b) = max(a + b — 1,0), forall a,b € [0, 1],

e drastic t-norm:
min {a, b}, if max{a,b} = 1.
0, otherwise .

TD(a, b) = {

For these basic t-norms, we have T'p < T <Tp < Thyand Tp < T < T, for any t-norm 7'.

Changing the neutral element from 1 to 0, we obtain the triangular conorm (t-conorm), a
function used to model a disjunction in fuzzy logic and the union of fuzzy sets. 7" and S are dual
since T'(a,b) =1 — S(1 — a,1 — b) is fulfilled. For A, B € F(X) we define:

» intersection of A and B: ANy B(z) = T(A(z), B(x)), forall z € X,
* union of A and B: AUg B(z) = S(A(x), B(z)), forall z € X.
In similar way, we define the union, intersection and complement of / F'S(X):
(i) union of A and B:
AU B = {{z, paup(z),vans(z)) |z € X},
where p1aup(2) = S(pa(z), pp(x)) and vanp(z) = T(va(z), vp(2)).
(i) intersection of A and B:
AN B = {(z, panp(x), vaus(z)) |z € X},
where p1anp(2) = T(pa(@), pp(2)) and vaup(z) = S(va(z), vp()).

(iii) complement of A:
A = {(z, pac(x), vae(x)) | € X},

where piac(x) = va(x) and vae(z) = pa(x).
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2 Divergence measures

In the literature, several measures of comparison between fuzzy sets can be found. The evolution
of dissimilarity and divergence measures within fuzzy set theory represents a bridge between
classical information theory and approximate reasoning. Traditional divergence measures were
originally designed for probability distributions to quantify information loss. With the start of
fuzzy set theory by Lotfi Zadeh in 1965, a need arose to measure the difference between imprecise
concepts. Dissimilarity measures emerged as a way to quantify the degree to which two fuzzy
sets deviate from one another. Unlike standard metrics, a divergence measure in fuzzy logic
does not necessarily satisfy the triangle inequality. Early approaches focused on fuzzy entropy,
introduced by De Luca and Termini in 1972, to measure the “fuzziness” of a single set. The
concept of fuzzy divergence was later formalized to compare two distinct fuzzy membership
functions. In the 1990s, Bhandari and Pal adapted the Kullback-Leibler divergence specifically
for fuzzy distributions. A key development was the definition of axiomatic requirements for fuzzy
divergence, which ensured mathematical consistency. These axioms typically require the measure
to be non-negative and reach zero only when the sets are identical. Bouchon-Meunier contributed
significantly by exploring measures that account for the semantic proximity of linguistic variables.
In 1996, Bouchon-Meunier [4] tried to define a general measure of comparison for fuzzy sets. The
introduction of Intuitionistic Fuzzy Sets (IFS) by Atanassov required new types of divergence
measure. Viedma and Montes provided a formal axiomatic framework for divergence between
fuzzy sets in the early 2000s. The Bregman divergence was also adapted for fuzzy sets, offering
a geometric perspective based on convex functions. More measures have been introduced to
compare fuzzy sets [1,20,21]. A detailed study on that can be found in [5]. The most common
comparison measures are dissimilarities [12].

The restriction associated with the definition of the measure of dissimilarity is only given
for sets such that A C B C (), but there are many sets that are not comparable to C. The
concept of a divergence measure proposed by Susana Montes [14] provides a formal axiomatic
framework to measure the difference between fuzzy sets, distinguishing it from general distance
or dissimilarity measures. According to Montes, a function D is a divergence measure if it
satisfies three fundamental axioms for any fuzzy sets. The divergence between a set and itself
is zero. The divergence between A and B is the same as between B and A. Finally, adding
common information to both sets (through union) or extracting common information (through
intersection) should never increase the divergence between them.

So we propose the following( [11, 14]):

Definition 1. Let (X, T, 5) be a triple with X a universe and T and S any t-norm and t-conorm,
respectively. Amap D : F(X) x F(X) — R is a divergence measure with respect to (X, T, S)
if and only if for all A, B € F(X), D satisfies the following conditions:

(D1) D(A,A) =0;

(D2) D(A,B) = D(B, A);
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(D3) max{D(AUC,BUC),D(ANC,BNC)} < D(A,B), forall C € F(X), where the
union and intersection are defined by means of S and T, respectively.

Locality is the most important property of some divergence measures, which allows us to
compute the divergence point-by-point. The definition of a local divergence measure was introduced
in [14] as follows.

Definition 2. A divergence measure D is local if for all A, B € F(X) and for all x € X we have
the following: D(A,B) — D(AU {z},BU{z}) = h(A(z), B(x)), where h is a function from
[0,1] x [0,1] 0o R.

Theorem 1 (Representation Theorem). Let (X, T, S) be a triple with X a finite universe and T
and S any t-norm and t-conorm, respectively. Let D be a divergence associated to X. D is local
if and only if
D(Av B) = Z h(A(:L‘), B(ZE)),
zeX

where h is a map from [0, 1] x [0, 1] into R such that the following conditions are satisfied:
(1) forall a € [0,1]; h(a,a) = 0;
(2) forall a,b € [0,1]; h(a,b) = h(b,a);

(3) forall a,b,c € [0,1]; h(a,b) > max {h(T(a,c),T(b,c)), h(S(a,c),S(b,c))}.

The proof can be found in [11].

We obtain a particular form of local divergence measure D if the function A is constructed by
means of a suitable distance in [0, 1].

Example 1. For any pair of fuzzy sets in X we define the function D using the Hamming distance
as follows:
D(A,B) =Y |A(z) — B(z)|.
zeX
According to [11], the map D is a local divergence measure, if we work on (X, Ty, Sy),
(X,Tp,Sp) or (X, Ty, SL). However, the map D is not a divergence measure since (X,Tp, Sp)
to be considered.

The basic study related to the topic can be found in [15,16].

In the context of Intuitionistic Fuzzy Sets (IFS), distance measures are more complex than in
standard fuzzy sets because they must account for three components: the degree of membership
1, the degree of non-membership v and the hesitancy degree 7. For the case of IFSs the axiomatic
definitions of a distance (metric) are described as follows:

Definition 3. A distance (metric) d in an intuitionistic fuzzy set A in a universe of discourse X
is a real function d : 1FS(X) x [FS(X) — R, which satisfies the following conditions for
A B,CelFS(X):
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(d1) d(
(d2) d(
(d3) d(
(d4) d(A,

> 0 (non-negativity),

0 & A = B (coincidence),

d(B, A) (symmetry),

+d(B,C) > d(A, C) (triangle inequality).

)

A B
A B
A, B

)

vvvv

In the literature (see [15, 17]) different measures can be found, namely Type 1-Distance
measures (based on the Hamming distance, normalized Hamming distance, Euclidean distance,
normalized Euclidean distance) and Type 2-Distance measures (based on fuzzy implications).
These approaches have been thoroughly developed by Szmidt [16].

Analogously, for the similarity measure. A similarity measure S for Intuitionistic Fuzzy Sets
(IFS) quantifies the degree of closeness between two sets, typically ranging from 0 (completely
different) to 1 (identical). It is mathematically related to distance, but it specifically emphasizes
the overlap of membership and non-membership degrees. To be valid, a similarity measure must
satisfy axioms of symmetry, boundedness, and the condition that S(A, B) = 1 if and only if
A = B. Popular methods include cosine similarity, which treats IFSs as vectors in a 3D space
(u, v, m) and the set-theoretic approach based on the ratio of intersection to union. These measures
are crucial in pattern recognition and medical diagnosis, where they help identify which known
category most closely matches a new, uncertain observation.

Definition 4. A similarity measure S in an intuitionistic fuzzy set A in a universe of discourse
X is a real function S : IFS(X) x [FS(X) — R, which satisfies the following conditions for
A/ B,CelFS(X):

(SI) 0< S(A,B) < 1,

(S2) S(A,B) =1lifand only if A = B,

(S3) S(A,B) =S(B,A),

(S4) if AC B C C,then S(A,C) < S(A,B)and S(A,C) < S(B,C).

We present another concept of divergence measure originally based on fuzzy sets. Some
generalizations of the divergence measure between two intuitionistic fuzzy sets were presented in
a similar way (see more in [10]).

Suppose that X = {z1,z,...,2,} is the finite universe and (X, Ty, Sys) is the triple. We
present some examples of IF-divergence measures based on Hamming (Dp),) and Hausdorff
distance (Dpgp), respectively:

n

Dina(A,B) = - (uawi) = pinlei)| + ales) = vi(z:)).

i=1

Dup(A, B) ZmaX{luA z;) — ()|, [va(e:) —vp(w)|} .

An additional theoretical approach was described in [10]. In the next text, we give some
computational studies for two applications (namely pattern recognition and decision making) in
order to see how our result can differ depending on the triple (X, 7', S) and the weighted vector
a being used. The results are presented in the next two sections.
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3 Rational divergence measures on IFSs

A rational similarity measure is a specific class of similarity functions for Intuitionistic Fuzzy
Sets (IFS) that is constructed as a ratio of information overlap to total information. Unlike simple
linear distances, these measures are often expressed as fractional functions, such as the ratio
between the intersection and the union of two fuzzy sets. One of the most famous examples is the
Jaccard-like similarity, which measures how much “common ground” two IFSs share relative to
their combined membership and non-membership degrees. These measures are called “rational”
because they maintain a proportional relationship between the components, ensuring that small
changes in membership values do not lead to disproportionately large jumps in similarity. They
are particularly robust in pattern recognition because they effectively normalize the data, making
the comparison independent of the scale of the universe of discourse. In the context of IFSs,
a rational measure must simultaneously process the membership 1, non-membership v and hesitancy
7 values within its numerator and denominator. One major advantage of these measures is their
ability to handle edge cases where one set might be empty or entirely uncertain without producing
undefined results. Researchers prefer rational measures in decision-making (like the TOPSIS
method) because they provide a more intuitive “percentage of similarity” than standard Euclidean
distances. Furthermore, they satisfy the core axioms of symmetry and boundedness, ensuring
that the result always stays between 0 and 1. Ultimately, rational similarity measures provide a
more nuanced “relative” comparison, which is crucial when dealing with high levels of vague or
incomplete information.

Motivated by [6] and [7] we propose a class of rational divergence measures that meets
conditions (1)—(3) for the divergence measure. We recall that the binary fuzzy relation R defined
on X x X is a T-equivalence if and only if it satisfies the following properties for each z,y, 2 € X
and the t-norm 7"

L,
(b) symmetry: R(z,y) = R(y, z),
(c) T-transitivity: T'(R(x,y), R(y, 2)) < R(z, z).

(a) reflexivity: R(x,x)

Sometimes, the reflexivity condition can be replaced by a weaker one named local reflexivity:
R(z,z) > R(zx,y) for fixed z € X andeach y € X.
In [6] the following class of rational similarity measures is proposed:

a1.04p+b1.8ap+ 174+ d1.0aB

S(A, B) = ,
( ) as.00ap + be.Bap + Co.yap+d2.04 B

where:

asp =min{[A\ B|,|B\ Al},
Bap =max{|A\ B|,[B\ Al},
Yap =|ANB],

a8 = [(AU B)‘,

and as, bl, C1, dl, as, bg, Co, dQ S {O, ]_}
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Reflexive similarity measures can be identified by condition ¢; = ¢3,d; = dy. Some of them
have some special properties. The similarity measure R is self-complementary if and only if
c1 = dy and ¢y = dy. For each similarity measure, we can create a complementary similarity
measure R° by changing the coefficients ¢; <> d; and cs <> dy, respectively, where R°(A, B) =
R(A€, B°). R° = R if and only if R is self-complementary. The most famous examples are the
Jaccard coefficient R(A, B) = Iﬁggl or the Simple matching coefficient R(A, B) = I(LTLB)C'.

Finally, 28 similarity measures were verified and 13 of them are 7-transitive for at least

one t-norm 7' € {Tp, T, Tp, Ty} (including also nonreflexive and complementary similarity
measures) according to [6]. For all 9 reflexive 7'-transitive similarity measures which are also
T-equivalences were selected. The reflexive 7'-transitive measures discussed in [2] and [6] are
suitable candidates for fuzzification.

We have studied all 9 rational similarity measures that are also 7T-equivalences. All of them
have been changed so that the conditions (1) —(3) for the divergence measure are fulfilled. In the
following text, we introduce 9 rational measures d(A, B) derived from T-equivalences, which
will be fuzzified in the second step. The explicit expressions of these measures based on cardinalities
are the following:

(1) di(A, B) = 2RBUEAL where AN B # 2,

(2) dy(A, B) = 280 where (AAB)° # @,

(3) ds(A, B) = 228l where AN B +# @,

[ANB|*

4) dy(A, B) = 2B where (AAB)° # @,

|(AAB)e|?

(5) d5(A, B) = max{lAMgH;ﬁ;{}'Al"B'}, where A # @ and B # @,

6) ds(A, B) = mxlani il where A\ B # @ and B\ A # @,

(7) d7(A,B) = %, where A # @ and B # @,

8) ds(A, B) = sl ZHE AL where A\ B # @ and B\ A # 2,

9) do(A, B) = 0.

The rational measures introduced based on the cardinalities quantify the difference between
the sets only in the crisp case. There is a question how the measures could be fuzzified. Some of
the ideas are described in [2]. For our purposes, we do it the following way. Moreover, only the
parametric family of Frank t-norms with parameter p, for which 0 < p < +o00, will be considered:

/

Ty (a,b) = min {a, b}, ifp=0,
Tp(a,b) = a.b, ifp=1,
TF(a,b) = :
P Tr(a,b) =max{a+b—1,0}, if p=+o0,
log,, <1 + %) , otherwise.
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The measure of a fuzzy set is the form of its ) _-count (sigma count) introduced by De Luca
and Termini [8] as a simple extension of the concept of cardinality of crisp sets. As mentioned
above, intuitionistic fuzzy sets (IFS) can be better modeled by introducing the hesitation part.
Here we define the cardinality of an IFS by extending the notion of > -count stated above.

Definition 5. Let X = {x1, 2o, ..., x,} be the finite set. For any A € 1FS(X), the sigma-count
of A, denoted by the > -count A be defined by the following formula:

Z -count A =

Just to simplify the notation used in the next paragraph, for A € I F'S(X) we will use only:

> mate). Y1 - m(acn)] .

=1

n

Z pa(zi), Z(l — va(;))

=1

Al =

Let A, B € IFS(X), let T be a t-norm from the family of Frank t-norms and S be a t-conorm
such that 7', S are dual. The complement of the set A we denote by A°. Let pa(x;), up(x;) be the
membership values and v4(z;), vg(z;) be the non-membership values, respectively, and | X | = n.
Then we define the following:

(a)
A= 30 a3 (1 m(xi»]
(b) - i - i
AT = X4 = |3 0= (e, 3 uA<xi>]

() ) - - i

A0 B = |3 Tlate), (@), Y- (1= S(ale vale))
g . ) :

AUBI= |3 Sluae. ns(w), 3 (1~ Tlwa(w) vo(r.)
(e) - - -

A\B| = 4] [An B

- Z (uales) — T(uA<xi>7uB<xi>>>,i2n; (S(waei),v(z) — m(sm-))] ;

()

n n

[(A\B)‘| = [Z(l — pa(@s) + T(pal®:), pp(:))), D (1= SWwalz:), vp(zi)) + VA(l’i))]

i=1 i=1
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€9
B\ A| = |B| - |[AN B

> (uslw) = T(pa(w:), ns(2:))), Y _(S(vale:), vs(w:) - VB(-’EZ-))] :

i=1 i=1

(h)

[(B\A)| = [Z(l — pn(@i) + T(pa(x:), ps(:))), Z(l — S(va(zi), ve(x:)) + VB(CCz‘))]

=1 =1

(1)
IAAB| = |[AUB| — |[ANB| = |A\ B| + B\ A|
= > (S(ual@s), pa() = T(pale:), ps())), ]
D (Sval@),vp(a) —T(VA(%)»VB(%)))] ;
G

3

(AAB) =) (1= S(pal@:), pp(a) + Tpal), pp())), - - ]

i=1

i=1

n
. ,Z (1 = S(wa(z),ve(x;)) + T(va(x;), I/B(.Ti)))] .
The rational measure is superior for handling uncertainty because it treats the relationship between
variables as a proportional ratio rather than a simple geometric distance. Linear measures (like
Hamming) just subtract values. If one person is certain and the other is guessing, the distance
is just a number. Rational measures (like Jaccard) use multiplication in the numerator. If one
value is high (0.9) and the other is uncertain (0.1), their product is very small (0.09), drastically
lowering the similarity. This correctly reflects that the two vectors have very little “common
ground.” The denominator of a rational measure represents the total information (the union).
If both vectors have high uncertainty, the denominator grows, which naturally “dilutes” the
similarity. This prevents the system from giving a high similarity score to two vectors just because
they are “equally confused.” In standard geometric measures, two completely different IFS sets
can sometimes result in the same distance. Rational measures are stricter. They ensure that
similarity only stays high if the distribution of membership, non-membership, and hesitancy is
nearly identical, not just the sum of their differences. In applications like medical diagnosis,
uncertainty is a lack of evidence. Rational measures treat high hesitancy as a penalty. This
creates a much sharper boundary for decision making, ensuring that a “match” is only confirmed
when both vectors share high membership values.

In the following proposition, we give an explicit expression of the divergence measures D —
Dy, which are adapted from the previous measures d; — dg and also applicable in a fuzzy case.

77



Proposition 1. Let (X, T,S) be a triple such that |X| = n, T = Ty and S = Sy;. Then the
maps D; : IFS(X) x IFSF(X) — Rfori € {1,...,9} are divergence measures.

Moreover, some special cases assigning zero in the denominators of D1 — Dy for some triple
(X, T, S) depending on the parameter p from Frank’s family of t-norms TpF must be excluded; the

complete list of these conditions is shown in Table 1.

)

(max (37 (palwi) = T(pa(w:), ps(i)), >y (@) = T(palwi),

S, T po@), 5 (
[ max (X, (S(vale), ve(z) — m(a:»),z
[Zz 1 T(,UA(xz) MB(QUZ) =1

2)

(max (37 (palwi) = T(palw), ps(i))), >y (@) = T(pa(wi), pp(2:))) - -]
Doimy (1= S(pal@i), ps(w:)) + T(palz:), p(x:))), - -]

_Lomax (300 (S(val@i), ve(xi) — va(i), 3 iy (S(va(i), ve(x:i)) — vs(w:)))]
[0y (U= S(val@i), va(w:) + T(va(z:), vs(x:)))]

_ Mmax (307 pale), 2oy pe(@:)) min (307, va(wi), 2oy va(w:))]
Doimy (1= S(pa(@i), pp(w:)) + T(palz:), p(w:))), -]

_ max (3 pa(wi), iy ps(wi)),min (30, val(w:), iy ve(x:))]
[0y (U= S(val@i), va(w:)) + T(va(x:), vs(x:)))]

3)

i), pp (i) = T(pa(x:), p(e:))), - -]
[Z (MA(x) pp(i), 2y (1= S(valzi), VB(%)))]
_ 20 (Swalws), vs(xi) = T (valw:), vs(x:)))]
Do Tl (:Uz) pp(i), iy (1= S(valzi), vp(e:)))]

4)
S (S(ualed () — Tluales) s, ]

Dl B) = 550 = S(ua(an), i (0)) T uaas), i (), -]

e S (Sale), va(e)) — Twalas), va(e))]

LS, (L= Sales), va(ed) + Tva@), vale))

&)
Ds(A, B)
_ max QUi palwi), 3oy pal(w) —min Q0 pa(wi), 3, pa(@i)), .|
(min 327, pa(wi), 2250, pa(w:)) , max (320 valw:), iy va(wi))]
[omin (30, valzi), D iy vp(wi) —max (370, va(wi), >y ve(i)]
(min 327, pa(wi), 2202, pa(w:))  max (320, valw:), iy va(w:))]
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(6)

_ [max (3 (palzi) = T(p (flfz),us(ﬂsz))

(min (325, (palw:) = T(na ) 2

_ Lomax (30 (S(valwi),vp(w:) — va(@i)), 3 iy (

[omin 2, (S(walwi), vs(i) — val(w:), 2o (
_ max (3o, pa(wi), 3oy pe(wi)) , mi

(min 327, pa(wi), 2502, pe(wi)

o=
% | B
1‘3
N
8

(7)

8)

iy (pB(@i) = T(palzi), pp(xi))) - -]

»2im1 (U= pp(@i) + T(pa(@:), p(2:)))) , - -]

,le (S(va(zi), vp(z:)) — vB(2i)))]
=1 (1= S(valzi),vp(ei) + vp(2:i)))]

, min Z:L:I VA(l”i)vzzn:l vp(z;))] —1

)

p=>0
D, (A, B) (V2) (min {pa (i), pp(wi) } = 0, max {va(x;), vp(z:)} = 1)
D3 (A, B) | (Vi)(min {pa(2), pp(zi)} € {0,1}, max {va(z:), vp(z:)} € {0,1})
D3(A, B) (Vi) (min {pa (i), pp(wi) } = 0, max {va(z;), vp(z:)} = 1)
D4(A, B) | (Vi)(min {pa(2;), pp(zi)} € {0,1}, max {va(z:), vp(z:)} € {0,1})
Ds(A,B) | (Vi)(pa(w:) = 0,va(x;) = 1) or (Vi)(up(r:) = 0,vp(x;) = 1)
De(A,B) | (Vi)(pa(xi) = 0,va(x;) = 1) or (Vi)(up(x:) = 0,vp(x;) = 1)

Proof 1. We present this proof for the membership values j14(x;), up(x;), po(z;), analogously
this ideas can be extended also for the non-membership values va(z;), vg(z;), vo(x;).

In the first step, we check conditions for which the measures D; having zero in the denominator,
and therefore these IFSs A, B must be excluded. For example, take D.

ZT;(MA(@),NB(%)) =0& TpF(MA(xi),uB(xi)) =0forallie {1,...,n}.

i=1
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* forp =0:

TF =Ty
and
TF (pa(xs), pp(a:)) = 0 < min {pa(z;), pp(z;)} =0,
e forp=1:
' =Tp
and

T (pa(wi), pp (i) = 06 pa(e) - pp(e) = 0« min {pa(z;), pp(r:)} = 0,

o forO0 <p<oo, p#1:

p—1
o (puA(xi) _ 1)'(pMB(CCz‘) —1)=0 @pﬂA(li) -1 OrpuB(l‘i) -1

pa(mi) _ 1) (pea(@:) _ 1
TE(MA(xi)yﬂB(xi)) =0 < log, (1 + (p )-(p )) —0

< pa(@i) = 0or pp(x;) = 0min {pa(z:), pp(wi)} = 0,
* forp = oc:
TN =Ty
and
Tf(uA(xi),uB(xi)) =0« max {pa(x;) + pp(xr;) — 1,0} =0 < pa(z;) + pp(x;) < 1.
The other cases can be done similarly, the results are scheduled in the Table 1.

In the second step, we must verify that the maps D, — Dg are really divergence measures for
a triple (X, T,S), where T = Ty; and S = Sy. It is evident that D;(A, B) = 0 if and only if
A = Band D;(A,B) = Dy(B,A) foralli € {1,...,6}. It remains to show the third condition
from Definition 1. We will do it for the maps Dy and D3, the other can be proven in a similar way.
Obviously, since the map D+ can be identified with Dg, Dg = 1 and Dy = 0, therefore, we do not
consider it in the following ideas.

To show that the map D, is a divergence we can divide it into six cases.
(i) If pa(w;) < pp(xi) < po(w;:), then
(), (@) = T(T(ualas), po (@), Tlus(:), no(:))
= pa(@) = T(palwi), pp(:))
and

T(T(pa(zi), po(x:)), T(ps(xi), po (i) = T(palzi), ps(:)).
Therefore

T(pa(xi), pe(ri) = T(T(pale:), pe (), T(ps (), pe(ri))
T(T(pa(wi), pe (), T(ps (), pe ()

_ pales) = T(palzi), ps(:))
T(pa(zi), pp (i) .
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(ii) If pa(z;) < po(wi) < pp(x;), then
T(pa(zi), po(xi)) — T(T(pals), po (@), T(pp (i), po(x:)))
= pa(i) = T(pa(zi), po(ri) = pa(xi) — pa(z) =0
= pa(wi) = T(pal(w;), pp(z:))
and
T(T(pa(xi), po(xi), T(ps (@), pe(xi)))

= T(pa(z:), po(ri) = pa(zi) = T(pa(x:), pp(zi)).

Therefore

T(pa(zi), po(xi) = T(T(pal®:), po(@:)), T(pp (), po(:)))
T(T(pa(xi), pe(z:)), T(ps (), pe(xi)))

_ pa(xi) —T(palz:), pp(x;))
T(palx:), pp(xi)) .

(iii) If po(w:) < pa(wi) < pp(x;), then
T(pa(w:), po(@i) = T(T(pal@s), pe(:)), T(pp(x:), po (i)
= pc(wi) = T(pc(w:), pe(w:) = po(wi) — pe(a;) =0
= pa(wi) = pal@s) = palx:) — T(palzi), ps(zi))

and
T(T(palw:), po(:), T (ps(xi), po(xi)) = T(pe (@), pe ()
= po(wi) < palai) = T(pala:), ps(i))-
Therefore

(v) If p(xi) < pal(r;) < pe(w;), then
T(pa(zi), po(xi)) — T(T(pal®:), po (@), T(pp(:), po(:)))

= pa(xi) = T(palz:), pp(zi))
and
T(T(palxs), po(@:)), T(pp(w:), po(xi)) = T (palzi), ps(:))-
Therefore
T(pa(w), po(z:) = T(T(palxi), po (@), T (ps (@), po(w:)))
T(T(pal®:), po(xi)), T(pp(xi), pe ()

:uA(xi)— (MA(xZ>7MB( ))
T(pa(zi), pp (i) .
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(v) If pp(x;) < pelx;) < pa(x;), then
T(pa(ws), pol(w:) — T(T(paxi), pe (@), T (us (), po(w:)))

= pie(wi) = Tpe (@), pp(w:)) = po(w:) — pp(w:) < pale:) — pp(;)
= pali) — T(pal®:), ()
and
T(T(palxi), po(r:)), T(ps(xi), pe(wi)))
= T(pc(@i), pp(@i) = pp(@;) = T(palzs), pp(@:)).
Therefore

T(pa@), po(xi)) = T(T(pa(@:), po(:)), T(pp (@), po(w:)))
T(Tpa(w:), po(x:), T(us (@), po(ri))

pa(xi) = T(pa(z:), pp(r))
T(palws), pp(z:)) '

(vi) If pe(@i) < pp(@;) < pa(w;), then
T(pa(w:), po(@i) = T(T(pal@s), pe(:)), T (s (@), po (i)
= pc (i) — T(pc(xi), po(r:) = po(r:) — po(r) =0
= pa(@:) = pa(xi) = pa(@:) = T(palz:), pp(w:))

and
T(T(palws), pe(x:), T(pp(w:), pe(xi)) = T(pe (i), po(r:))

= po(x) < pp(z;) = T(pa(x:), pe(;)).
Therefore

T(pa@), po(xi)) = T(T(pa(@:), po(:)), T(up (@), po(w:)))
T(Tpa(w:), po(z:), T(us (@), po(r:)))

_ pa(@i) = T(pa(wi), ps(:))

T(pa(z:), pp(z:))

=0

We have shown the inequality

in all six cases.
Similarly, the following inequality can be proved:

T(pp(w:), po (i) = T(T(pa(xi), pe(xi)), T(ps (@), pe(xi)))
T(T(MA(%)’/LC(%)), T(pup(w;

pp(i) — T(palr;),
T(pa(zi), pp(:)

=

)
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hence the following relationship is fulfilled:

s {T (a0, () — T(Tpuales), e (@), Tls(), )
T(T(palws), pe(xi), T(pp(w:), pe(zi)))

o max{..., T(up(®:), po(@:) = T(T(pa(i), po(@:)), T (1
- T(T(palz:), po(x:)), T(pp(x:), po(w:)))
o max{pa(z;) = T(pa(@), ps(i)), pp(@:) = T(pa(@:), pp(:)}
B T(palzi), pp(zi)) '
Applying the previous result to all n elements of the universal set X we obtain:

max {D Ly (T(pua(xi), po(x:) — T(T(pa(:), po(w:)), T(up(x:), po(r:)))), . }
Yo T(T(pa(s), po(w:), T(ps(w:), po(z:)))

cmax{.., 3, (Tup(@i), po(:) = T(T(pali), po(@:)), T(up(:), po(2:)))) }
B >t T(T(pa(xi), pe (), T(ps(@:), pe(w:)))
o max{d 0, (palw:) = Tpal), ps(e:)) s > iy (up(x:) = Tpa(z), ps(e:)))}
a > i1 T(palzi), pp (i) '
We have proven that D1(ANC, BN C) < Dy(A, B). Similarly can be proved the inequality
Di(AUC,BUC) < Di(A, B). We conclude that the map D1 is a divergence measure.

(%), pro(2:))) }

Now we are going to prove that the map Dy is a divergence measure. Without loss of generality
we can assume ip(x;) < pa(x;). Three following cases must be considered: jip(x;) < pa(z;) <
pe(x;) or pup(x;) < pe(r;) < palx;) or pe(x;) < pp(x;) < pa(x;). In all cases we have
T (), pe(x) —T(pp(x;), po(x))| < |pa(x;) — pp(x;)| by Example 1. In detail, we have:

* if up(w:) < pa(:) < pe(w;), then
T (pa(zi), pe(xi) — T(pp(@:), po(@:)] = [palz:) — pp(w:)]

and
min {T'(pa(z:), po(@:)), T(pp (i), pe (i)} = min{pa(z:), pp(z)} -
Therefore

T (palx), po(i) = T(pp(i), po())|  |pali) — pa(wi)]
min {T'(pa(2:), pe(@:)), T(ps(xi), pe ()} min{palz), pp(z)}

* if up(@:) < pe(xi) < palx;), then

T (i), pe(xi) — T(pp (@), po ()| = |po(zi) — pe(@:)| < |pa(z:) — pp(:)|

and
min {7 (pa (i), pe(x:)), T(pp(@:), pe (i)} = min {uc(z:), pp (i)}
= pp(z;) = min {pa(z;), pp(z:)}
Therefore,

T (pala), po(:) = T(pp(xi), pe@)|  _  |pazi) = pp(z)]
min {7 (pa(w:), po (), T(pp (i), pe ()} — min {pa(:), pp(@)}
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* if pe(w:) < pp(w:) < palz;), then
T (pa(xi), po(@i) — T(ps (@), pe(@:)| = lpe(x:) — po(z:)| =0 < [palz:) — ps(:)]
and
min {T'(pa(:), pe(@:)), T(pp (i), po(z:))} = min{pc(z:), pe (@)}t
= po(@i) < by = min{pa(x;), pp(w:)} -
Therefore

T (pa(@s), po(@i)) = T(ps (@), po(@:)| 0 < \nalz:) — pp (i)

min {7 (pa (i), pe (), T(pp (), po(x:)}  ~ min{pa(e), pp(z:)}

We have shown the inequality

T (pa(zi), po(x:) = T(ps(:), po(x))| . |pa(z:) — ps(zs)|
min {7 (pa (i), pe (@), T(pp(@i), pe(x:)} — min{palz:), ps(@)}

in all three cases.

Applying the previous result to all n elements of the universal set X we obtain:

[ 2oims Tpae), po (@) = 3 Tup (i), pole))| 1200 pal@) = 300, ps(wi)|
min {30, T(pa(w:), po (@), 200 Tps (), po(:))t — min {320 palw:), 202, pe(wi)}b

We have proven that D5(ANC, BNC) < Ds(A, B). Similarly, the inequality D;(AUC, BUC) <
Ds(A, B) can be proved. We conclude that the map D is a divergence measure.

For the case A = B = @, we define axiomatically D(A, B) = 0.

We introduce some tools for comparing the divergences in the following way. Let us suppose
that

[Cbl, bl] [aQa bQ]
D, = , Dy =
P endl] T oo do)
then we define: b
Dy < Dye= < ® g2l <22
(&1 Co d; C2

Let us study some important properties of these divergences focused on the monotonicity and
local property.

Proposition 2. For the divergences D, — Dy the following relations are fulfilled for each t-norm
T e <TL, TM>

(i) Dy < Dy < Dsand Dy < Dy < Ds, but the divergences Dy and D, are not comparable,

(ii) Ds is not comparable to any other D;.
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Proof 2. (i) T(pa(z:), ps(xi)) > pa(z;) + pe(x;) — 1 for a Lukasiewicz t-norm Ty, while

(ii)

Tr(pa(wi), pp(xi) = 0 pa(zi) + pp(x) —1 < 0 and Tr(pal(:), pp(xi) =
pa(z;)+ pp(x;) —1in the other case. Since Ty, (pa(x;), pp(x;)) > pa(x;)+pup(x;) —1 we
have T'(pa(x;), up(xi)) > pa(z;) + pp(z;) — 1 foreach T € (Ty, Tyr). It is equivalent to

1 — pa(w;) — pp(ws) + 2T (pa(:), pp(w:)) = T(pals), pp(z:)).

If we apply it to all elements of the universal set X, we get

n n

D (= palws) = pp(w:) + 2T (nalws), pp () = Y T(pal), po(w:).

i=1 =1
Since the denominator of the divergence D, increases and the nominator we keep without
change, we get Dy < D;. Similarly, we can show Dy < Ds. Since T (pa(x;), pp(x;)) <
pa(xi) and T(pa(w;), pp(wi)) < pp(x;), adding “+pp(x;) — 2T (pa(x:), ps(;))” to the
first inequality and “+pa(x;) — 2T (pa(z;), pp(x;))” to the second inequality, it follows
that

max {pa(x;) — T(palx:), pp(xi)), p(z:) — T(palz:), ps (i)}
< pal(w;) + pp(r:) — 2T (pa(w), pp(rs)).
It shows that D1 < Ds and Dy < D,.

Now we show that the divergences D, and D, are not comparable. We give one counterex-
ample. Consider the intuitionistic fuzzy sets given as follows:

2,0.8,0.1), (y,1,0), (,0.9,0.1)}
2,0.2,0.4), (y,0.7,0.2) , (z,1,0)}
2,0.5,0.4) , (y,0.6,0.3) , (,0.4,0.3)}
2,0.9,0),(y,0,1),(2,0.6,0.1) }.

{«
{«
{«
{«

We compute the divergences D, and D, for the minimum t-norm Iy and the maximum

t-conorm Sy

27,02 [1.2,0.8]
Dl(AlaBl) = m D4(A1731) [1 8.2. 2]
~[1.9,0.6] [1.8,1.3]
Dl(A2aBQ) - m; D4(A27BZ> [1 2 1. 7]

The divergences Dy and D, are not comparable can be concluded.

Similarly, it can be shown that the divergences D, and Dy are not comparable, also.
Consider again the intuitionistic fuzzy sets given in part (i) and for example, computing
the divergences D, and Dy for the minimum t-norm T); and the maximum t-conorm Sy we

obtain:
12,08 1.2,-0.8]
D (Al7B].) [18 22]7 D5(A17B].) W
[18,1.3] ~ [0.6,-0.5]
Dy(As, By) = 217’ D5(Az, By) = NIERNIE

85



The divergences D3, D, have a local property, since both can be expressed as a sum
oy h(pa(z;), pe(z;)), where the function h : [0,1] x [0,1] — R fulfills conditions (1)—(3)
from the definition of local divergence. The first and second are trivial, the third follows from the
monotonicity of the t-norm 7". The other divergences need not be local in general.

4 Conclusion

We give an alternative approach on how to measure the difference of two IFSs.

In our considerations, we have restricted ourselves to the case when the universe X is finite.
In case of an infinite universe X we cannot use the concept of cardinality as above. It would be
appropriate to find another approach to define a divergence measure that could also be used in the
case of an infinite universe X.

A complete characterization of all divergence measures is still an open problem. In future
work, we will specify a class of some interesting properties that could be fulfilled by divergence
D, namely its local property.

We have considered the value of divergence between IFSs as a > -count of two scalar
cardinalities, i.e., as a pair of real numbers. The question of how this concept should be extended
so that the values of divergence could be represented as fuzzy numbers may be a quite interesting
problem that requires a new approach.
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