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1 Introduction

We begin this section with defining the notation we will use in the paper and then we specify
the type of elementary intuitionistic fuzzy partial diferential equation we wish to solve. In the
next section we present the concept of intuitionistic fuzzy solution, and we give a sufficient
condition for the solution to exist. The third section contains some examples.

We place a bar over a capital letter to denote a

Let us now first define the elementary partial differential equation we are interested in.
Let I; = [0, M;] and Iy = [0, M|, for some M; (M) > 0, be two intervals. F' (z,y, k) will
be a continuous function for (x,y) € I} x Iy and k = (kq,...,k,) a vector of constants with
k; in interval J;, 1 < i < n. the operator ¢ (D,, D,) will be a polynomial, with constant
coeflicients, in D, and D, where D, (D,) stands for the “partial” with respect to x (y). Also
U (z,y) is a continuous function, having continuous partials' with respect to both x and y,
with (z,y) € I x Iy. The partial differential equation is

¢ (D, Dy) U (2,y) = F (7,y,k) (1)

subject to certain boundary conditions. These boundary conditions can come in a variety of

forms such as
U(O,y) = Cl,U(l’,O) = CQ,U(Ml,y) =C3,...

U(0,9) = g1 (y;ca) , U (2,0) = fi(w;05),. ..

Uz (xa()) = f2 (-I'v 06) 3 Uy (O>y) =02 (ya C7;CS> g
At this point we will not give any explicit structure to the boundary conditions except to
saay they depend on constants cq,...,¢, with the ¢; in intervals L;, 1 < ¢ < m. Let

c=(c1,..,Cm).
We assume the problem, with certain boundary conditions, has aa solution

Ul(z,y) =G (2,y,k,c) (2)

for continuous G? with (z,y) € I} X I, k € J =11J; and c € L = I1L;.

We really need to assume that ¢ (D, D) U (z,y) is continuous for (z,y) € I x Is.
20 (D4, Dy) G (2,y, k, c) is continuous for (z,y) € [y x I, k€ J, c € L.



Now we can say more about what we mean by “elementary” partial differential equations.
By “elementary” we mean that the solution G in Eq. (1) is not defined in terms of a
series. That is, there are no Fourier series used to define G. Since in this paper we will
interested for G with intuitionistic fuzzy parameters we do not wish to consider Fourier
series in intuitionistic fuzzy sets concept. We need the solution G to be fairly simple. So, we
also assume that Bessel functions and Legendre functions are not used in G.

The constants k; and ¢; are not known exactly so there will be uncertainty in their values.
We will model this uncertainty using intuitionistic fuzzy numbers. So, we will substitute
intuitionistic fuzzy numbers K; for k;, K; in J;, 1 <14 < n, and substitute intuitionistic fuzzy
numbers C; for ¢;, C; in L;, 1 < i < m.

The intuitionistic fuzzy partial differential equation is

¢ (Dy, D) U (2,y) = F (2,9, K) (3)

where K = (}_(1, e [_(n) for K, an intuitionistic fuzzy number in J;, < i < n. The function
U becomes U where U maps I; x [ into intuitionistic fuzzy numbers. That is, U (z,y) = Z
where Z is an intuitionistic fuzzy number.

By the following operator, we can obtain fuzzy sets from intuitionistic fuzzy sets

}:(Z/B = {<x’uki (JL‘) + ﬂﬂki (JL‘) Y Vi, (:13) + (1 - ﬁ) TR, (CL’)> T e IR}
f = {<$’M@ (x) + Brg, (v),ve, () + (1 = B) me, (m)> ‘x € IR}

where § € [0,1]. Then the fuzzified form of the Eq. (1) is
- =5 =5
# (D2, D) U (w,9) = F (2,9, K”) (4)
subject to certain boundary conditions. The boundary conditions can be of the form

0" (0,y) = Cy,U° (2,0) = Cy
7’ (0,y) = g, <y;Cf>,UB (v 4
70 (2,0) = fy (x;@(f) LU, (0,y) = g (y; _5;05)

—

The gf and ff are the extensions principle extensions of g; and f;, respectively. Let C’ =

(C’f, cee C’i) with C’f triangular fuzzy number in L;, 1 < i < m. we wish to solve the
problem given in Eq. (4).

Finally, we fuzzify G in Eq. (2). Let Y’ (2,y) = G’ <:c, y, K’ C‘B> where Y is computed
using the extension principle.

Let the a-cuts of K7 and C”.

2 Solution concept
From [3] the solution is presented as follows. For all a we have

v’ (x,y)[a] = yf (2,9, ) ,yf (,y, )
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and

F* (2.9, K) [o] = | FY (2.9,0) . F5 (2,9.0)]
We know that [4]
o (z,y,0) = min{Gﬁ (2, 9.k, c): ke K’ [a], ce C” [a]} (5)
s (2.y,0) = max {G” (@,y,k.c) k€ K [a], c € C7[a] ] (6)
e 7 (2,y, @) = min {Fﬁ (z,y,k): k€ K’ [a]} (7)
2 (2,y,a) = max {Fﬁ (2,9, k) : ke K° [a]} (8)

for all x, y and «.
Assume that the ¢ (z,y,a) have continuous partials so that ¢ (D,, D)y, (x,y,a) is
continuous for all (x,y) € I; x I and all o, i = 1,2. Define

I (2,9,0) = | (D2, D)y (2,9,0) . (Do, D) s (2, 0)] (9)

for all (z,y) € I x Iy and all a. If, for each fixed (z,y) € I; x I, I’ (2,y, ) defines the
a-cut of fuzzy number, then we will say that Y” (z,y) is differentiable and we write

¢ (Dy, DY Y’ (2,9) =T (2,9, 0) (10)

then Y () is a solution in the sense of [3] (without the boundary conditions) if Y (x,v)
is differentiable and

¢ (Dy, DY’ (2,y) = F” (ﬂ:,y,f(ﬁ> (11)
or the following equations must hold

¢ (Dy, D)y} (x,y,0) = F, (2,y,a) (12)

¢ (Dy,Dy) ys (x,y,0) = Fy (,y,a) (13)

for all (z,y) € I x I; and all a.
And we say that Y’ (x,y) is a solution in the sense of [3] satisying the boundary conditions.

Proposition 1 Assume Y’ (x,y) is differentiable. If for alli € {1,...,n} G (z,y,k) and
F(z,y,k) are both increasing (or both decreasing) in ki, for (v,y) € Iy x Iy and k € J, then

Y (z,y) is a solution in the sense of Buckely and Feuring [3]

Proof :

For simplicity assume n = 2 and G (x,y, k) is increasing in ky, F' (z,y, k) is increasing in
ki, G (z,y, k) is decreasing in ke and F' (z,y, k) is also decreasing in kg. Then from (5) - (8)
we have

vl (@.0) = G (2.4, (0) K () (14)
s (2,9.0) = G (2,545 (0) K5, (@) (15)
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8 5 8
Fy (2,9,0) = F (2,55, (0) K3y () (16)
8 5 8
F2 (ZE, Y, Oé) =F <J], Y, k12 (Oé) ) k21 (Oé)) (17>
for all o where K, o] = [/ffl (), K}, (a)} and K [a] = {k; (), kb, (a)}
Now G solves the partial differential equation (1), which means

¢ (D, Dy) G (rr,y,kf,k§> =F (xy kf,kg)

for all (z,y) € I x Io, k| € J; and ky € Jo. But k); () € J; and kjy; (a) € Js for all a,
j=1,2 50

B &)
SO(Da:aDy) yl (:lj,y,a/) = Fl (flf,y,Oé)

B I
90<D5L"7Dy)y2 (.Yi,y,()é) = FZ (Ia%a)

for all (z,y) € I; x I, and all o, 3. Hence, (12) and (13) hold and Y” (x,7) is a solution in
the sense of [3].
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