Notes on Intuitionistic Fuzzy Sets

Print ISSN 1310-4926, Online ISSN 2367-8283
2026, Volume 32, Number 1, 1-14

DOI: 10.7546/nifs.2026.32.1.1-14

Invariant intuitionistic fuzzy observables

Katarina Cunderlikova

Mathematical Institute, Slovak Academy of Sciences
Stefanikova 49, 814 73 Bratislava, Slovakia

e-mail: cunderlikova.lendelova@gmail.com

Received: 1 December 2025 Revised: 12 January 2026
Accepted: 19 January 2026 Online First: 23 January 2026
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1 Introduction and basic notions

Let (X, 0, P) be a probability space, T : X — X be a measure preserving transformation,
¢ : X — R be an integrable random variable. By the Individual Ergodic Theorem then there
exists an integrable random variable ¢* such that the following conditions are satisfied (see [14]):

i) E() = EE),
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n—1
(i) lim X > ((oT%) =¢&* P-almost everywhere,

(iil) & =& oT P-almost everywhere.
By a measure preserving transformation we understand a mapping 7" : X — X suchthat A € o
implies 77" (A) € o and P(T7'(A)) = P(A)).
In the paper [7], we generalized the first two properties (i) and (i1) of the Individual Ergodic

Theorem with respect to an intuitionistic fuzzy state, see the theorem below.

Theorem 1. (Individual Ergodic Theorem) Let (F, %) be a family of IF-events with product, m
be an IF-state. Let x be an integrable IF-observable and T be an m-preserving transformation.

Then there exists an integrable IF-observable x* such that

(i) E(z) = E(z"),

n—1
(ii) lim 1" (riox) = 2* m-almost everywhere.

Now we explain the basic notions, which we used in previous theorem. By the family of
intuitionistic fuzzy events on ({2, S) we understand a set

F ={A = (ua,va); pa,va: Q2 — [0, 1] are S-measurable and p14 + v4 < 1g},

where ) # @ and S is a o-algebra of subsets of ) (see [2, 3, 12]). Recall that the notion of
intuitionistic fuzzy sets was introduced by K. T. Atanassov in 1983 in paper [1].

Next we will work with Fukasiewicz binary operations ¢ and ©® on F, which are given by
these equalities

A®B = ((pa+pp)ANla,(va+vp—1a)V0q)),
AOB = ((pa+ps—1a) V0, (va+rvp)Alg))
for A = (ua,va),B = (up,vp) € F. The partial ordering < on F is defined as follows:
A<B <= g <pp,va>vp

and max — min connectives are given by AVB = (uaVug, vaAvg), AANB = (uaAup, vaVrg),
see [1-3].
A product operation * on a family of intuitionistic fuzzy events F is defined by

AxB=(ua-pp,lo— (la—va) (lg—vs)) = (pa-pup,va+ve —va-vp)

foreach A = (pua,v4) € F, B = (up,vp) € F and - is a multiplication, see [11]. The product
* 1s satisfying the following four properties for each A, B, C, A,,,B,, € F,n € N, see[11]:
() (1g,0q)x A = A;
(i1) the operation * is commutative and associative;
(iii) if AOB = (0q, 1g), then Cx(A®B) = (CxA)®(CxB) and (CxA)®(CxB) = (0, 1n);
(iv) if A, N\, (0g, 1q), B, N\ (0q, 1g), then A,, x B,, \, (0g, 1q).



In Theorem 1, we discussed an integrable intuitionistic fuzzy observable and an intuitionistic
fuzzy state m. Recall that the notion of intuitionistic fuzzy observable in the intuitionistic fuzzy
space has the same role as the notion of random variable in the classical probability space.
Similarly, the notion of intuitionistic fuzzy state corresponds with the notion of probability.

By an intuitionistic fuzzy state we mean a mapping m : F — [0, 1] that satisfies the
following three conditions for each A, B, A,, € F,n € N (see [13]):

() m((1le,00)) =1, m((0g,10)) = 0;
(i) if A® B = (0g, 1) and A, B € F, then m(A & B) = m(A) + m(B);

i) if A, 7 A (e, pa, /7 pa, va, N\ Va), thenm(A,) ~ m(A).

Recall that by intuitionistic fuzzy observable we understand each mapping = : B(R) — F
that satisfies the following conditions:

(ii) if AN B =g, then z(A) ® 2(B) = (0g, 1o) and (AU B) = z(A) & z(B);
(i) if A, 7 A, then 2(A,) * 2(A)

for each A, B, A, € B(R), n € N, see [13]. There B(R) is the o-algebra of the family of all
intervals in R of the form [a,b) = {z € R : a < z < b}, see [14].

We say that an intuitionistic fuzzy observable x is an integrable, if the integral f Rl dm, (1)
exists. In this case we define intuitionistic fuzzy mean value by

E(z) = /R ¢ dm, (1),

see [6].

In the modification of Individual ergodic theorem for the intuitionistic fuzzy case we work
with m-preserving transformation 7, which is a mapping 7 : F — JF with following four
conditions:

@ 7((1e,00)) = (1o, 00):

(ii) if A ® B = (0g, 1g), then 7(A) ® 7(B) = (0, 1g) and 7(A & B) = 7(A) & 7(B);
(i) if A, 7 A, then 7(A,) 7 7(A);
(iv) m(r(A) * 7(B)) = m(A * B)

foreach A,,,A,B € F,n € N, see [7].

Last notion from Theorem 1 is an almost everywhere convergence with respect an intuitionistic
fuzzy state m. In paper [4] we defined m-almost everywhere convergence with help of limes
inferior and limes superior as follows:

A sequence (z,), of intuitionistic fuzzy observables converges m-almost everywhere to an
intuitionistic fuzzy observable z, if there exist intuitionistic fuzzy observables Z, z : B(R) — F
such that m(Z((—o0,t))) = m(z((—o0,t))) = m(z((—o0,t))) for every ¢t € R.
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There * = lim sup z,, and z = lim inf x,, are given by
n—o00 n—oo

[c eXe clNe o]

#(i=o00) = VY A ma(( =00t =1)) o0 = VAV an(( =00t 0))

p=1k=1n=k

for every t € R.

It is very important to note that for a function of several intuitionistic fuzzy observables
created by the composition of their joint intuitionistic fuzzy observable and a Borel measurable
function, almost everywhere convergence is related to the almost everywhere convergence of
random variables in the Kolmogorov probability space (R, o(C), P), see [5]. The following
theorem discuss about this.

Theorem 2. Let (x,,),, be a sequence of intuitionistic fuzzy observables, (&), be the sequence of
corresponding projections, (g, ), be a sequence of Borel measurable functions g, : R™— R. If the
sequence (gn(ﬁl, o ,fn))n converges P-almost everywhere, then the sequence (gn(xl, e ,xn))n
converges m-almost everywhere and

m(}jm sup gn (21, . . . ,xn)((—OQ t))> = m(lim inf g, (z1, ... ,xn)((—oo, t)))

n—o00 n—oo

foreacht € R. Moreover

P({u € RY :limsup g, (& (u), ..., & (u) < t}) = m(limsupgn(xl, . ,xn)((—oo,t)))

n—oo n—oo

foreacht € R.

Remark that C is the family of all sets of the form {(¢;)°, : t; € Ay,...,t, € A,} and P is
the probability measure given by the equality

P{(t:)2) 1 t1 € Ay, ...ty € Ap}) =m(my(Ay) % -+ % 2,(Ay)).

The corresponding projections &, : RY — R are formulated as &L((ti)fil) =t, forn € N,
see [5,7].

In Theorem 2, the intuitionistic fuzzy observable g, (z1,...,z,) : B(R) — F is defined by
the formula g, (21, ..., 2,)(A) = h,(g, ' (A)) for each A € B(R). Then h,, : B(R") — F is an
n-dimensional intuitionistic fuzzy observable with property

h(Ay % -+ X Ay) = 21(A1) % .. 20 (Ay)

for each Aj,..., A, € B(R) and it is called the joint intuitionistic fuzzy observable of
intuitionistic fuzzy observables x1, ..., z, : B(R) — F, see [12].

In the next section, we will generalize the property (iii) from the classical Individual Ergodic
Theorem for an intuitionistic fuzzy space (F, m). We will use a notation ”IF” as an abbreviation
for “intuitionistic fuzzy” below.



2 Invariant intuitionistic fuzzy observables

o0

In this section we will study the sequence of I[F-observables (7'" ox) L

and the sequence of Cesaro

means
1 — o

(EZwom)

i=1 1
in IF-space (F,m). There x : B(R) — F is an integrable IF-observable and 7 : F — F is an
m-preserving transformation defined as follows:

Definition 1. Ler (F,*) be an IF-space with product, m be an IF-state. The m-preserving
transformation is a mapping T : F — F, which it is satisfying the following properties:

(i) 7((10,00)) = (1, 00);
(ii) if A® B = (0q, 1q), then 7(A) © 7(B) = (0g, 1g) and 7(A & B) = 7(A) & 7(B);
(iii) if A, /A, then 7(A,) 7 T(A);
(iv) 7(A) * 7(B) = 7(A = B)
(v) 7(AAB) = 7(A) A 7(B)
(vi) m(7(A)) = m(A)
for each A,B, A, € F,n e N.

One can see that this definition of m-preserving transformation must satisfy additional
conditions compared to the preserving transformation used in Theorem 1. So the transformation
from Definition 1 is weaker. In this section, we will work with the m-preserving transformation
formulated in Definition 1.

The convergence of Cesaro means for observables in MV-algebras and in fuzzy quantum
spaces was studied by B. RieCan and M. Jureckova in the papers [9, 10]. They showed that in
both spaces the limit of the sequence of Cesaro means is invariantly observable. In this section
we will extend this result for the IF-space (F, ).

Theorem 3. Let (F,x*) be an IF-space with product, m be an IF-state. Let x be an integrable

IF-observable and T be an m-preserving transformation. Put forn € N

n—1 n—1
1 . 1 4
S T and y,, = — o,

The sequence (yy,,)5° of IF-observables converges m-almost everywhere to an integrable IF-observable
x* and
P((€) " ((—=o0,t))) = m(z*((—o0, 1))
for eacht € R. There £ = lim &, P-almost everywhere and T : RN — RY is the shift given
by T(tn)n) = (50)m 50 = tarrm € N.



Proof. By Theorem 1 we have that the sequence of IF-observables (y,,){° converges m-almost
everywhere to the integrable IF-observable z*. Moreover from Theorem 2 we obtain that

P((€) ™ ((=00,1)) = m(a* (~00,1))

for each ¢ € R. Then, from the classical Individual Ergodic Theorem, the sequence of random

(&)7° —< 2510T1>

converges P-almost everywhere to the integrable random variable £* and

variables

n—1
0o 1 . 00 .
(yn)° = (gn(xl, .. ,$n))n = <E Z;TZ o x)l , i =T"lox
fori = 1,...,n, where z* = limsup,,_,., ¥ = limsup,,_,.. gn(21,...,2,) and g,(t1,...,t,)
= % > i, t; is a Borel measurable function. [l

Now we return to the sequence of Cesaro means of IF-observables
1 >
(— Z T' o x)
{Cr 1

Lemma 1. Let I, : B(R") — F be the joint IF-observable of IF-observables T o x, 7> oz, ...,
7" ox : B(R) — F. Define the IF-observable z, by

1 n
zn:—g T'ox,n € N.

n

1=

Then l,, = 7o h, and z, = T ovy,, where h, is the joint IF-observable of IF-observables
z,7ox,..., 7" tow: B(R) = Fandy, = + 31" Olr’ozv

Proof. Consider the Borel measurable function g,(t1,...,t,) = => 7 t;. Then from the
definition of the function of several IF-observables we have

n n—1
1 7 —1 1 7 -1
Zn:EE Tox:lnognvynZEE Tox:hnogn'
=1 i=0

Since 1, is the joint IF-observable of IF-observables 7 o z,72 o x,...,7" o z and h,, is the
joint IF-observable of IF-observables z,7 o ..., 7" ! o z, then using the property (iv) of the
m-preserving transformation 7 we obtain

(Al X Ay x -+ x A,) = Tow(A)*x7m?0om(Ay) *---x 7" 0 x(A,)

(z(A, ) T(Tox(Ay)) x - x7(7" o x(4,))
(z(A1) xTox(Ag) % -+ % 7" o m(Ay))

= T(hn(A1 x Ay x -++ x Ay))

Il
\]

I
\]

foreach A; x Ay x -+~ x A, € B(R"). Hence l,, = 7 o h,,.
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Moreover we obtain

1 .
=~y Tox=l,0g ' =70h,o0g,' =Toy,. O
- ; 9 9 y
Lemma 2. Let g,(t1,...,t,) = %Z?:l t; be a Borel measurable function, x be an integrable
IF-observable. Put
n+1

k’nJrl(tl,tg,... n+1 Zt = Gn tg,... tn+1 (ll’ldzn——ZT ox,

where T is an m-preserving transformation. Then z, = h,.1 o k;;il, where h,. is a joint
IF-observable of IF-observables x; = 7" Loz fori=1,...,n+ 1.

Proof. Consider a projection 7, : R"™ — R™ given by m,(t1,t0, ..., tni1) = (L2, tni1)-
Then we obtain that k,,,; = g, o 7, and, therefore,

Pns10 kit = hos10 (gnoma) ' = hppiom, og, ™. (1)
But

Bogrom, (A X -+ x Ay) = hpp(Rx Ay x - x Ay)
= x1(R)*xx9(Aq) x -+ xx,.1(Ap)
= (lg,0q) * xo(Ay) * -+ % xpy1(Ay)
= x9(Ay) x - xx,01(Ap)
= 7ox(A) x---x7"0x(A,)
= (A x---xA,), )

where [, is the joint IF-observable of IF-observables 7¢ o 2, i = 1,...,n. Hence, using (1) and
(2), we have

1~
-1 1, -1 -1
Zn:ﬁg Ttow =1l,0g, =hypom, og, =hy,10k, ;. O

Theorem 4. Let (F, x) be an IF-space with product, m be an IF-state. Let x be an integrable
IF-observable and T be an m-preserving transformation. Put forn € N

1< . 1~
:E;QOT andzn:E;T ox.

The sequence (z,);° of IF-observables converges m-almost everywhere to an integrable IF-

observable z* and
P((n*)’l((—oo,t))) = m(z*((—oo,t))

for eacht € R and z* = 7 o x*. There n* = lim n, P-almost everywhere, x* = lim y,
n—oo n—oo

m-almost everywhere, v, = %ZZ:Ol Tioxand T : RN — RN is the shift given by T((t,),)
= (Sn)n» Sp = tny1, n € N.



Proof. Denote forn € N

n—1 n—1 n n
gn:%;&oﬁ, yn:%;#ox, nn:%;&oTi, zn:%;ﬂ'ox.

It is easy to see that
n :lzn:floTi:lzn:floTi_loT:lnz:lfloTjong oT. (3)
[ o s

By Lemma 1 we have that
Zn =T OYn. “4)

Let = be an integrable IF-observable. Then the first coordinate function &; is an integrable
random variable and by the classical Individual Ergodic Theorem there exists an integrable random
variable £* such that P-almost everywhere

"= lim §and & = o T, &)

where (RY,0(C), P) is the corresponding Kolmogorov probability space. Hence, using (3) and
(5), we obtain that P-almost everywhere

limn, = lim { oT =& 0T =&, (6)
n—oo n—oo

i.e., there exists an integrable random variable n* = £* o T' = &*.
From Theorem 3 we have that the sequence of IF-observables (y,,);° converges m-almost
everywhere to the integrable IF-observable z*, i.e.,

lim y,, = z* (7)

and foreacht € R
P((E) " ((—00,1))) = m(2* (o0, 1))). ()

Therefore, using (4), (7) and the property (iii) from Definition 1, we obtain

lim z, = lim Toyn:7-<lim yn):To:r;*7 )
n—oo n—oo n—oo

i.e., the sequence of IF-observables (z,);° converges m-almost everywhere to an integrable
IF-observable z* = 7 o x™.
Finally, by (9), (8), (6) and the property (vi) from Definition 1, we have

m(z*((—o00,t))) = m(roz"((—00,t))) =m(z*((—o0,t))) = P((¢") " ((—00,1)))
= P((n") 7 ((~00,1)))
foreacht € R. O

In paper [8] we defined an almost everywhere coincidence of IF-observables with using
IF-state m. We used two approaches: with and without using an joint IF-observable, see
Definition 2 and Theorem 5.



Definition 2. Ler (F, x) be the IF-space with product x and m : F — [0, 1] be an IF-state. We
say that the IF-observables x,y : B(R) — F coincide m-almost everywhere if and only if

m(h({(u,v) €R*;u= v})) =1,
where h : B(R) — F is the joint IF-observable of IF-observables x,y. We write that x = y
m-almost everywhere.

Theorem 5. Let (F, x) be the IF-space with product x and m : F — |0, 1] be an IF-state. Two
IF-observables .,y : B(R) — F coincide m-almost everywhere if and only if

m(x((—oo,u)) «y((u, oo))) =0 and m(x((u, 00)) * y((—oo,u))) =0
for eachu € R.

In what follows, we will define the notion of a P-intuitionistic fuzzy observable and will
show that the limit of a sequence of a Cesaro means is an invariant IF-observable for this case of
IF-observables.

Definition 3. An IF-observable x : B(R) — F is called P-intuitionistic fuzzy observable, if
z(CN D) <z(C)xx(D) foreach C, D € B(R).

Lemma 3. Let x be a P-intuitionistic fuzzy observable and h,, be the joint IF-observable of
IF-observables v; = 7Y o x fori = 1,...,n. Then h,(C N D) < h,(C) x h,(D) for each
C,D e B(R").

Proof. Let x be a P-intuitionistic fuzzy observable. Then by Definition 3 we have
z(CND)<z(C)*x(D)
for each C, D € B(R).

-1

Denote x; = 70" ' oz fori = 1,...,n. Now we show that 5 = 7 o x is a P-intuitionistic

fuzzy observable. Really, using the property (iv) from Definition 1, we obtain
Tox(CND) = 7(z(CND))<7(x(C)xx(D)) =7(x(C)) *7(x(D))
= 71ox(C)x7ox(D).

Such x; = Tox;_1 and x;_; is a P-intuitionistic fuzzy observable, then by mathematical induction

we have that z; = 7'~! o x are P-intuitionistic fuzzy observables fori = 1,. .., n.

PutC=Cyx---xCp,and D =Dy x---xD,,thenCND=C,NDyx---xC,ND,,. Let
h.,, be the joint IF-observable of IF-observables z; = 7" tox fori = 1,...,n. Since 7; = 7" Loz
are P-intuitionistic fuzzy observables fori = 1, ..., n, so for each C, D € B(R")

ho(CND)=h,(CiNDy xCoNDyx---xC,NDy,)
= 21(C1 N Dy) *x x9(Cy N Dy) - -+ x 2,(C, N Dy,)
=2(CiN D) *Tox(CoNDy) -+ x7" L ox(C,ND,)
< 2(C)*2(Dy) xTox(Cy) * Tom(Dy) * -7 L ox(C,) x 7" o x(D,)
=2(C))*T1ox(Cy)*---*7" Lox(C,) *xx(Dy) xTox(Dy) %---x 7" L ox(D,)
= 21(C1) * 22(C3) x -+ % 1, (Cy,) x x1(Dy) * x2(D3) * -+ - % x,(Dy,)
= h,(Cy X -+ x Cp) % hy(Dy X -+ X Dy) = hyp(C) % hyy (D),

i.e., h, is a P-intuitionistic fuzzy observable. O]



Theorem 6. Let (F,*,m) be a IF-space with product and with an IF-state m. Let x be an
integrable P-intuitionistic fuzzy observable and T be an m-preserving transformation. Let x*, 2*

be the IF-observables such that z* = 7o z*, z* = lim * ) I ' 7o x m-almost everywhere,
7'L—>OO

= lim 1 Zl | T o & m-almost everywhere. Then for each t € R it holds

m(x*((—oo,t)) * 2°((t, oo))) =0 and m(m*((t, 00)) * z*((—oo,t))) =0
i.e., ¥ = T o x* m-almost everywhere.

Proof. First we will prove that m(x*((—oo, t)) = 2*((¢, oo))) =0.
It is easy to see that 2* ((t, 00)) = \/o—, 2*([t + 2, 00)), hence

m (" ((—00,1)) + 2"((t,50)) ) = m(x*((—oo,t)) *SZZ*({H %oo)))

Denote ¢ 4+ + = s. We will prove that m(x*((—oo,t)) * 2*([s, oo))) = 0 fort < s. Such
(—00,5)U|[s,00) = Rand (—o0, s) N [s,00) = &, then using property (ii) of [F-observables and
(iii) property of IF-product we obtain

:E*( —00,t) ) * 2 ( ,8) U [s,oo)) = :r*((—oo,t)) * 2% (R)
—o00,1)) * (2 (o0 *([s, <)) = #((=00,)) *(0g, 1)
(x*((—oo,t)) * 2 ( —00, § )) ® (x (( —oo,t)) * z*([s,oo))) = 2" ((—o0,t))
and
(x*((—oo,t)) * z*((—oo,s))) ©) (x*((—oo,t)) * z*([s,oo))) = (0q, 1o).
Hence, from property (ii) of the IF-state we have
m((x*((—oo,t)) * z*((—oo,s))) @ (:c*((—oo,t)) * z*([s,oo)))) = m(x*((—oo,t))),
m(x*((—oo,t)) * z*((—oo,s))) + m(x*((—oo,t)) * z*([s,oo))> = m(x*((—oo,t))).
Therefore
m(x*((—oo,t)) 2% ([s, oo))) = m(a:*((—oo, t))) - m(x*((—oo,t)) * 2" ((—o0, s)))

Let x be an integrable P-intuitionistic fuzzy observable. Then the first coordinate function
&1 1s an integrable random variable and by the classical Individual Ergodic Theorem there exist
integrable random variables £*, n* such that P-almost everywhere

f* = lim gna 77* = lim Tns 5* = 5* ol = 77*7
n—00 n—00

where &, = %Z;:Ol &GoT', n, = L3 & oT and (RY,0(C),P) is the corresponding
Kolmogorov probability space. For this reason

P((&)7 ((=00.1) N ()7 ([s.00)) ) = 0. (10)

10



From Theorem 3 and Theorem 4 we have that

m(a*((—00,t))) = P((€") " ((—00,1))) (11

and m-almost everywhere

* : 1 — i T 1 - i
x :7}1_?)10571» ﬁnzggT ox, 2 —nh_{{.lozn, Zn_ﬁile ox.
But
#*((=00,0) = ((=00,) =\ V Awa((=00t=2)).
p=1k=1n=k
o 0 oo 1
2 ((-00,8) = 2(=00,8) = \/ V/ N\ (=005 - -)).
q=11=1m=l
hence

m(2* (=00, 1)) = (-0, )
= (VY Aot 2) YV A (-0 )

p=1k=1n=k q=11=1m=l
k+i 1 I+j 1
= lim lim lim lim lim lim m( /\ yn(< —00,t — —)) * /\ Zm(( — 00,5 — _)>)
Pp—00 k—00 1—+00 q—00 |—00 j—+00 - p A q

From Lemma 2 we have

(Rl R (o)

7; » ] I+ » 1
= Amos (=2t 1)+ Ao (- 1))

DenoteAn = 775,}10951((—00,25—%)), Bm = 7T;}n+1Og;11(<—OO,S—%>>, where w Z /{Z+Z,
w >+ jandt,s,p,q are constants. Therefore,

m<k/+\iyn<(—oo,t— %)) \ 7\jlzm<<—oo,s— é))) _ m<:/_+\;hw(An) *thwwm)).

n—= m=

Using the monotonicity of the joint [F-observable h,, we obtain for n = k, ..., k 4 ¢ and for
m=1....,0l4+7

k+i l+j
he(An) > hw< N An>, he(Bm) > m( N Bm),
n=~k m=l
hence

k+i k+i I+j I+j
N ho(An) > ( N An), N\ ho(Ba) > m( N Bm). (12)
n=~k m=l m=l

n=~k

11



From (12) and Lemma 3 it follows that

K s (An) # /< ho(Bm) = he < ﬁ An) ¥ hw< ﬁ Bm>

e i
> hw( ﬂAn) m(ﬂBm)>
n==k m=l

and therefore

For this reason, we obtain

m(:v*((—oo,t)) x 2" ((—o0, s)))
k+i 1 I+j 1
= lim lim lim lim lim lim m( /\ yn<<— oo, t — —>) * /\ zm<(— 00, § — —>)>
p—00 k—00 1—00 ¢—+00 [—00 j—00 ek p el q
k+i I+j 1
S e 1 B 1
o ot o o (657 (=os - 2)) 0 (e ((- - 1))

- H(QUAS (- ) uumnm<<—oo:s—$>>)

= P((€) (=00, ) N 1) ((=0.9)) ). (13)
Finally, using (11), (13) and (10), we have
m (i ((=00,1)) = 2* (15, 00))) = m (" ((~00,1)) ) — m (2 ((~ ~0,5)))
< P((€)7 ((=00.1))) - P(@ > (< >> <n*>—1<<—oo,s>>)
= P((€) ((=00.) N (1) (s, 0)) ) = 0

and hence
m (2" ((=00,8)) + #*((t,0)) ) = m(m*((—oo,t)) *Szzdt + % oo)>> — 0.

Similarly we can prove that m<x* ((t,00)) * z*((—o0, t))) = 0. Therefore 2* = 2* = 7o x*
m-almost everywhere. [
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3 Conclusion

The article deals with the invariance of an intuitionistic fuzzy observable, which is the limit
of Cesaro means of intuitionistic fuzzy observables called P-intuitionistic fuzzy observables. We
can thus formulate a modification of the Individual Ergodic Theorem for intuitionistic fuzzy space
with product and with intuitionistic fuzzy state m as follows:

Theorem 7. (Modified Individual Ergodic Theorem). Let (F, x) be a IF-space with product, m
be an IF-state. Let x be an integrable P-intuitionistic fuzzy observable and T be an m-preserving
transformation. Then there exists an integrable P-intuitionistic fuzzy observable x* such that

(i) E(x) = E(2*),
n—1 )
(i) lim 2 > (tPox) =2* m-almost everywhere,
n—oo " ST
(iii) x* = T ox* m-almost everywhere.

The proof of Theorem 7 follows from Theorem 1 and Theorem 6.
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