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Abstract: In this paper an optimal control algorithm fed-batch fermentation processes in terms 
of Generalized nets is developed. A simple material balance model is used. The optimal feed rate 
control of a primary metabolite process is studied and a biomass production is used as an 
example. An optimization of a fed-batch fermentation process is done using the calculus of 
variations to determine an optimal feed rate profile. The problem is formulated as a free final 
time problem where the control objective is to maximise biomass at the end of the process. 
Depending on the sign of Ψ the Generalized net is defined the feed rate which should be used for 
the process. The facility of obtaining net demonstrates the flexibility and the efficiency of the 
theory of Generalized nets.  
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1. INTRODUCTION 
 
From different modes of operation, (batch, fed-batch and continuous), fed-batch operation is 
often used in industry due to its ability to overcome catabolite repression or glucose effect which 
usually occur during production of these fine chemicals. Moreover, fed-batch operation also 
gives the operator of freedom of manipulating the process via substrate feed rate. This sets the 
challenge to control and optimize fed-batch fermentation processes. 
 
Optimization of fed-batch fermentation processes has been a topic of research for many years. 
Control opportunities in fed-batch operated fermentations have been reviewed in detail in a 
number of articles. It is well known that the design of high-performance modelbased control 
algorithms for biotechnological processes is hampered by two major problems which call for 
adequate engineering solutions [4]. First, the process kinetics are too often poorly understood 
nonlinear functions, while the corresponding parameters are in general time-varying. Second, up 
to now there is a lack of reliable sensors suited to real-time monitoring of the process variables 
which are needed in advanced control algorithms. Therefore, the earliest attempts to control of a 
fermentation process did not use model at all. 
 
The theory of the Generalized nets (GN) [1, 2] proved to be quite successful when applied to the 
description of the functioning of expert systems, machine learning and different technological 
processes. The use of GN for control strategies gives many possibilities, namely for on-line 
control, searching of optimal conditions, control on the basis of expert systems etc [3]. Recently 
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attempts have been made to modeling of fermentation processes models, based on GN [7]. The 
aim of this paper is to apply the theory of the Generalized nets for optimal control of fed-batch 
fermentation processes. A Generalized net for optimal control of the primary metabolite 
fermentation process, based on an optimal feed rate profile, is developed.  
 
 
2. DESCRIPTION OF THE PROCESS 
 
The mathematical model of a fed-batch fermentation process can be represented by the following 
dynamic mass balance equations [7]: 
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where: X is the concentration of biomass, [g/l]; S – concentration of substrate, [g/l]; F – feeding 
rate, [h-1]; V – bioreactor volume, [l]; inS  – concentration of the feeding solution, [g/l]; maxµ  – 
maximum growth rate, [h-1]; Sk  – saturation constant, [g/l]; X / SY  – the yield of cell mass from 
substrate, [g cell/g substrate]. 
 
3. DEVELOPMENT OF AN OPTIMAL FEED RATE CONTROL 
 
The fed-batch fermentation is constrained by the restrictions of permissible final volume, and 
minimum and maximum of substrate feed rates:  
 
 0 ≤ F ≤ Fmax (4)

 V(tƒ) = Vƒ (5)
 
The approaches used by many research groups to determine the substrate feed rate profile that 
optimises a desired objective function, are usually based on the calculus of variations [5, 6, 8]. A 
biomass production is used as an example for the primary metabolite production process and the 
objective function is, therefore, to maximise biomass concentration at the end of the fermentation 
process using substrate feed rate (F). This task can be transformed into an objective function as 
[11]: 
 
 ( ) ( )

0

t

f t
J F X t dt= + ∫ε  (6)

  
Here ε is the cost factor per unit of operating time. In case of non-monotonic growth kinetics, it 
is noticed [10] that without the presence of cost factor, the necessary condition for the singular 
period can not be specified. However, the considered growth kinetics in the model (eqs. (1) – 
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(3)) does not require the existence of singular feed rate [9], the cost factor is added to objective 
function J (eq. (6)) for completeness.  
 
The state optimization problem can be solved using the calculus of variation [11]. Due to the 
specific structure of the considered model, a Hamiltonian equation which is affine in the control 
input is obtained. Therefore, for this process the Hamiltonian equation can be written as: 
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and the costate equations: 
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The transversality or final conditions can also be written as: 
 
 ( ) 1

f

X f
t

Jt
X
∂

= =
∂

λ  (11)

 
and 
 
 ( ) 0S ft =λ  (12)
 
The optimal feed rate sequences are then calculated from eq. (13) in which the sign of Ψ is used 
to indicate the period of maximum, minimum or singular feed rate. As a result, the optimal 
control is of the bang-bang type, with the possibility of singular arcs depending on the value of 
Ψ. 
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The rules are: 
 
 if Ψ < 0 then F = 0 

if Ψ > 0 then F = Fmax 
if Ψ = 0 then F = Fsing 

 

(14)

 
The singular feed rate (Fsing) can be determined by differentiating eq. (13) until feed rate (F) 
reappears in the equation. In the case of considered Monod growth kinetics Ψ ≠ 0 [9], therefore 
there is no Fsing. 
 
4. GENERALIZED NET FOR OPTIMAL FEED RATE CONTROL 
 
The Generalized net for optimal feed rate control of fed-batch fermentation processes is 
presented in Fig. 1.  
 
The token α enters GN in places l1 with a characteristic “initial concentration of substrate, initial 
concentration of biomass, initial volume”. The token β enters GN in places l2 with a 
characteristic “feed rate”. The form of the first transition of the Generalized net is: 

 
Z1 = <{l1, l2, l12},{l3, l4, l5, l6, l7}, r1, �1> 

 
  l3 l4 l5 l6 l7 

r1 = l1 W1,3 W1,4 W1,5 false false
 l2 false false false W2,6 false
 l12 true true true W12,6 W12,7

 
�1 = ∨ (l1, l2, l12) 

 
where the predicates W1,3 = W1,4 = W1,5 are “start of the process”, W2,6 is “Ψ > 0”, W12,7 is “end of 
the process” and W12,6 =¬  W12,7.  
 
If the value of Ψ in place l14 is less than zero, then the feed rate should be equal to zero (F = 0). 
In place l6 zero value of feed rate is recorded. If the value of Ψ is more than zero, then the 
maximum value of feed rate (F = Fmax) should be used for process feeding. In place l6 the value 
of Fmax is recorded.  
 
After the first transition, the token α obtains the characteristics “current concentration of the 
biomass in the bioreactor” in place l3, “current concentration of the substrate in the bioreactor” in 
place l4 and “current bioreactor volume” in place l5. The token β obtains the characteristics 
“current feed rate” in places l6 and “feed rate in the end of the process” in places l7. 
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Fig. 1. Generalized net for optimal feed rate control 
 

 
The form of the second transition of the GN is: 
 

Z2 = <{l3, l4, l5, l6, l13},{l8, l9, l10, l11, l12, l13}, r2, �2)> 
 

  l8 l9 l10 l11 l12 l13 
r2 = l3 false true true false true true

 l4 true true true false true true
 l5 true true true false true true
 l6 true true true false true false
 l13 false false false W13,11 false W13,13

 
�2 = ∧ (l3, l4, l5, l6) 

 
where W13,11 is “end of the process” and W13,13 =¬  W13,11.  
 
Here, on the one hand, the information from the tokens α in places l3, l4 and l5 is used to form the 
token γ with the characteristics “value of Xλ ” in place l8, “value of Sλ ” in place l9 and “value of 

Vλ ” in place l10. On the other hand, the tokens α in places l3, l4 and l5 are combined in one token 
with the characteristics “concentration of the substrate, concentration of the biomass, bioreactor 
volume in the end of the process” in place l11 and “concentration of the substrate, concentration 
of the biomass, bioreactor volume during the process” in place l13. The token β obtains a 
characteristic “feed rate during the process” in places l12.  
 
The form of the third transition of the GN is: 
 

Z3 = <{l8, l9, l10},{l14}, r3, �3> 
 

  l14 
r3 = l8 true

 l9 true
 l10 true
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�3 = ∧ (l8, l9, l10) 
 
After this transition the tokens γ are combined in a new token δ in place l14. The token δ obtains 
a characteristic “sign of Ψ”. Thus, based on the characteristics in places l8, l9 and l10, the Ψ is 
formed and the sign of Ψ is determined. Depending on the sign of Ψ (eq. (14)) the feed rate, 
which should be used for process feeding, is defined. 
 
The form of the fourth transition of the GN is: 
 

Z4 = <{l14, l16},{l15, l16}, r4, �4> 
 

  l15 l16 
r4 = l14 false true

 l16 W16,15W16,16
 

�4 = ∨ (l14, l16) 
 
where W16,15 is “end of the process” and W16,16 =¬  W16,15. The token δ obtains the characteristics 
“sign of Ψ in the end of the process” in place l15 and “sign of Ψ during the process” in place l16. 
 
 
5. CONCLUSION 
 
A Generalized net for optimal feed rate control of fed-batch fermentation processes is presented. 
To describe the considered processes a simple material balance model is used. An optimization 
of the presented fed-batch fermentation process is done using the calculus of variations. Control 
objective is to maximise biomass concentration at the end of the process. The presented 
Generalized net keeps full information about all considered variables (X, S, V, F, Xλ , Sλ , Vλ  and 
Ψ) in the end of the fermentation process as well as during the process. The developed 
Generalized net provide the possibility of optimal changing the concentration of the feeding 
solution to depend on the control objective. Through the characteristics and predicates of the 
Generalized net, the proposed GN gives a really generalized and compressed description without 
losing the information for the dynamics and logics of the considered system. The proposed 
Generalized net can be considered as an appropriate and effective tool for optimal control of fed-
batch fermentation processes. 
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