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Abstract

A few new operators on IF-sets will be introduced and
investigated their properties in respect of the two base partial
orderings on the class of IF-sets.

The π-ordering turns out to be a key concept for this paper.
The standard operators are classified according to the
π-ordering as well.
The theoretical basis is provided trough the investigation of
more general partial orderings on the vector space R2 and
their properties are carried over the triangular representation
of IF-sets.
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The two basic partial orderings on IF-sets

The standard partial ordering on IFS(X). That is, for any two
A and B ∈ IFS(X ) : A ≤ B is satisfied if and only if
µA(x) ≤ µB(x) and νA(x) ≥ νB(x) for any x ∈ X .
For any two intuitionistic fuzzy sets A and B ∈ IFS(X ), the
following binary relation:

A �π B iff (∀x ∈ X )(µA(x) ≤ µB(x) & νA(x) ≤ νB(x)),

turns out to be a partial ordering on IFS(X). It is called
π-ordering.
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Basic properties of the π-ordering

The π-ordering is a left semi-lattice but not a right
semi-lattice.
The minimal element is 0π :=< µ, ν | µ = ν = 0 >∈ IFS(X ).
For any usual fuzzy set F ∈ FS(X ), i.e. F ∈ IFS(X ) such that
πF = 1− µF − νF = 0 on X , let us define

Θ(F ) := {A | A ∈ IFS(X ) & A �π F}.
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π-ordering - summary.

Let X be any universum for IFSs and FSs, and F be any fuzzy
set in FS(X ) and C ∈ IFS(X ). Then the following
propositions hold.

1 Any two different usual fuzzy sets, considered as IFSs, aren’t
comparable in respect of the partial ordering �π.

2 (Θ(F ),�π) considered as a subfamily of (IFS(X ),�π) is a
lattice.

3 inf≤{G | G ∈ FS(X ) & C ∈ Θ(G)} = �C
4 sup≤{G | G ∈ FS(X ) & C ∈ Θ(G)} = ♦C

The supremum (∨π) in IFS(X) is not defined over the whole
Cartesian product of IFS(X ) because (IFS(X ),�π) is not a
right semi-lattice and we have that,

∨π :
⋃

F∈FS(X)
Θ(F )×Θ(F ) −→ IFS(X )

(A,B) 7−→ A ∨π B ∈ Θ(F )
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Modal operators: “Necessity” and “possibility”

“Necessity” and “possibility” operators (denoted � and ♦
respectively) applied on an intuitionistic fuzzy set A ∈ IFS(X )
have been defined as:

�A = {< x , µA(x), 1− µA(x) > |x ∈ X}
♦A = {< x , 1− ν(x), νA(x) > |x ∈ X}

From the above definition it is evident that

? : IFS(X ) −→ FS(X ) (1)

where ? is the prefix operator ? ∈ {�,♦}, operating on the
class of intuitionistic fuzzy sets.
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Modal operators: “Necessity” and “possibility”
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Modal operators: “Necessity” and “possibility”

One can now easily check that the functional relation
? ∈ {�,♦} is an non-decreasing function, that is:

(∀A,B ∈ IFS(X ))(A ≤ B ⇒ ?A ≤ ?B)

For any A ∈ IFS(X ) we have that:
�A ≤ A ≤ ♦A
A �π �A and A �π ♦A
And moreover:

(∀A,B ∈ IFS(X ))(B �π A⇔ B �π �A & B �π ♦A)
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Operators and partial orderings on IF-sets

In what follows A will be an arbitrarily chosen IF-set from over
X and fA(x) means the point of R such that
pr1(fA(x)) = µA(x) and pr2(fA(x)) = νA(x).
Take α and β ∈ [0, 1] and let us write the definition of the
following operators Hα,β, Jα,β : IFS(X )→ IFS(X ) such that

µHα,β(A) = αµA and νHα,β(A) = νA + βπA
µJα,β(A) = µA + απA and νJα,β(A) = βνA

Proposition 1. It is obvious that the operators Hα,β and Jα,β
are non-decreasing with respect of ≤, i.e. if A ≤ B then

?α,β(A) ≤ ?α,β(B)

where ? ∈ {H, J}.
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Operators and partial orderings on IF-sets

Figure : The marked areas in the triangles 4I are the ranges of the
corresponding operators Hα,β and Jα,β .
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Operators and partial orderings on IF-sets

For two mappings U and V ∈ IFS(X )IFS(X) let us write
U ≤ V iff (∀A ∈ IFS(X ))(U(A) ≤ V(A))
U ≤π V iff (∀A ∈ IFS(X ))(U(A) ≤π V(A)).

The above defined binary relations are partial orderings on
IFS(X )IFS(X) carried over from the corresponding orderings on
IFS(X ).
Proposition 2. Let us consider the mappings H and J with
domain I × I in the following way

H, J : I × I → IFS(X )IFS(X).

These two mappings are non-decreasing with respect to the
standard partial ordering ≤ on I × I and IFS(X )IFS(X). That
is, for ? ∈ {H, J} we have that

(∀(α, β), (α1, β1) ∈ I×I)((α, β) ≤ (α1, β1)⇒ ?(α,β) ≤ ?(α,β)).
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Operators and partial orderings on IF-sets

For some of the operators the pair-indexes (α, β) can be
replaced by IF-sets.
On the picture for an IF-set B ∈ IFS(X ) we can define
HB ∈ IFS(X )IFS(X) taking α = µB and β = νB as proposed by
prof. Atanassov.
That is, µHB(A) = (1− νB)µA and νHB(A) = νA + (1− µB)πA.
Because of the restriction µB(x) + νB(x) ≤ 1 for any point
x ∈ X we have that the range of HB is the closed triangle area
of 4STR, where the points S,R and T may vary with x ∈ X .
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Operators and partial orderings on IF-sets

Definition (H ′
α,β and J ′

α,β)
For the pair-indexes (α, β) ∈ I × I let us define H ′

α,β and
J ′
α,β ∈ IFS(X )IFS(X) in the following way

µH′
α,β

(A) = (1− β)µA and νH′
α,β

(A) = νA + (1− α)πA
µJ′

α,β(A) = µA + (1− β)πA and νJ′
α,β(A) = (1− α)νA

In the above introduced notations the following expressions
hold

1 HB(A) ≤ A and H ′B(A) ≤ A
2 HB(A) ≤π H ′B(A)

and respectively an analogous result for JB and J ′
B

1 A ≤ JB(A) and A ≤ J ′B(A)
2 JB(A) ≤π J ′B(A)
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Operators and partial orderings on IF-sets

Let us remark that H ′
B for B ∈ IFS(X ) defined by analogy of

HB would range on the closed triangular area 4PRT .
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Operators and partial orderings on IF-sets

Let us define another two operators over IF-sets.

Definition (Ḣα,β and Ḧα,β)
For any α, β ∈ I and A ∈ IFS(X ) let us define Ḣα,β and
Ḧα,β ∈ IFS(X ) in the following way

1 µḢα,β(A) = (1− α)µA and νḢα,β(A) = νA + βπA
2 µḦα,β(A) = βµA and νḦα,β(A) = νA + (1− α)πA
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Operators and partial orderings on IF-sets

As done before we can extend the above definitions to be
indexed by IF-sets instead of pairs (α, β). For any IF-set
B ∈ IFS(X ) and x0 ∈ X the image of x0 through ḢB(A) is a
point fḢB(A)(x0) belonging to 4STP whereas the image of x0

trough ḦB(A) is a point fḦB(A)(x0) belonging to 4SPR. And
moreover we have that

fḦB(A)(x0) ≤ fḢB(A)(x0).
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Operators and partial orderings on IF-sets

Definition (H̃α,β and J̃α,β)
For any α, β ∈ I and A ∈ IFS(X ) let us define H̃α,β and
J̃α,β ∈ IFS(X ) in the following way

1 µH̃α,β(A) = αµA and νH̃α,β(A) = 1− µA + βµA
2 µJ̃α,β(A) = 1− νA + ανA and νJ̃α,β(A) = βνA

the values of image of H̃α,β lay in the triangular area 4RPQ
which is the lowest part beside all the figures on which the
triangular area 4I has been split.
On the other hand J̃α,β lay in the triangular area 4LMN - the
greatest part beside the figures.
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Operators and partial orderings on IF-sets

Following Atanassov let us give the definition of other
operators
µGα,β(A) = αµA and νGα,β(A) = βνA
(OKTS)
µFα,β(A) = µA + απ and νFα,β(A) = νA + βπ
(4TNP)
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Operators and partial orderings on IF-sets

Let us write down the last proposition similar to the
Proposition 2. but for the operators G and F and the
π-ordering.

Proposition 4. Let us consider the mappings G and F with
domain I × I in the following way

G ,F : I × I → IFS(X )IFS(X).

These two mappings are non-decreasing with respect to the π
partial ordering on I × I and IFS(X )IFS(X). That is, for
? ∈ {G ,F} we have that

(∀(α, β), (α1, β1) ∈ I×I)((α, β) ≤π (α1, β1)⇒ ?(α,β) ≤π ?(α,β)).
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Thank you for Your Attention!

19 / 18


