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Abstract: In this study, we introduce the concepts of interval-valued intuitionistic fuzzy group
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1 Introduction

The components of a theory of fuzzy groups, including intuitionistic fuzzy (IF) groups, have been
developed by numerous writers in recent years. To address complex uncertainty, the theory of
interval-valued IF sets proves to be a useful tool in the development of decision-making models.

Zadeh [11] introduced the idea of a fuzzy set as a generalization of an ordinary set. Following
that, several researchers [1, 5,6, 8, 10] utilized topological group theory and algebras to apply the
concept of fuzzy sets. Atanassov [2, 3] introduced the concept of IF sets, and furthermore, [4]
developed the interval-valued IF set. Many researchers then employed IF sets to introduce the
concepts of IF subgroups, subrings, and ideals. Kul Hur et al. [7] proposed the concepts of IF
topological groups and IF quotient groups. Tapas Kumar Mondal and S.K. Samanta [9] presented
the topology of IVIF sets and briefly studied its features. This paper introduces the generalized
concept of a topological group under the IVIF set and defines it along with its basic property
structure. Furthermore, the products of IVIF-topological groups are defined, and their properties
are examined in an elementary manner.

2 Some basic definitions of interval-valued

intuitionistic fuzzy groups

In this work, let’s assume that Z7,, is a collection of all closed subintervals of [0, 1]. Additionally,
75, and I}, represent the notions characterizing the set of all closed subintervals of [0, 1] for
X and Y, respectively. We denote the degree of lower and upper values of membership and
non-membership intervals as [u, 77| and [v, 7|. The interval-valued intuitionistic fuzzy set Zry is

denoted by the IVIF-set Z1y.

Definition 2.1. If Gry, € IVIFS(S) and is recognized as an interval-valued intuitionistic fuzzy
group of S, then the following conditions are satisfied:

L[ Flagy, (2y) 2 ([ Ao, () A ([ Blor, (y)) and
[Z’ ﬁ]gzv (xy) < ([Z’ v]gzv (5(])) v ([27 ﬁ]gzv(y))7vx7 y e S

2. [H?ﬁ]gzv(x_l) > [Ha ﬁ]gIV(:C> and [27 E]QIV($_1) < [27;]sz(x)7vx €S

Proposition 2.2. G is an interval-valued intuitionistic fuzzy group of S, if and only if

[H? ﬁ]gzv(xyil) > [Ha ﬂ]gzv (ZL’) A [ﬁ? ﬂ]gzv (y) and [Za v]gzv (xyil) < [Z’ v]gzv ({E) \% [Z7 v]gzv (y)
foreachx,y € S

Proof. Let <x7 [Hv /7]91w [Zv v]gzv>’ <y7 [Ha mgzw [27 ﬁ]gzv> € Gzy and Gry is in IVIF-group on
S. Consider,

[Ev ﬁ]gzv(xy_l) > [ﬁv mgzv ($) N [H? ﬁ]gzv(y_l) > [H? mgzv (:E) N [Ev ﬁ]gzv (y)
and
[Z7 v]gzv (xy—l) < [Zv v]gzv (I) \ [27 ﬁ]gzv (y_l) < [27 v]gzv (l’) \% [Z; mgzv (y)
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Conversely, assume that [, filg,, (zy™") > [, Algr, (2) A [p: Blor, () and [v, Plg,, (zy™") <
v, Vg, (%) V v, V]g,, (y). By Definition of IVIF-group, [u,7]g,, (¥~ h > (14, )61y, (y) and
v, Vg, (y") < v, P)gs, (y), implies that [, Alg,, (2y™") = (1, Fllgs, (%) A [, Al (v),

v, Plgr, (xy™") < [, Plgp, (%) V [V, Plop, (), Yo,y € S.

Hence Gy is an IVIF-group on S. O

Proposition 2.3. If Gz, is an IVIF-group on S, then [, ilg,,, (") = (1, filg,, (2) = [, Flgy, (€)
and [v, Vg, (z71) = (v, V]gp, (2) = [v, V]g,, (€), Vo € S, where e is the unity of S.

Definition 2.4. Let G1, be an IVIF-set on S have a subproperty-x, if for any T C S then there

eXiStsapo € T suchthat [E’ ﬁ]gzv (p(]) - VpgT[H? ﬁ]gzv (p) and [Z; v]gzv (pO) - /\pGT[Z7 ﬁ]gzv (p)
This property gives the relationship between the membership and non-membership intervals of

the topology T which defins under a group S

Definition 2.5. Let G1y be an IVIF-set in S and { is a function defined on S. Let §(G1y) be defined
on f(S) by [Ha ﬁ]f(gzv)<y) = Vxeffl(y) [ﬁ? ﬂ]gzv (‘T) and [27 v]f(gzv)(y) = /\xeffl(y) [27 v]gzv (ZL‘) fOl’
all y € §(S). Then §(Gzy) in §(S) is called the image of G under f.

Proposition 2.6. Let § be an interval-valued intuitionistic fuzzy group homomorphism(IVIF-group
homomorphism) from I3, — T}, then

1. If Gry € IVIFG(S) then the inverse image §~*(Gry) of Grv is in an IVIF-group of I3,.
2. If Gy € IVIFG(Z3,) and Gry have the subproperty-x, then f(Gry) € IVIFG(ZY,).

Proof. For all membership and non-membership intervals of x,y € Z3, and let Gz, be an
IVIF-group from Z3}, into Z7,, and defined by [, 7i]g,,, () = (i, Flg,, (f(2)), and [v, V]g,, (z) =
[V, ], (f(x)). Consider,

[, T2 (2y™") = [, Py (Fzy ™))
< [ V)10 (0) V 1, V5-1(02) (9)
Hence {~1(Gzy) € IVIFG(Z3)).
Let membership and non-membership intervals of u,v € ZY,,. If f!(u) or {7 (v) is empty,
then the proof is trivial.
Suppose §~'(u) and §~'(v) are nonempty. If uy € f~'(u) and vy € f~'(v) then [y, g, (uo) =
Voer-1w s Plory () and [, Tlgz, (v0) = Vpei1(0) (1 gz (). Now,

[Ha ﬁ}f(gzv)(uv_l) = \/ [H’ E]gzv(’i)
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Similarly, [v, ﬁ]gzv(UO) = /\peffl(u)[wv m]glv<p) and [v, v]gzv(vo) = /\peffl(v) v, v]gzv(p)'
Next consider,

v, v]f(gzv)(uvil) = /\ 2 v]QIV(“)

KEF~ L (uv—1)

= /\ v, 7] Gzv (uovo)

kEf~L(uv—1)
< (2 Plitgr) (W) V 1 Pt (v)
Hence f(Gzy) € IVIFG(ZY,). O
Definition 2.7. Let f : I\, — IX, be an IVIF-group homomorphism and G, € IVIFG(Z3,).
If §(z1) = f(wo) implies [p, g, (11) = [p, Wory (x2) and [v, Vg, (11) = (1, V]gq, (22), for

each membership and non-membership intervals of xi,1o € I3, then Gy is said to be an

interval-valued intuitionistic fuzzy invariant (abbreviated IVIF-invariant).
Remark 2.8. The IVIF-homomorphic image of f(Gy) on S is an IVIF-group if Gz is IVIF-invariant.

Definition 2.9. For every a € Gry, the mapping .7, : I\, — I3\, is said to be a RIVIF-translation
on I3, into itself, defined by .7, = ([u, ], [v, 7]) (za), for all intervals of [IN, N)(x) € I3,. Also
fa_l =7,

Definition 2.10. Foreacha € Gry, the mapping ,.% : 13\, — T3\, is said to be a LIVIF-translation
on I3\, into itself, defined by ..% = ([p, 1, (v, 7]) (ax), for all intervals of 9N, N)(x) € I3),. Also
N =41 .

Proposition 2.11. If G1y is an IVIF-group of T, then Z,(Gry) = o-% (G1v) = Gy

Proof. Let a € Gry on S and membership and non-membership intervals of = € Z5,.

[E? ﬂ]fa(gzv) (I) = [N? ﬂ]glv fa(ﬂj)

- \/ [Ha H}QZV (y)

yesn ()
=V [HW)
r=S4(y)=ya
= \/ (7o (v)
= [, Al gpy (za™)
> [, Blgry (2)
This implies that [y, 71] 7, (g7,) (2) > [1, Flg7, (2)
Now,
[ gz, () = [, W, (wa™"a)
> [pt, Ay (za™)
= [, Blgr, (y)
= (1. Flgr, (y)



This implies that [, 7i.7, 91, (%) < [, Hlgz, (2)-
Therefore, membership intervals of .#,(G7,) = membership intervals of Gry,.

Next, we have to prove,

[27 v]ja(gzv)(m) = [Z? f]glvfa(x)
- /\ v, v]gzv (v)

yeI 1 (2)

- /\ v, ﬁ]gzv (y)

r=S4(y)=ya

= /\ [Z? ﬁ]@zv (y>

y=za~1

= [27 v]gzv (ya_l)
< [Z’ 7]gzv (l’)

This implies that [v, 7] 7, g, (7) < [v, 7], ().

(v, Vo, (2) = 1, Vg, (20 a)
< [, Plgp, (za7) V [v, Plgy, (a)
< [, Plgp, (za™) V [v, Vg (€)
= [, V)gz, (za™")
= [, Vg5, (y)
= A koan®

= [27 D] Fa(G1V) (.I')
This implies that [Zy ﬁ] Fa(G1V) (ZE) > [Za ﬁ]gzv (I)
Therefore, intervals of non-membership of .%,(Gzy) = intervals of non-membership of Gz ().

Thus, .Z,(G1y) = G-
Similarly, we can prove, ,.# (Gry) = Gry.
Hence .7,(G1y) = o7 (Gzv) = G1v. -

Proposition 2.12. Let G1 be an interval-valued intuitionistic fuzzy group on S. If Gy, : Gy X
Gy — Gy is a mapping defined by Gy (u,v) = wv and h : Gry — Gy is a mapping defined
by h(u) = u™", then the image of the product IVIF-set Gy, X Gz is an IVIF-group on f(S) and
h(Gzy) is an IVIF-group on §(S).

Proof. Letw € Gry X Gry, implies

[Hu H](gzvxgzv) (w) = gIV [H? H](gzvxgzv) (u7 U)
= \/ [E> ﬁ](gzvxgzv)(uv)

(u,v)€Gzy L (w)

> [Ha H]QZV <u> A [Hv E]QIV (U)
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Similarly,

[Za ﬂ] (GzvxGzv) (w) =Gy [Z’ 5] (GzvxGzv) (u’ U)

/\ [Z’ ﬁ] (GzvxGzV) (uv)

(u,0)€GTy L (w)

< [27 ﬁ]grv (u) N [Za v]gzv (1})

Therefore Gr,(Gry X Gzv) is in Gry. Similarly we can prove, by the definition of IVIFG, 5(G1y)
is in gjv. [l

3 Interval-valued intuitionistic fuzzy topological groups

In this section, we have introduced and discussed the fundamental characteristics of an IVIF-
topological group and an IVIF-product topological group. An IVIF-topological group is a
set equipped with both interval-valued intuitionistic fuzzy (IVIF) structure and a compatible
topological structure that preserves the group operations. This combination allows us to incorporate
the notions of uncertainty and vagueness into the study of topological groups.

Definition 3.1. Let (X, T1) be an IVIF-topological space and Gz, be an IVIF-group in S. Then
the collection Tg,,, = {4NGry € I\, : sk € T }is called an induced interval-valued intuitionistic
fuzzy topology (abbreviated induced IVIFT) on Gpy,.

Remark 3.2. The pair (Grv, Tg,,,) is called an IVIF-subspaces of (X, Try).

Definition 3.3. Let Tzy be an IVIF-topology on I,. Let Gry € IVIFG(Z3,) and (Gzv, Toy,)
be the IVIF-subspaces of (X, Try). Then Gry is called an interval-valued IF topological group
(in short IVIFTG) on I%v if

1. The Gry : (Gzv, Tory) X (G1v, Ta1,) — (Gzv, Tgy,,) is relatively IVIF-continuous mapping.
2. The h: (Grv, Tgp,) — (G, Tgy,, ) is relatively IVIF-continuous mapping.

Proposition 3.4. Let Try be an IVIFT on X and Gry € IVIFTG(X), if and only if f : (u,v) —
uv™! is relatively IVIF-continuous and f is defined from (Gy, Tg,,, ) X (Gzv, Tg,,, ) into (Gy, Tg,.,)-

Proof. Assume that, the mapping f = Gy o h of (G, Tg,,) X (Gzv, Tgy,) into itself is relatively
IVIF-continuous. This implies that the composition Gryy o b — (u,v) — (u,v™!) — (uv™!) is
relatively IVIF-continuous.

Conversely, assume that [p, Ti]g,, (€) > [1, fi]g., (7) and [v, Vg, (e) < [v, Vg, (2), for each
membership and non-membership intervals of « € Z5,. Consider the constant mapping i : Gz, —
Grv X G1y is relatively IVIF-continuous and defined by i(y) = (e, y) for each membership and
non-membership of x € Z\,. The composition f o i = h is relatively IVIF-continuous since A is
relatively IVIF-continuous. And the mapping G, = f o h is relatively IVIF-continuous. Hence
Gry is an IVIF-topological group in 7. O
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Definition 3.5. Let G1y, be an interval-valued intuitionistic fuzzy product group of a finite family
of IVIFGs. If S = [[;_, S; and Grv = [}_, Gy, then the mapping 1, filg,, : S xS — S x S
is defined by [p, ilg,, (x) = [, flg,,, (x1) A ... A [, Hlg,,, (x) and the mapping [v,V]g,,, :
S x 8 = S x S defined by [v,7]g,,(x) = [v, ﬁ]glzv (1) V...V, ﬁ]gnzv ()

Proposition 3.6. If Gy is a product of IVIF-groups in T then Gy is an IVIF-group.

Proof. 1f Gy, € IVIFS(Z,) and G7y = [[= Girvir = (21,72, ., 20);y = (Y1, Y25 s Yn)-
By Proposition 2.2,

(1, Ty (2y ™) = [ oz, (T1yr s @29y o 20y )
= [, Ao, (2197 Y) A [ B, (2255 ) A oo A Hlg,, (Tnyn ™)
> ([_7 ﬁ]g1zv(x1) ARTRA [Ha ﬁ}gnlv(xn)) N ([H? ﬁ]%zv(yl_l) ARERA [H? ﬂ]gnzv(ygl))
= [_7 ﬁ]gzv (l’) A [ﬂv ﬁ]gzv (y)
xlyl ,x2y2 PR Inygl))

w1y ) AW Plg,,, (w2551 V-V [, 7g,,, (g, )

Hence G1y is an IVIF-group in 7. O

4 Conclusion

In this chapter, we have established the properties of the IVIF-topological group and the
IVIF-product topological group. Our approach involves extending many of the results from the
realm of fuzzy groups and fuzzy topological groups. We put forth definitions for IVIF-group and
IVIF-topological group by leveraging the concept of interval-valued intuitionistic fuzzy sets. This
extension allows us to incorporate uncertainty and vagueness into the study of group structures,
providing a more flexible framework for analysis and application.
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