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1 Introduction

Ever since the introduction of fuzzy sets by Zadeh [8], the fuzzy concepts have involved almost all
branches of Mathematics. The concept of Intuitionistic Fuzzy Sets [1] and Intuitionistic L-Fuzzy
Sets [2] were introduced by K. Atanassov and he defined new operations over Intuitionistic Fuzzy
sets in [3]. In [4], S. Lehmke discussed some properties of Fuzzy Ideals on a Lattice. Mohammed
M. Atallah [5] discussed on the L-Fuzzy Prime Ideal theorem on distributive Lattice. In [6] and
[7], M. Palanivelrajan and S. Nandhakumar defined Intuitionistic Fuzzy Semi-Primary Ideals over
Rings and discussed some of its properties. The purpose of this paper is to introduce some basic
concepts on Operations and Cartesian products over Intuitionistic L-Fuzzy Semi-Primary Ideals
and prove some fundamental properties.
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2 Preliminaries

Let X be a non-empty set L = (L, <,V, A) as a complete distributive lattice,which has least and
greatest elements,say 0 and 1 respectively and for simplicity of notation we write sup and inf for
V and A respectively. In this section,some well known definitions are recalled for the convenience
of reading. These definitions are necessary in order to understand the new concepts introduced in
this paper.

Definition 2.1. Let X be any non-empty set. A mapping p : X — [0, 1] is called a fuzzy subset
of X.

Definition 2.2. A fuzzy subset i of a ring R is called a fuzzy ideal of R if,
o p(z—y) = p(x) A py)
o u(zy) > p(z) VvV u(y), forall x,y € R and for somen € Z,.

Definition 2.3. A fuzzy ideal 11 of a ring R is called a fuzzy primary ideal if forall x,y € R
either p(xy) = pu(x™) for some n € Z, or pu(xy) < p(y™)for some m € Z,.

Definition 2.4. A fuzzy ideal |1 of a ring R is called a fuzzy semi - primary ideal if for all
x,y € R either u(xy) < p(z™) for somen € Z or u(xy) < p(y™)for some m € Z,.

Definition 2.5. A fuzzy ideal 1 of a ring R is called Intuitionistic fuzzy primary ideal if for all
x,y € R either p(vy) = p(a™) and v(zy) = v(a™) or p(xy) < p(y"™) and v(zy) > v(y") for
somen € 4.

Definition 2.6. A fuzzy ideal | of a ring R is called Intuitionistic fuzzy semi-primary ideal if
forall z,y € R either u(xy) < u(z™) and v(zy) > v(a™) or u(zy) < w(y") and v(zy) >
v(y™) for somen € Z,.

Definition 2.7. Let X be a non-empty set. An Intuionistic fuzzy set (IFS) A in X is defined as an
object of the form A = {(z, pa(z), va(z) )|z € X}, where the functions iy : X — [0,1] and
va @ X — |0, 1] denote the degree of membership and the degree of non-membership function of
A respectively and 0 < pa(zy) + va(xy) < 1 foreach x inX.

Definition 2.8. An L- fuzzy subset A of X is a function A : X — L.

Definition 2.9. Let (R,+,.) be a ring.An intutionistic L-fuzzy subset A of Ris said to be an
intutionistic L-fuzzy semi-primary ideals(ILFSPI) of R,if

° ,uA(ZE — y) > NA(ITL) A MA(yn)
o pa(zy) > palx™) VvV paly™)
o va(r —y) Swva(z") Vraly")

o vy(zy) <wva(x™) Ava(y™), forall x,y € R and for somen € Z,.
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Example 2.10. Consider

1 ifr=20 0 ifx=0
pa(z) =105 ifredZ —{0} va(r) =04 ifredZ —{0}
0.7 ifreZ—4Z 02 ifreZ—4Z

Definition 2.11. Let X be a non-empty set. Let A and B be an intutionistic L-fuzzy semi-primary
ideals (ILFSPI) of R such that

A = {{z,pa(z),va2)) |z € X}
B = {(z,us(x),vp(z)) |z € X}

Define the following operations on A and B,
o ANB = {{z, (pa(x) A pp(x)), (valz) V vp(x))) |v € X}

o A= {(z,vala).pa)) |z € X}.

o AN B = {{z,valz) A (@), valz) V up(@)) |z € X}.

o At B={{z,ua(2) + pu(e) - pa(e).pn(e), val@)vn(@)) o € X}.
o AB={(r,pa(0)-ps(x),valz) + va(z) — va(e)vp(2)) v € X},
. A0 < pa(e) + () uA<x>+uB<x>> se X}

2 ’ 2

o 48B = {(z.V/ial@) (). \/va@ws(@)) |z € X},

Cn i) ) s v +vsl) |
AxB {< Na@ua(@) 1 1) 2va@wse) + >>’ €X

) [ 2@ 2a@vs@) \ |
Ava B {<’m<x>+us<x> <>+uB<>>' €X

Definition 2.12. Define the following operation on Cartesian product of two ILFSPI of A and B,

Ax B={(z,y),pa(z) A pup(y),valz) Vve(y)) z,y € X}

3 Intuitionistic L-Fuzzy semi-primary ideals

Theorem 3.1. If A and Bare any two ILFSPI, then AN B is an ILFSPL
Proof. Let A and B be any two ILFSPI.

Consider panp(x —y) = palz —y) Aps(x —y)
(ra(z™) Apa(y™) A (ps(z™) A ps(y™))
(ra(@™) A pp(@™) A (paly™) A psy™))
(
(

v

pans (™) A pians(y")
pans (™) A prans(y") (1)

IN

thus (o — 9)
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Consider panp(zy)

thus  pranp(zy)

Consider vnp(z — )

thus  vang(z — )

Consider vsnp(zy)

thus  vanp(zy)

Therefore from (1), (2), (3)

and (4),

= pa(ry) A ps(zry)

> (pala™) V pay™) A (ps(") vV pus(y"))
= (pa(@™) A pp(e") V (paly™) A ps(y”))
= prans(z") V pans(y")
> pans(r") V pans(y")
= va(zr —y) Vvp(z —y)
< (wal@") Vay™)) v (vs(a") Vs(y"))
= (wa@") Vvg(a")) A (va(y™) vV vs(y"))
= VAmB(xn) A VAmB( n)
< vang(x") Avans(y")

IA

<

va(zy) V vp(ry)

(va(z
(va(z

vang(x

)/\VA(
")V ug(z

VANB (x

(

(valy") Vvs(y"))

")V
) A

) NVanB n)

(y
") A van(y")

we get AN B is an ILFSPL.

Theorem 3.2. The intersection of a family of all ILFSPI of X is an ILFSPI of X.

Theorem 3.3. If A is an ILFSPI of R then A = A.

Proof. Let A be any ILFSPI.

Consider (1 5(z —y)

thus pz(z—y) >

Consider

thus

pizy)

pi(ry)
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Consider vz(z —y) < vi(a")Vrz(y"), forall z,y € R
= pa(e")Vpay")
= va(a") Vra(y")
= va(r —y)
vile—y) < walz—y) )
Consider vz(zy) < wvz(z")Avz(y"), forall z,y € R
= pa(e”) A pay”)
= va(z") Ava(y"”)
= va(ry)
vilzy) < valzy) ®)
Therefore, from (5), (6), (7) and (8), we get A = A. O

Theorem 3.4. If A and B are any two ILFSPI, then A + B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Consider

MA+B(9U - y)

thus

pars(r —y)

Consider

pa+s(Ty)

thus

pass(Ty)

vl

pa(x —y)up(r —y) — pale —y)pp(z —y), foral z,y € R

(La(z™) A paly™)) + (ws(a™) A ps(y"™)) — (pa(@™) A pa(y™)) (ps(@™) A ps(y"™))
(Ha(z™) + pp(@") A(pa(y”) + psy") = (pa(@")up(@") A paly™)ps(y"))

= pa(@") + pp(@") = (pa(z").pp(™) A pa(y”) + us(y") — (a(y™)-psy"))
pasB(T") A pasp(y")

v

> pars(") A pass(y") ©)

pa(zy)ps(ry) — palzy)pp(zy), for all z,y € R

(ra(z™) V pa(y™)) + (ps(”) V us(y"™)) — (pa(z™) V pa(y™) (ps(@™) vV 1s(y"))
(Ha(z™) + pp(@") V (paly") + psy") — (pa(@") (@) V paly™")ps(y"))
pa(@") + pp(x") = (pa(@").ppe(@™) V pay”) + pe(y") — pa(y").ws(y"))
pasB(x") V payp(y")

par (") V pays(y") (10)
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Consider

Consider

varp(r —y)

thus

VA+B(33 - y)

VA+B (xy)

thus

VA4+B (ffy)

IA

valr —y)vp(x —y), for all z,y € R
(wale") Vvaly")(va(z") v vs(y"))
(wale"vp(a")) vV (valy")ps(y"))

va+(2") V vasp(y")

vars(") Vvars(y")
valzy)vp(zy), for all z,y € R
(va(a™) Avaly™))(ve(z") Ave(y"))
(va(z™)vp(a™)) A (valy")us(y"™))

vars(@") Avasp(y")

varp(@") Avarp(y")

Therefore, from (9), (10), (11) and (12), we get A + B is an ILFSPL

Theorem 3.5. If A and B are any two ILFSPI, then A.B is an ILFSPI.

Proof. Let A and B are any two ILFSPI.

Consider

Consider

pa(T —y)

thus

pas(x—y)

f1a.B(TY)

thus

MA.B(JJZJ)

v

v

pa(x — y)ps(z —y)

(ra(z™) A pa(y™))(ue(@™) A pe(y™))
(a(x")pp(x™) A (Laly™)pus(y™))
pa.p(z™) A pap(y”)

pas(x™) A pas(y")
pa(ry)ps(ry)
(a(@™) V pa(y"))(us(@") V pp(y™))
(na(z")pp(@™) V (na(y™)ps(y"™))

pas(")Vpas(y")

pas(@™)Vas(y")
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Consider

vap(x—y) =valx —y) +vp(r —y) —valz —y)vB(z —y), forall z,;y € R
< (wal@") Vva(y")) + (vs(@") Vvs(y")) — (va(@®) Vva(y™))(vs(z") Vvs(y"))
= (va(@") +vp(a™)) V (va(y") +vs(y")) — (alz")vp(z")) V (v (y")ve(y")))
= va(e") + vp(a") — (va(e") (™) V wa(y") + (4" — (valy)vs(y™)
=vap(a™)Vrap(y")
thus
vap(r —y) <vap(a")Vvap(y") (15)
Consider
vap(ry) = valry) +ve(xy) — va(xy)vB(zy), for all x,y € R
< (va(@") Ava(y™) + (ws(@") Avp(y™)) — alz") Avaly™))(ve(a") Avs(y"))
= (wale") +v(a") A (waly") +ve(y")) — ((valz")vp(z")) A (va(y")ve(y")))
= va(@") +vp(@") — (va(@")vp(a")) Avaly”) +ve(y") — (valy")ve(y"))
= vap(®") Avap(y")
thus
vap(zy) < vap(@™) Avapy") (16)

Therefore, from (13), (14), (15) and (16), we get A.B is an ILFSPI.

Theorem 3.6. If A and B are any two ILFSPI, then AQB is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Consider

pa(r —y) + pp(r —y)
2
(a(z™) Apa(y™)) + (up(a™) A pp(y™))
2
(na(z™) + pp(a™) A (La(y") + 1B(Y"))

MA@B(x - y) =

v

(pa(@™) + ps(@”)) | (paly”) + ns(y"))
2 2
= paes(z") A paes(y")

thus

paes(x —y) > paes(z™) A paas(y") (17)
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Consider

pa(ry) + pp(ry)

paap(Ty) = 5
o (pal@™) vV opaly™) + (us(@") V ps(y"))
- 2
_ (pa(@”) + pp(a") V (pa(y™) + 15(y"))
2
_ (pale") +ps(a)) |, (paly”) + ps(y"))
2 2
= paap(x") V paes(y")
thus
paes(zy) > paas(@™) V paes(y") (18)
Consider
Viap(z —y) = VA(x—y)‘gVB(I—y)
< Wal@")Vvaly")) + (wp(a") Vvs(y"))
- 2
_ (val@") +wvp(@") vV (valy") + v(y"))
2
_ vale®) +vp(a”) | valy") +vey")
2 2
= vaaes(2") V vaap(y")
thus
vaap(® —y) < vaes(a")V vaas(y") (19)
Consider
vaap(zy) = va(zy) ‘g vp(ry)
< (va(@") Ava(y")) + (ws(@") Avs(y"™))
- 2
_ (ale") +vp(e") A (valy") +vs(y"))
2
~ova(@®) +vp(a”)  valy") +vs(y")
N 2 " 2
= vaap(2") Avaas(y")
thus
vaap(ry) < vaap(z") Avaas(y") (20)
Therefore, from (17), (18), (19) and (20), we get AQB is an ILFSPI. O

Theorem 3.7. If A and B are any two ILFSPI, then A$B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
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Consider

pasp(r —y) = Vpalr —y)us(z —y)
>/ (pale™) A paly™) (ps(an) A ps(y™))
= Vwal@)pp(a) A paly) sy
= Vuale)pp(a) A paly) us(y")
= pasp(x") A pasp(y")
thus
pasp(z —y) > pasp(@”) A pasp(y”) 21
Consider
pasp(zy) = paley)us(ay)
> /(uale™) V paly™) (us(an) V ps(y"))
= Vpalz)up(a®) V paly™) psyr)
= Vpal@)psE) v paly ps(y")
= pasp(z") V pasp(y")
thus
pasp(ry) > pasp(x™) V pasp(y") (22)
Consider
vasp(z —y) = \/’/A (z —y)vs(x —y)
<V (wale®) vV valym) (vs(@m) V vs(y))
= Vwalz)p(z®) V valy)ve(y")
= Vwalz")p() V v/ (valy")ve(y™))
= vasp(2") V vass(y")
thus
vas(z —y) < wvasp(x") V vasp(y") (23)
Consider
vasg(zy) = va(zy)ve(zy)
<V (walz®) Avaly™)(vs(@™) Avs(y™))
= Vvalamvp(an) Avaly")v (y”)
= va(z?) (@) A Vraly)ve(yn)
= vasp(z") Avass(y")
thus
vasp(ry) < vasp(z") Avasp(y") (24)
Therefore, from (21), (22), (23) and (24), we get A$B is an ILFSPL O

92



Theorem 3.8. If A and B are any two ILFSPI, then A x B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.

Consider

Consider

Consider

NA*B(37 - 3/) =

thus

MA*B(J/' - y) >

HAxB (l’y) =

thus

HAxB (.’L’y) Z

vasp(T —y) =

<

pa(z —y) + pp(r —y)
2(pa(z —y)pp(r —y) +1)
(a(x™) Apa(y™)) + (up(x™) A pp(y™))

)+ 1)
(1a(@") + pp(™) A (pa(y”™) + pey")
2((pa(zm)pp(z™) A paly™)us(y™)) +
(pa(z™) + pp(™)) A (pa(y™) + pp(

2((pa(z™) A paly™)) (s (™) A ps(y")) +
)
1)
Y

")

2((palz™)pp(a™) + 1) A (paly™)ps(y”) + 1))

pa(x”™) + pp(x™) pa(y™) + pe(y")

pass (™) A pass(y"™)

paxs (™) A pass(y™)

pa(zy) + pp(ry)
2(pa(zy)pp(zy) +1)
(na(@™) V pa(y™) + (ps(a™) V ps(y"™))
2((pa(@™) V pa(y™)(ue(") V pp(y™)) + 1)
(Ha(z™) + pp(™)) V (paly” ")
Jus(y™)) + 1)

y

y") + ey

2((pa(z™)pp(zm) V paly

)
2(pa(z)pp(z™) + 1) 2(paly™)pus(y") +1)
)

Al
(a(@”) + pp(e") V (1a(y") + p(y")
(1

2((pa(z™)ps(@™) + 1) V (pa(y™)us(y™) + 1))
pa(z™) + pp(z™) pa(y”™) + ps(y")
2(pa(zm)pp(z™) +1)  2(paly™)us(y™) + 1)

pasp (™) V pas(y")

HAxB (xn> \% HAxB (yn)

va(z —y) +vp(r —y)
2(valr —y)vp(r —y) + 1)’

(va(z™) Vva(y")) + (vs(a™) V vp(y"))
2((va(z™) Vv va(y™))(ve(@") Vp(y")) + 1)

forall z,y € R

_ (ale") +vp(a™) V (valy") + ve(y"))

- 2(valam)vp(@m) Vv valy ) ve(y™)) +1)
__ (wale") +vp(a") vV (valy") + vs(y")
2((walzm)yp(em) + 1)V (valy™)vs(y") + 1))
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thus

vag(x —y) <

Consider

VaxB(TY)

thus

VaxB(TY)

Therefore, from (25), (26), (27) and (28), we get A * B is an ILFSPL

va(a™) +vp(a™)
2(va(z™)vg(am) + 1)

Vas(2") V vasp(y")

VaeB(1") V Vaup(y") 27)

va(ry) + vp(zy)
2(va(zy)vp(ry) +1)°
(va(z™) Ava(y™)) + (
2((valaz™) Ava(y™)) (v
(va(z™) +vp(a")) A (v
2((va(z™)vp(ax™) Avaly
(va(z") +vp(z™)) A
2((va(@mvp(z™) + 1) A
va(z") + vp(a™)
2wa(x™)vp(zm) + 1)
(xn) A VA*B(yn)

forall z,y € R

B(z") ANvg(y"))

"y Avg(y")) + 1)
y") +vs(y"))
Jve(y™)) +1)
va(y™) +ve(y")

va(y")vs(y") + 1))
A(y") +vs(y")
2(waly™)ve(y") +1)

B(

A(
(
(

S

VAxB

Vasa(@") Avasp(y") (28)

Theorem 3.9. If A and B are any two ILFSPI, then A > B is an ILFSPIL.

Proof. Let A and B be any two ILFSPI.

Consider

/’LAIXIB(:C - y) =

thus

HAxB (LL’ - y)

2ua(r — y)up(z —y)
pa(x —y) + pp(r —y)
2(pa(x™) A pa(y™))(ps(@"™) A pe(y™))
(a(@™) A pa(y™) + (us(@™) A pp(y™))
2(pa(z")pp (™) A paly™)ps(y
(na(xm™) + pp(z™)) A (pa(y™) + g
2( MA( ),UB( ) MA( (
(
(

v

"))
(y™))
")
(y"))
")
ps(y")

pa(z™) + pp(x™)  pra
2pa (2" ) pp (") A 2Ha
pa(@®) + pp(z®)  paly™) +
pasan (T )/\NAMB(?J)

)
")

y") + 1B
y" sy

Pasa (") A pasas(y") (29)
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Consider

Consider

Consider

2pa(zy) pp(zy)
pavan9) = ay) + pus(ey)
o 2pa(@") V paly"))(us(z") V ps(y"))
= (palz™) Vopaly™) + (pp(z™) V us(y™))
_ o 2(pa@)ps(a") V pa(y" ) s (y"))
(na(z™) + pp(a™) V (pa(y™) + ps(y"))
_ pa(z™)pp(z") pa(y™ sy ))
pa(@m) + pp(am) — paly™) + psy™)
_ 2pa(@")pp(a") 2/~LA Yy )s(y")
pa(xm) + pp(am) — paly™) + psy™)
= pasB(T )VNAmB(y)
thus

pasaB(2Y) > pass (™) V pass(Y")

B _ 2uh(x —y)ve(r —y) rall
vpapln —y) = T IERE I forall ey € R
2(va(z") Vva(y"))(ws(=") V vs(y"))

"))

)
(va(z®) Vwa(y)) + (vp(z®) Vvp(y

IN

(
2(va(@")vp(z") V va(y")vs(y"))
(va(z™) +va(z")) A (valy™) + ve(y"))

(Y

Y va(z")vp(z") va(y")ve(y") )
va(z™) + vp(z™) VA(?J ) +vB(y")
_ 2va(@")vp(z") va(y")ve(y")

va(z") + vp(z") ( )+ ve(y™)
= Vawp(z )VVAMB(:U>

thus

VaraB(® —Y) < Vamp(2") V Vamp(y")

2v4(zy)ve(2y)
va(zy) +vp(zy)’
2(va(2") Ava(y"))(we(z") Avs(y™))
= (valz™) Ava(y™)) + (vp(z™) Ave(y™))
_ 2walz")vs(a") Avaly")ve(y"
(va(z™) +vp(a™) A (valy™) +vp

Vasas(Ty) = forallz,y € R

o va(z™)vp(z™) va(y")ve(y") )
va(z™) + vp(zm) I/A(y ) +ve(y")
) 2malysly”)

- va(a") +vp(an) ( ") +v(y")

= Vasap(2") A Vasap(Y")
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thus

Varap(TY) < Vasap(2") A Vasap(y")
Therefore, from (29), (30), (31) and (32), we get A >t B is an ILFSPL
Theorem 3.10. If A and B are any two ILFSPI, then A x B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Let (z1,41), (x2,y2) € A X B, forevery x1,29 € A& y1,y2 € B.
Consider

paxs((@,y1) — (T2, 92)) = praxs(@1 — T2, Y1 — Y2)

pa(r — 22) A pp(yr — yo)

(pa(@y) A palxy)) A (ns(r) A ps(ys))
(pa(@y) A ps(yr) A (pale) A ps(ys))

paxs(@l, yt) A paxs(Ty, ys)

I AV

thus

,UA><B(37172/1) - (SUz,y2) > /VLAXB(SU;Lay?) A quB(xS,yS)

Consider
NAXB((xlayl)‘(anyQ)) = NAXB(xlx%ylyZ)
= ,UA(wll’z) A MB(Z/1Q2)
> (pa(zy) V pa(xy)) A (us(yy) V 1e(yy))
= (pa(@V) Aus(yr)) V (pa(zy) A pe(ys))
= MAXB(:E?? y?) \ ﬂAXB(szlv y;)
thus
NAXB(xla yl)(‘r% y2) > NAXB(‘rqqu? y?) \% NAXB(J‘EL? y;L)
Consider
VAXB((xbyl) - <$2792)) = VAxB(xl — T2, Y1 — ?JZ)

va(ry —x2) V up(y1 — 1)
(va(@l) Vvalzs)) V (vs(y) V vs(ys))
(va(@l) Vpr)) V (va(zy) V ve(ys))

VaxB(@1, Y1) V vaxs(Ty, yy)

IN

thus

Vaxp(1,y1) — (T2,y2) < vaxp(@l,yl) V vaxs(xh, vy)

Consider
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(32)

(33)

(34)

(35)



Vaxs(21,91)-(T2,92)) = vaxp(T172, Y172)

va(r122) V vp(Y132)

(va(@f) Ava(@y)) vV (vs(yY) Avs(ysy))
(wa(@?) Vs(yr)) A (valag) V vs(ys))

VAXB(I?7 y?) A VAXB($S7 Y )

| VAN

thus
Vaxp(T1,91)(T2,42) < vaxp(@],Y7) A vaxp(ry, yy) (36)
Therefore, from (33), (34), (35) and (36), we get A x B is an ILFSPL O
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