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1 Introduction

The theory of intuitionistic fuzzy sets was originally proposed by Atanassov [4,5] as an extension
of fuzzy sets [24]. This theory has many applications in various disciplines including decision-
making problems, medical diagnostics, programming, and others [6, 7, 10, 11]. The concepts
of differential and integral calculus for intuitionistic fuzzy-set-valued functions were developed
using the Hukuhara difference in intuitionistic fuzzy theory [15]. Papers [20,21] explored differential
and partial differential equations in an intuitionistic fuzzy context, respectively. The existence
and uniqueness of solutions to intuitionistic fuzzy differential equations were examined using
successive approximations in [15], while in [12] demonstrated these properties through the fixed
point theorem in complete metric spaces, also providing explicit solution formulas using a-cuts
method. The solution to first-order linear intuitionistic fuzzy differential equations using the variation
of constants formula was presented in [14]. Intuitionistic fuzzy Laplace transformation was
employed to solve differential equations of second-order in intuitionistic fuzzy environments [13].

Adomian introduced the Adomian Decomposition Method (ADM) in 1980 [1]. This powerful
technique is utilized to address algebraic, differential, integral, and integro-differential equations
with non-linear functions [2,3]. In [9, 23], researchers applied the ADM to find approximate
solutions for intuitionistic fuzzy differential equations.

The Laplace—Adomian decomposition method (LADM), which combines the ADM with
the Laplace transform, serves as an effective analytical approach for solving non-linear FDES.
Several studies [8, 18, 19] have successfully employed this strategy. LADM'’s efficiency stems
from its fewer parameters compared to other analytical techniques, eliminating the need for
discretization and linearization [16]. Inspired by these works, the idea of this paper involves
using intuitionistic fuzzy Laplace transformation and decomposing nonlinear terms into Adomian
polynomials, resulting in a recursive, iterative technique for solving higher order linear and
nonlinear intuitionistic fuzzy differential equations.

To the best of our knowledge, this is the first work to combine the Laplace transform and
Adomian decomposition method in the intuitionistic fuzzy environment for solving higher-order
IFDEs as a generalization of the classical approaches to manage uncertainty and vagueness more
effectively. The results demonstrate the method’s efficiency, accuracy, and applicability to real-world
problems such as control theory, population dynamics, fluid mechanics, and other fields where
uncertainty and higher-order dynamics are critical, making it a valuable contribution to the literature.

The structure of this paper is as follows: in Section 2 we give preliminaries, which we will use
throughout this work. In Section 3 we construct a procedure for solving differential equations of
higher order in an intuitionistic fuzzy environment. In Section 4, we provide examples to clarify
the main results of this study. In the last section, we give a short conclusion.

2 Preliminaries

Through this paper I = [b, | is a real interval.
Definition 2.1. [22] We define the space of any intuitionistic fuzzy number as
IF; = IF(R) = {5@,\1,) : R — 0, 1]2 | VzeR)(0<P(2)+¥(2) < 1)}.
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An element &g y) of IF; is called an intuitionistic fuzzy number if the following assertions
hold:

1. Eo,v) is normal, i.e., there exist 29, z; € R such that ®(z) = 1 and ¥(z;) = 1,
2. ®is fuzzy convex and W is fuzzy concave,

3. @ is upper semi-continuous and W is lower semi-continuous,

4. supp(&a,wy) = cl{z € R| ¥(z) < 1} is bounded.
Definition 2.2. [17] The parametric form (PF) of intuitionistic fuzzy number £ vy denoted as
Eow) (1) = (€001 (1): €1y (€)1, €y (7)) where the functions £ 4 ()
5;&:,@,7«(7) Egpy (7) and E g, oy (7). verify the following conditions:

i & g (7) is monotonically increasing bounded continuous,

i) € E ~) is monotonically decreasing bounded continuous,

)l
iii) €4 y,(7) is monotonically increasing bounded continuous,
iv) €4 yy,(7) is monotonically decreasing bounded continuous,
V) Eauy (V) £ Egy, () and Ef 4y (1) < Ef gy (7). forevery 0 <y < 1.

Example. A Triangular Intuitionistic Fuzzy Number (TIFN) &4 ) is an intuitionistic fuzzy set
in R with there membership function ® and non-membership function ¥ respectively given by:

(z2—b .

oy T Sz<by
) =9 BE iy, <<y,

by — by

L 0. otherwise,

( bQ_Z . ’

— ifbh <z < by,

b—v, ==
U(z) = Z;__b2 ifb2§2§bé’

L 1. otherwise.

where b’1 <b <by<b3< b/3, so this TIFN is expressed as &, v) = <bl, bs, bs; bll, ba, bf3> and its
parametric form is given by

g<J<rI>,‘1’>,l(7) = by + (b — @), 5<J<FI>,\1/>,7~(7) = by — (b3 — ba),

Eipay (V) = V1 +7(b2 = 1), Eg gy, (1) = b — v(b5 — ba).
Lety € [0,1] and &¢,w) € IFy, the lower and upper ~-cuts of ¢ v are defined as
[Eow] ={z€R|¥(z) <1—-7} and [E@\p] ={zeR|P(z) >~}.
Remark 2.1. If €5 w) € IF,, then we get [8<‘I”‘I'>]v as [®]” and [5@,%]7 as [1 — W]" in the fuzzy

set.
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Consider £¢,,w,), J(@,,u,) and A € R, then the scaler-multiplication and addition are represented
as

[5@1,\1/1) D ‘7@2,\1/2)]7 = [5@1,\1/1)]7 + [\7@2,\1/2)]7, [\7<<1>2,\1:2>F = A [‘7(<1>2,\1/2>F,
[5@1,‘1’1> © *-7<‘I’27‘1’2>]7 = [5@17‘1’1)]7 + [‘-7@27‘1’2)]77 [j(@z,‘l’ﬁ}v = )‘[:7(‘1’2,‘1’247'

Definition 2.3. Consider &4, an element of IF; and y € [0, 1], then we introduce the subsequent
sets:

o], () = inf{z e R| 0(2) 2 7}, o] () = suplz € R| B(2) 2 7}

[5@,@][ (7) = inf{z € R|¥(z) <1 -1}, [5@,@} (7) =sup{z €R | U(z) <1—7}

T

Remark 2.2. It is worth noting that the above defined subsequent sets represent the left and right
extremities of the lower and upper y-cuts expressed as the real intervals below:

_ H&@,\m] 7(7), [5@,%] +(7)] »

Eow]. r
ol

[&@,@F = Ht‘:@,w]lﬁ)a {5@,@]

T

Definition 2.4. [12] Consider an intuitionistic fuzzy valued function K¢ w) : I — IF; and sy € L.
Then K4 ) is said to be intuitionistic fuzzy continuous in s, if and only if:

(Ve > 0)(3n > 0) (Vs € Isuchas | s — so |< n) ~ D, (/c@,q,)(s), /c@,q,)(so)) <e

Definition 2.5. [12] We say that the function (s ¢y : I — IF, is differentiable at s, € (b, c) if
there exists Ky, (o) € IF; such that

lim Kio,w)(to + h) © Kia,u(0) and  lim Kio,0)(50) © Ka,wy (S0 — h)’
h—0+ h h—0+ h

exist and they are equal to Ky, ) (s0)-

If Kow : I — IF, is differentiable at s, € I, then we say that IC’@AI,)(SO) is the intuitionistic
fuzzy derivative of (s v)(s) at the point s.

Definition 2.6. We say that the function s ) : I — IF; is differentiable of n-th order at
so € (b, c) if there exists KE(Q\I])(SO) €IF, forall k =1,2,...,n such that

Kot M OKGE s K (0) © Kig ) (o — )
h—0t h b0 h ,

exist and they are equal to ICEQ\I,> (to).

The limit is taken in the complete metric space (IF;, D) [22]. At the end points of I, we take
only the one-sided derivatives.
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Theorem 2.1. Consider that Kow(t), Kig g (t), Klpg (1), - Kigy ()
differentiable intuitionistic fuzzy-valued functions and let y-cut sets of IC (@ \1,)( ) with

[IC<‘I> ‘I’>( )y = [’C_<1>\1/ ( 7)’IC(_¢,\P>,r<t77)]v [’C(q’v‘l’) )] = [ICZI),\I/),I(t?7)>K2:1>,\I/),r(t77)]'

Then, we have

I oy (O] = [y (87 Kl g ()] T gy (O] = [y (87, Kl (£, 7)].

Proof. Due to the fact that /C;q ) () is differentiable, we have

[IC<<I> \Il>( )] [IC E) 0, ( ) ’7)a IC;;,\I/%r(t? ’7)]7 [’C,(<I>,lIl) (t)]’y = [IC/<$7\1/>7l(t7 7)7 ’Cl<$7\1/>7r (tv 7)]

Again Ky, () is differentiable, then by Definition 2.6 we get:

are n-th order

’C<<I> v (t—Fh)@IC(@ o) ( )_ - = _K;;7q1>7l(t+hv ’Y)_IC;¢_>7\I/>71 (ta ’7)7 }Cl(;g;)’r (t+h7 7)_K’J<;7qj)7r (ta 7)_ 3
and
_’C/<<1>,\11> ()oK p,w) (t_h)_ LT _/C;;,\m,l(t, 7)—/C'<¢_,7‘1,>7l(t—h, ), ]C;¢_>7W>7r(t> 7)—/C,<$,q;>,r(t—h7 7)_ :

We apply the multiplicity by A > 0 and we get:

1 /
o Kl 45) © Klo) (0)]
_ " 1, . "
= [E(]C(<1>,\p),l(t +h,y) = ’C@,\y),z(t? 7)), E(IC<(I>7\II>7T(t +h,y) = ’C@,\p),r(ta 7))}
and
1 / /
7 [IC(@,\I/) (t) © Kig,u(t — h)] §

1 /_ ’_ 1 _ !_
= [E(K@,‘P%l(t’ v) — ’C@,\p),l(t = h,7)), E(K@,\y),r(ta v) — }C(@\p)ﬂ«(t —h, ’Y))}

At last, by evaluating the limit, we conclude that
Kl 0y (D)7 = Koy 1 (87 Ky o (7))

To prove that [K;, o, (1) = [IC;'(;\I,M (t,7), K;'£@>7r(t, 7)], we apply the same idea as above.
For the third order, fourth order, and up to the n-th order, i.e., Kgg)\m (to), the proof is
analogous, i.e., we get:

Klaa)t+m 0 KG 0]

n—1)— n—1)— n—1)— n—1)—
[IC(cp ), (t +h,y) — ’C§q>7\1/>)7l (t+h,7), ICgcp,\I/;,r (t+h,y) — ’C§<1>7\1/))7r (t+h, 7)] )



We apply the multiplicity by A > 0 and we get:

17, ne n—
n [ICg@,xpl)) (t+h)o ’C§q>,\pl>) (t)] .,

h
1 n—1)— n—1)— 1 n—1)— n—1)—
= [0 (¢ ) = Ky (67 (K, (4 hy) = Ky (8:9))].
and
LK o K —n]
Ll (@) (®,7) ”

1, ne1)— ne1)— L, (n-1)— n—1)—
= [ (67 = Kaal (= b)), = (K ) (67) = K g (= b))

—~

At last, by evaluating the limit, we conclude that [ICE(I))\I,) ()], = [ICEH)_> (t,7), ICE(I))\I,> (t,7)]-

To prove that [ICEZ;)"I,> (t,y) ()] = [ICEZ))‘; (), IC(g 0y, (t,7)], the proof is analogous. O

Definition 2.7. [13] Consider K4 v) (t) an intuitionistic fuzzy value function and continuous on
[0, 00). Assume that KC;q v (t)e™*" is improper intuitionistic fuzzy Riemann integrable on [0, c0),
then, fooo Ko, (t)e~*"dt is said to be intuitionistic fuzzy Laplace transform and is given as

LK (o0 (t)] = /0 K(o,w) (t)e *tdt, s > 0.

‘We obtain

Also through the definition of the classical Laplace transform

LK 1)) = /oozctbw(t Y)estdt,

£(IC<¢ ), (7)) / IC ,y)e e,

'C(IC<_¢>7\II (t,v) = / IC_cp o), ( )G_Stdt7

E(/C(q) o), / /C ,y)e Stdt.
0

As a result, we obtain:

L[Ka,0)(t,7)]

= (ﬁ(l%,q,>,l<t, ) LIy (8:7))s LI g0 4 (8 7))s LI gy 1 (2, 7))) . @D
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Theorem 2.2. Suppose that Ka w)(t), Kig ¢(1), - ,Ing \1,1; (t) are intuitionistic fuzzy valued
functions and continuous on [0,00) given that Ks w)(t)e™*", Kig g (t)e™", ... ,Kgg:l};(t)e*“
exist, are continuous and improper intuitionistic fuzzy Riemann integrable on [0,00). Then, we

get

s"LIK(0,0)(1)] © 5" Ko, (0) © 8" Kl 4y(0) © 8" °Klp 4y(0) ©--- & ICE?;;JQ(O).
(2.2)

Proof. First, we consider

ICZtI),\IJM(t? 7)7 ]C?;p,\l/),r (t7 7)7 ’C<_<I>,\1;)7l (ta 7)7 IC(_q>7\I/)7r (tu ’Y) )

IC<$,\IJ>7l(t7 7)7 K<$,Q>,r(t7 7)7 ’C<q_>7\1;>7l (ta 7)7 K(E)7\Ij)7r (tu ’Y) ) ottt

Kl (67 K (£.7), Ky 1 (6.7), Kl gy (8.7) |

the PF, respectively, of the Ko, v) (1), Kig ¢,(1), - -, IC(")\I,> (t).
Through the Definition 2.7 we obtain:

L[’ng),\p)(t)] = /0 /ng)@ (t)e *'dt, s > 0 2.3)
= /0 Kl (D"t © K5 3 (0), (24)
= SLIK{y 4 (1] © K{5 4 (0). 2.5)

Actually, for every fixed v € [0, 1], by means of the PF and the classical Laplace transform, we
obtain

‘C(Kgg),‘—;),l(t”y» = S.[S(nfl),C(/C?:b,w,l(t,'y)) — s(n=2 IC+¢> ) Z(O, 7)

e ) n— 7 n—2 n—1
—s 3)’C<f£’¢,>,l(0, ) — s 4)’C<<IJ>F,\D>,Z(O’7) - SKEQ \If>);r(0’7)] B Kgq),q,;,;r((),’y),

(

LK a (8.7)) = 5. [s< VLK o 17)) = s DK (0)
n— (n— " n—2)+ n—1)+
—sM I 5,(0,7) = s gy (0,7) = = Kiggin (0,79)] = Kiiggir (0,7),
LK (6,7) = 5D L(C g0 (t7)) — 502 ;C(;D, qu)ﬂ(o, ) -
n— r— n— "_ n—2)— n—1)—
—s 3)’C<q>,\p>,l(oa 7) — s 4)’C<q>,\p>,z(oa’7) - ]C@,\m,l (0,7)] - K(cp,\m,z (0,7),

LIK{g ) (7)) = 5. [ VLK gy (1:7) = 87K g, (0,7)
n— - (n— - n—2)— n—1)—
—s" I @), (0,7) = UK ‘13‘,\I’>m<07 v) = KE@,@),T (0,7)] = KE@,\I’;,T (0,7),
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Therefore,

( n n g n—21"
LUKy (E7) = S"LIK G g 1 (87)) = 5"l gy 1(0,7) = 5" 72K 5 4,1(0,7)
s 7 n—2 n—1

— Iy 1 (0,7) == K ) (0,7) — Kiwmom

,c(lcgg{;m(t, 7)) = snﬁ(icthU ( V) = 8" 0y, (0,7) = 8" 2K 4y, (0,7)
n_‘ " n 2 n 1
-8 5IC<<1_>‘:\1/>,7~(07 v) — - ]C(cp \1/)+< v) — KE@ \1/>)+(07 ),

r

AﬂKﬁmAtw>:f£%¢¢Hﬂzp— w)2(0.7) = 5" 2K g 4 ,(0.7)

).l
n—31-"— n n—1)—
- 5]C<<1>,x1/>,l(077) - SIC@ o)l (0,7) - ’ng> \11>)z (0,7),

LK g (£7)) = 8" LK g gy, (£,7)) = " Ky, (0,7) = 5" 2Kl g, (0,7)
n—= "_ n—2)— n—1
- 5]C<<1>,\If>,r(0> V) == SICECI),\I/)),T (0,7) = KE@ \1/>) (0,7),

\
Since (L )11y LU ) (1:73))s £0C 0 1(17)) £ g g, (8:7)) ) i the parametric
form of the intuitionistic fuzzy Laplace transform of K s v (%), that means
LIK@,v)(t,7)]
= (E(K&,m,z(ta ) E(]C?:p,\m,v-(tv 7)), E(’C@,\p),z(ta ), ﬁ(lc;p,\m,v-(ta ’Y))) . (2.6)
Consequently, we obtain
L{C(g) (1)
= 5"LIK(@,9)(t)] © 5" 'K (2.9)(0) © 5" 2Kig 4 (0) & 5" *Kg 4, (0)... © Kl 4 (0). (2.7
This completes the proof. []

Theorem 2.3. [13] Consider G, w,)(t), K(o,w,)(t) to be two intuitionistic fuzzy-valued functions
and continuous on [b, c|, and cy, c3 to be two constants in R, then

L[c1Gia,,0,)(t) © c2K(@y,0,)] = 1L[G(a,,0,) (t)] © C2LIK(@,,w,) (1)]-

3 Intuitionistic fuzzy Laplace Adomian decomposition method
for n-th order intuitionistic fuzzy differential equations

In this section, we discuss how to apply the intuitionistic fuzzy Laplace Adomian decomposition
method (IFLADM) for solving intuitionistic fuzzy differential equations of higher order.
Consider an non-homogeneous nonlinear intuitionistic fuzzy differential equation with initial

conditions in the general form given by
Hye.0) () © Ry@.u) (1) © Nywu) () = fla,u,)(t), (3.1

where
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» ‘H is the derivative of the highest order, which is supposed to be invertible,
* 'R represents a linear differential operator of order less than H,
e NV Y(@,w) 18 the nonlinear terms,

* fi,,u,)(t) is the source term.

At the first step, we apply the intuitionistic fuzzy Laplace transform on both sides of (3.1):

L[Hys,5)(t)] © L[Ry@,9)(t)] © LINy@w ()] = L f@, ) ()]

By means of the parametric form of (3.2) and the initial conditions we obtain

+ "+ (n=1)+
- y(<1>7q;)7z(077) y(<1>7q;)7l(077) Yo wy (0,7)
= S + > et —

/ n—1
_ Y, 00) Y, 00 s 00

S 52 s
1

I (n—1)—
3/(c1>,\1;>,l(07 ) y(cp,\p),l(oa ) Yo vy, (0,7)
= S + 2 + o+ o

1

1 1
o S_n‘C[RyZI),\I’LT(t’ 7)] - S_n‘C[NyZ;),\II),r(t? 7)] + S_n‘c[f::bl,‘lll

(3.2)

1 1 1
- ;E[Ry@7¢>71(t77)] - STE[Ny@7¢>7l(t,7)] + S_nﬁ[féhqflm(t:f)/)]a

(),

1 _ 1 _ 1 _
- S_nﬁ[Ry<q>7qz>7l(t> 7)] - S_nE[Ny@’q/),l(ta 7)] + S_nﬁ[f@l,\pl),l(ta 7)]7
— /_ (nfl),
_ Youyr (0.7 Yig,(0,7) Yoy, (0,7)
E[?J(@ \1}),7»(7577)] S >s + ( >82 + .4 %

_ 1 _ Lo
- S_H'C[Ry@,\p),r(ta '7)] - S_n‘C[Ny<q>7\I/>7r(t7 7)] + S_n‘c[f(%,\h),r(t’ '7)]

(3.3)

At the second step, we decompose the solution y ¢ vy and the nonlinear term Ny v as an

infinite series expressed in (3.4) and (3.5), respectively

4

yzCI%\If%l (t,7) = ;} yz:b,\p),iz (t,7),

ygtb,\I/%r (t7 ’7) = ZO y?c_p’\p%ir(t) 7)7

Yio,wy,1 (t,7) = ;) Yo,y (t.7),

Y@ r (t,y) = ZO y<:D7W>7iT (t,7).

\

(

Ny<+<1>7\11>7l(t’ ) = ;)A?—@,\P%ﬂ(t’ 7),
Ny?_q)v‘lj)vr (t7 f)/) - ;}A?q),q/),ir (t7 7)7
Ny(¢7¢’>7l(t’ ) = ;)A(TI),\P)JZ(L ),

Nyz¢,w),r(t77) = ;}A@\P)’ir(t,y),
\ 1=
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such that A?“¢7\I,>7nl(t,7), Az:p’wm(t,v), A wy (7)) and Ay g (¢,7) are Adomian
polynomials [3] of ¢ w0, Y(@w),1;- - -+ Y@,w),» Which can be determined by:

(

Aa,m,ﬂmzz—.;;[ S Vgluut)] im0
A=0

“A+(D\II 'Lr(t P)/) Z' d)\l |:

(%
(Zx’f ) e (L 7)>L:0, i=0,1,2,...,
(2

(3.6)
Ay (t7) = Hiie { > At v)ﬂ ;=012
k=0 A=0
AZ@,\p>,ir(t’7> = 71'% [N (Z /\ky<<1>7\p>7kr(t77)>:| , 1=0,1,2,....
\ k=0 A=0
We replace the equations in (3.4) and (3.5) in Egs. (3.3) we obtain
oS + /4 (n—1)+
yq)\l/)l(ofy) Yo q;)l(077) Yo wy (O )
L + — Zew, Y, I ACA M
; Yo ] S R
1
= LR, (t7)] —E ZA )| + E[fq>1 o i),
[eS) + /4 (n—1)+
y(q>7\1/)7r(07 ’7) y(q>7\1/)7r(07 20 Yo, wy,r (0,7)
L Zy&\DMr(ta’y)]: S + &2 ++8—”
i=0
1 o0
— LRy (6] = L [Z Aoy &V | + LU 600y (7))
=0 3.7)

1 _
B S_nL[Ry@,\If) (t,7)] - _'C ZAqnp zl (t,7) + L[f (®y \Ifl)l(t 7],
00 — 4 (n—1)—

— y(@,\ll),r(oﬂ 7) y(@\p),r(oa 7) y<<1>,\1/>7r (O, 7)
L[Zy(¢ﬁlzrt7]— s + 52 ++S—n

1 _

o S—nﬁ[Ry@’% (7)) - _E ZAqnp 17‘ (t.7) + ﬁ[f (®1,1),r (t, 7).
\
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We compare both sides of Eq. (3.7), and by using the classical ADM we get

ﬁ[y@@),()l(ta ] =

[ Llfagapult )] = —Sincmyg,@,m@,w] - L [Afwyaltn)].
L1500 (1:1)) = = £ IR 0000 (7)) = T2 [Afp gy (8,7
LYoyt = —S%E[Ry@)’\m’m(t,’y)] - Slnﬁ :A(_cp,\p),Ol(t»’Y): ;

| 00y 7)) =~ £ lRY 067 = L [ Ay gy0,(67)]

(L0 a8 1)] =~ LRy 6] — L [Afy gy 7]
L0017 =~ LRy )1 (1,7)] — Sinﬁ A7)
L0y (0] =~ LRY g g ()] — L [A gy ()]

| 0oy ()] =~ LRy g g1, (6] — L [ Ay g1 (87)]

In general, the recursive formula is represented as

( 1 1 ,
5[9@7\1;)7(1'4_1);(7577)} = _S_nC[RyZ;qjmz(tuV)] - S_”C |:Az_<1>,\p>7il(ta 7)] , 120
1 1
5[9@,\1/),(2‘+1)r(t7’7)} = _S_nﬁ[Ry@,\p),ir(t”Y)] - 5_”£ [AZZD o) i (L, ’Y)] , ©20
_ 1 _ 1 _
E[y@,\p),(iﬂ)z(taw} = _S_nL[Ry(qu),u(taV)] - 3_”£ [ (D7) Z[<t7 Y|, >0

4 n—1)+
( ?/@7\1/)71(07 ) ?/<$7‘1,>7l(0, ) 4. ?/g(p’\l/){z (0,7)

+ + (n—1)
Yio,w) 0,7) y<<1>,x1/>7r(07 7) (@, 0) (0,7)
ﬁ[y@,\m,or(t 7)] 3 o4 -
1
S_nﬁ[f(—g)l,\l/l),r(t? 7)]7
— ’_ (n—l)—
- y(@,\ll),l (07 fy) y<®,\11)7l (07 rY) y<q)7\1,)7l ( Yy
LY@ vy ot V)] = . + 2 +o 4 =
+ n [f(TI)L\I/1>7l(t7FY>]J
- (n—1)
- Je.v) A0,7) Yie \IIM(O’V) (®,0),r (0,7)
E[ZJ(@,\I/) (t,7)] = 5 = I -

B 1 B 1 _ )
\ ﬁ[y<‘1>7\1/>7(i+1)r<t’7)} - _S_nE[R?/(@,q:),ir(t’V)] - s_”£ [A@,\p),w(ta 7)] , 120.

(3.8)

3.9

(3.10)

(3.11)

Finally, we apply inverse Laplace transform to Eqgs. (3.8)—(3.11), and our recursive formula is

represented as:
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( Yo \1f>,01<t77) = ]:(Jcrpz,\yg,oz(t 7)
_ 1 1
yz:b,\p>,(i+1)z(ta’7) =L _S_HE[RZJ& o) zz(t/m - S"E [A@ ) il(ta’Y)H , 120
y&,@>,0T<t7 7) = ‘F(TI)Q \IJ2>707-<t7 /7)7
L 1 1
Yo a1 = £7 | =S LRy g o (7)) = £ [Afy ) W(m)H L i>0
Yo,0) alt:y) = F o, q@,oz(t; 7),
_ 1 B 1 -
Yoy () =L 7 L RY @ a7 = 2L [A@ \p%il(t,’y)H . i>0
y<7<1> ‘1’>,07‘<t7 ’Y) = ‘F(TbQ \p2>70r<t7 7)7
_ L1 B 1 ~ .
\ Yooty (67) =L 1 _S_nE[Ry<<I>,\P>,ir<t’7)] - S—n[, [“4<¢I>,\I’>,ir(t’7)H , 1>0,

(3.12)
such that ]—"E oy 0(t:7), _7-"@2 w2),0r (6 )s Frag (b 7) and Fig o o, (¢, ) express the terms
obtained from the source term and the initial conditions.

4 Numerical examples

4.1 First example

We attack the second order intuitionistic fuzzy differential equation of the form

Yo,y (1) © 2Y(0,9)(t) © 3y(a.w)(t) =0,
(0.7) =(3+%5 %2+2%6—27>, @1
The exact solution of (4.1) is given by
(
Yigua(t) = (F)e ™ + ()e™,
29411y, — 2949
Vi (8:7) = (FFEe + (e, @)
}/(;g\l/)’l(ta’}/) = (#ﬁ)eit + (4'Y+3) )
\ Y<E>7q,>7r(t,7) _ (74'y+13>6_t + ( 4’};1+11) 3
The PF of (4.1) is represented by
y(‘;,‘?),l (t’ 7) 2y<$,\1/>,l(t7 PY) - 3y2;1>7\1;>7l (ta 7) = 07
Vg (6) = 2902 (67) = 3Y(p.4 ., (£:7) =0, ws

y<¢,7\1,>7l(t, v) — 2y<;7\p>,l(t> v) — 3y(_q>7\1/)7l(ta 7) =0,

" !

y(q>7\1/)7r(ta ’7) - 2y<;,\1/>77»(t7 7) - Sy(_<1>7\1/)7r(ta '7) =0.

278



Applying the intuitionistic fuzzy Laplace transforms in their parametric form and using Theorem 2.2,
we get

( E[y&,@,l(tﬁ)} = S%y@w,l(@ﬁ) + %y@,qf),l(oﬁ) + 22;3‘6[3/2(_19,\I/>,l(t7 7],

£[y?<—p,\p>,r(t7 7)] = sizy;&t,\pw(oa 7) + Ss__22y2;p7\1/>,r(07 7) + 28+3‘C[ cb \1/) (ta ’7)]7

(4.4)
LlYawy 6] = 5Y00)000:7) + 2522000.00.1(0,7) + 22 LY 4, (8:7)],
LWy, 6] = 2000 (007) + 5200, (0,7) + ZE LG 4 (7))
(@,7) (@,7) (@,7) (@,7)
Next we substitute the values of /4 g, (0,7) and y(a,v)(0,7) in (4.4), and we get:
( E[yzfri’,\lf>,l(t7 7)] = _(4+’Y):2_(3+7)5 + QZggﬁ[y(E,\I/),l(t?fY)]v
—(6=1)+(B=7)s | 2s
ﬁ[yz:b,\ﬁ>,T(t’ 7)] = = ’Y):z_( = + 28J2r3£[y<t1>,\1’>,r(t7 7)]’
4.5)

_ —(3+2 242v)s S —
E[y@,\ll),l(t? ,-y)] _ =G+ ’Y)S'g( +27) + 25—;3‘6[%@7\1/),1(7577)]7

| Llbaw) (1)) = = 4 B L g, (7))

In view of (3.4), we decompose y@m (t,7), y<cI> vy (67 Yiwowy 1 (6,7) and y g gy (¢,7) in the
following form:
(

o0
y?:l)’\:[l)l (t’ ’}/) - ZO yzg,\y),zl (t7 7)7

y(tb,\li),r (t7 f)/) = ;} yztb,\ll),ir (t7 f}/),

- (4.6)
y(_@,\ll),l(tv v) = ;}y;b,qz),u(ta ),
y(_<1>,\11),r (tv ’7) = %y(_@,\ll),ir (t, '7)'
\ 1=
Now, putting the equations of (4.6) in (4.5), we will get
( [ oo o
r ;}yzfp,\m,iz(tﬁ)] _ —(4+v);£(3+v)s I 2s+3£ {Z% yzfp\p a4t 7)]
L Z%ysz,\m,ir(t,”y)} - *(64);;(54)5 +agp {Z% y@,\IJMT(t’V)] ,
_ 4.7)

OO

—(3427)+(2427)s s >
L Z 5.0), zl( )} _ =B+ 7);( +27) + 28;3£ [;y@&)’il(t,v)} ,

= —(7=27)+(6—2 s
L ;)y<<l>,‘ll),ir(t77:| == 7);5( e 4 2 L {qumf i 77)} :
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Applying the inverse Laplace transform to the system (4.7), our required recursive relation is

given by
( S [-A+y)+B+7)s
y&ﬂ’),m(t’f}/) =L ' g2 ;
L [25+3 .
y(J;+1)l(t>7) =L &2 — Ly Yio,w) zl(t Y } 120
N et Cliel)
ysz,\p) onty) =L !
L [2s+ 3 .
Y67 = L7 1 =3 ysz ay,ir (7)) ] 120
. (4.8)
- _ (3—1—27)—1—(2—#—27) '
Y >01(t> v)=L !
L [25+3 .
Vo) = £7 | Z ey ot m] i>0
L[ (T =279)+ (6 — 27)s
y<<I> @),Or(t f}/) L" ! 82 )
_ _ :28 +3 ., _ .
y(i+1)r(t;’}/) =L = E[y<¢7\y>7ir(t,’y)]} , ©>0
Thus,
( y&,\lf},oz@? v)=—@E+)t+ 3 +7),
,[2s+3 .
Yy (1) = L7 == LYo wy alt; 7)]} i>0
ygtp,\m,OT(t’ ’7) = _(6 - ’Y)t + (5 - /y)a
1 [2s+3 .
y@‘l&(ﬂrl)r(tﬁ) =L —2£[y(<1> ayir (b 7)]} 120
S
- . (4.9)
Yoo a(t;7) = =B +27)t+ 2+ 2),
- 1 [2s+3 .
y(@,\p),(z‘+1)l<t77) =L T2 E[y(q, ), a(t 7)]} 1 >0
y<_<I>,‘II>,O'r<t7 v) = —(7—29)t + (6 — 2v),
_ 11254+ 3 »
\ y((l),\l/),(z‘+1)r<t;7) =Lt Tﬁ[y(qmy),ir(tﬁ)]} , 120
For ¢+ = 0, we have
¢ tQ t3
Yauyut7) = 6+29)t+ (L+7)5 = (12+37)5;,
t2 13
Yoy ar(t7) = (10 =29)t + 3 = )55 + (18 + 373,
Ywuult;7) = 4+ 49t + 275 = (9+67) 57,
_ 2 3
| Yiom1r(t7) = (12— dy)t + (4 — 27)21 + (21 + 67)31.
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For 7 = 1, we have

4 n t2 t3 t4 ‘[j5
Yiwwy 2t 7) = (124 49) 55 + (20 4+ 87) 57 — (21 +37) 77 — (36 +97) o7,
I t2 t3 t4 t5
2 B8 4 ' 5 ' 4.11)
Yauyatr) = (8+87)5 + 12+ 169) = g1~ (18467) 5 — (27 +187),
t2 t3 t4 t5
[ Yor(t:7) = =(=24 4 87) 55 — (=44 +167) 57 + (=30 + 67) 77 + (=63 + 187) .

We obtain the approximate solution as follows

;

yz:p,q/),z(t? v) = y(ﬁp,\p),m (t,v) + y(tp,\p),u(ta v) + y(+<1>7\11)72l<t7 SIS
yfp,\m,r(t? 7) = y(+‘1> W),Or(t> 7) + y(tb,‘m,lr(tv ’7) + y@’,‘ﬁ)ﬂr(t: 7) + - ) (4 12)
Yo (HY) = Yo w0t + Vw1l 7)) + Ve w27+
\ y<_q>,\p>,r(t7 7) = y<_q> o), or( 7'7) + y(_q>7\1/)71r(t7 '7) + y<_q>7\1/>72r(t7 '7) +oee
Thus
( .
Yy i(t7) = =@+ B+ + (64+29)t+ (1475 — (124 37)%
F12 4498 + (20 + 8y)L — (21 4+ 37)5 — (36 + 97) & + -,
Yipay o (67) = =6 =Nt +(6—7)+ (10— 29)t+ B -5 + (-18+ 31
2 3
(=20 +479) 5 — (=36 + 87) L + (=27 +37) 4 + (=54 + 9L + -+,
Yoy (t7) = —B+20)t+(2+27) + A+ 4Nt + 295 — 9+ 695
2 3 4
F(8+87)5 + (12+169) 5 — (18 +69)4 — (27 + 187)L + -+,
Yoo (67) = —(T=27)t+ (6 —27) + (12 — dy)t + (4 - 27)2' + (=21 +69)%
2 3
| —(—24+87)5 — (44 + 167)% + (—30 + 6y)L + (—63 + 18fy)a 4+
(4.13)

Table 1. Values of Y g 4 ,(£:7), Y 0y, (6:7) g0y, (6, 7) and gy g . (8,7)

for 0 <y < 1andt =1 corresponding to the membership degrees
of the exact and approximate solutions in Example 3.1

v | Yy, (8:7) Exact | yl o (8,7) IFLADM | Y.L o (2,7) Exact | y; 4, (t,7) IFLADM
0 25.7507 25.7507 46.2041 46.2041
0.1 26.7734 26.7734 45.1815 45.1814
0.2 27.7961 27.7960 44.1588 44.1588
0.3 28.8187 28.8187 43.1361 43.1361
0.4 29.8414 29.8414 42.1134 42.1134
0.5 30.8641 30.8640 41.0908 41.0908
0.6 31.8867 31.8867 40.0681 40.0681
0.7 32.9094 32.9094 39.0454 39.0454
0.8 33.9321 33.9321 38.0228 38.0227
0.9 34.9547 34.9547 37.0001 37.0001
1 35.9774 35.9774 35.9774 35.9774
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Table 2. Values of Vg 4 (£,7), Yig .0y, (8 7)s Yiggy, (8 7) and yig gy, (2, 7)
for0 <~ < 1and? = 1 corresponding to the non-membership degrees
of the exact and approximate solutions in Example 3.1

¥ Y(;,\I/),t(t”Y) Exact y(_q),‘p)’l(t,'y) IFLADM | Y5 gy . (t,~) Exact Yi@,0),r (t,~) IFLADM
0 15.5240 15.5240 56.4308 56.4308
0.1 17.5693 17.5693 54.3855 54.3855
0.2 19.6147 19.6147 52.3402 52.3401
0.3 21.6600 21.6600 50.2948 50.2948
0.4 23.7054 23.7054 48.2495 48.2494
0.5 25.7507 25.7507 46.2041 46.2041
0.6 27.7961 27.7960 44.1588 44.1588
0.7 29.8414 29.8414 42.1134 42.1134
0.8 31.8867 31.8867 40.0681 40.0681
0.9 33.9321 33.9321 38.0228 38.0227
1 35.9774 35.9774 35.9774 35.9774

The comparison between the approximate and exact solutions at t = 1 and N = 12 is shown

at Figure 1.
File | Edit | View Insert Tocls Desktop Window Help k]
:uj_ﬁjlﬂi‘? % f\_—_\_@@@ﬁv@’ |:| = O
1
0.9 1
08 1
0.7 1
06} b
£
£ 05f $y32(1.1)5 Appra
m
LU] e
04l B35, (1.7 Appr
03 —C— $y34(1.7)5 Appro
: —0— By;4,(17)8 Apprg
e — 5Y,(1.7)5 Exact
01r — §¥](1,7)5 Exact
0 | I I I I 1 —_— $\‘T(1I'}$ Exact
15 20 25 30 35 40 45 5
— $¥ (1.7 Exact

Figure 1. Approximate and exact solutions
for membership and nonmembership functions
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4.2 Second example

We investigate the fourth order intuitionistic fuzzy ordinary differential equation of the form:

\

/

Theorem 2.2, we get

(

4)

\ y(‘IE

—14+71=7-2+27,2-2
—1+v91—7v,-2+2v,2—-2y

—14+v1—7-242v,2—-2y

o+ (6Y) =Ygy, (67) = 0.

Applying the intuitionistic fuzzy Laplace transforms in their parametric form and using

£[y(f1>7\p>71(t77)] = gy(J:p,\p),l(O’
1 "
+
+ 1Y@
i 1
‘C[?J(@,q/),T(ta M=y

+ @),

_ 1 _
L[y(<1>,\11>,l<ta 7)] = gy@,\y)vl(ov ’Y) +

+ gy<q>,\p>,l<0a )

LY g0y, t:7)]

2;1’7‘1’),7“(0’ )+ gy@g,@,r(oa v) + E?J

1

1

1

"
Jr

"_

"_

1 1

N—— N N

9

Y

Y

)+ SY@w(07) + 5Y@0),(0,7)

1
(0,7) + LYo w0 ()]
1, 1

1
(07 7) + E‘C[y(tb’\p)’r (ta 7)]7

S
Lo
+ 8_4‘6[9(@7\1;)71@7 7)]7

1

1 _
+ ;y@,xp),r(oa 7) + ;ﬁ[y(q),\p),r(ta 7))
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"y
(®,0),r

1 _ 1 "_
—2y<¢7\1,>7l(0, v) + ;y@ﬂ,m(o, v)

"

(0,7)

1 _ o
= gy<q>7\1/>7r(0> v) + §y<q>,\p>,r(0a v) + §y<<1>,\1/>77«(07 20,

(4.14)

(4.15)

(4.16)

(4.17)



Next we substitute the values of y(a,4)(0,7), ¥ig 4)(0,7), Yip ) (0,7) and yg 4 (0,7) in (4.17),
and we get
(Ll ) = (—1+)CE+ 5+ 5+ 2) + 5L 0, 7)),
Lysum 6N = (1+NG + 5+ 5+ 0) + 5LV, (), wis)
Llyga (8] = (C2429) (3 + 3+ o+ ) + FLly 0y, 7)] |
| L@, EN = Q=20 + 7+ 5+ 50) + 5 LWgw, ()]

In view of (3.4), we decompose y?:b o)1 (.

following form:
.

) y(fb W), r (tv /7)7 y<_<1>7\1/>,l(t7 '7) and y@q% (t, ’7) in the

yZEI%\I’),l(t7 7) = ;)yz:b,xp),ﬂ(ta ),
y&7@>7r(t,7) = Z y@,q,),ir(tﬁ),
y = (4.19)
y(:b,\ll),l(t’ 7) = Z y(tp,\p%u(ta 7)a
i=0
y<_<1>,‘11),r (t’ ,Y) = ;}y;b7\ll>7ir (ta ’7)
\ 1=
We put the equations of (4.19) in Eq. (4.18) and we get
( (o¢] 00
E[;)yzzb,q}),ﬂ(ta’)’)] =(-1+7E+5+5+5)+ S%E[;)yz&w)’ﬂ(t,fy)],
LI vt = (140G + 4+ 5+ 50) + 5L Y0 (),
oy = (4.20)
L0 ot = (=2+ )+ L+ L+ 1)+ S%L[;) Yoy (7).
o (e e
L1 Vo (8] = (2 - G+t ta)+ S%L[;) Yoy 0)].
\ i= =

Applying the inverse Laplace transform to Eqs.(4.20), our required recursive relation is given by

(14
1

1

(22}
1
(2-29)(:

__ﬁ[

( yzzb,\lf),m(@ )= L1
yz&’,‘l’),(iﬂ)l(tﬁ) =L _
Yy or(t7) = L7 _

yz&’,%,(iﬂ)r(@ ) =L"1

y(_‘I)7‘If),0l(t> v)=L""

y<_<1’,‘1’>7(i+1)1(t> )= L1

Yiouort:7) =L

\ y(‘l’ﬂ’),(iﬂ)r(tﬁ) =L

1 1
+?+§—|—

2.
@i izo
1 1

+
(P,W),il

(1= +

gﬁ[y

+

L1y,

m,l-T(t,v)]} o,

1 1 1 1
+8—2+§+g

4.21)

>} ,
gﬁ[y(_@,\ll),zl(t77)]:| ) (P Oa
1 1 1 1 )} |

+8_2+S_3+g
wyr ( 7)]} i > 0.
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Thus,

r t2 t3
Yiewalt7) = (7= 1)<1 tit o+ 3!)
1
Yo n(h7) = £ [Qﬁ[y@,w,u(tv)]] , 20
> 43

2t
y<+<1>,\p>,0r(t77) =(=y+1) (1 4+ — o + 3|>

1
Yoy, i1y (B7) =L {;ﬁ[y&,\p>,ir(t»7)]} ; 120

t2 3 (422)
y<_q>,x11>,01(tv 7) = (27— 2) (1 +t+ — o + 3'>
_ 1 - '
Yoy i (67) = £7 {gﬁ[y@,m,u(t,v)]} , 120
2 43
y(},qf),or(tﬁ) = (—27 + 2) (1 +t4+ — 5 + 3'>
_ B 1 B .
y(@,\p>,(z‘+1)r(t,7) = L1 {;ﬁ[y@,\m,ir(tﬁ)]} . 1>0.
\
For : = 0 we have
Yio,v), wty)=0-1) 1 5 6' o
t7
y?’—I’,\m 17“(t 7 (4 + — _|_ 7'>
4 t5 tﬁ t7 (423)
Yoo ult:y) = (27 —2) <4— T tat 7'>
tﬁ t7
[ Yoanar(h7) = (F27 42 ( + + ot 71)
For i = 1 we have
( T T [ b
yz&,7\1,>721(t,’}/) =(v- 1)(8' toit ot ﬁ)
8 49 40 41l
+ JE—
Vo a(h7) =0t )<8' ot T 11v>
4.24)

_ ts t9 th tll
Vo af:7) = (21 - 2)(81 toati " 11!)

N N
[ Vo, (B7) = (72742) (8| BT ﬁ)

We obtain the approximate solution as follows

p

4 10 11
yztbv‘ll%l(t’,}/) = (7_ 1)<1+t+ or + 3! + ZI + 5[ + 6! + 7 + 3]l + o +t1()| + il') + - 5
2 3 4 5 6 7 8 9 10 11
y@w«(t,v):(—7+1)<1+t+%+§+%+%+g—!+§—!+g—!+g—!+to.+§11)+..,’
— 9 10 11
Yoy t:7) = (27—2)(1+t+ e+ L+ + L+ 5+ 5+ 5+ +§1,> oo

$10 $11

10!+11'>+"'

— 9
y@,w(t,fy):(—2~y+2)(1+t+2,+3,+4,+5,+6,+ +E+ 5+
(4.25)
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Table 3. Values of Y g 4y (£, %), Vi (8:7): Yy o (8:7) @and 4y g, (£,7)
for 0 <~ < 1and? = 1 corresponding to the membership degrees

of the exact and approximate solutions in Example 3.2

v | Y&y, (t7) Exact |yl o (8,7) IFLADM | YT o (,7) Exact | y5, o, . (t,7) IFLADM
0 | —2.718281828459046 —2.718281828459045 2.718281828459046 2.718281828459045
0.1 | —2.446453645613141 —2.446453645613141 2.446453645613141 2.446453645613141
0.2 | —2.174625462767236 —2.174625462767236 2.174625462767236 2.174625462767236
0.3 | —1.902797279921332 —1.902797279921332 1.902797279921332 1.902797279921332
0.4 | —1.630969097075428 —1.630969097075427 1.630969097075428 1.630969097075427
0.5 | —1.359140914229523 —1.359140914229523 1.359140914229523 1.359140914229523
0.6 | —1.087312731383618 —1.087312731383618 1.087312731383618 1.087312731383618
0.7 | —0.815484548537714 —0.815484548537714 0.815484548537714 0.815484548537714
0.8 | —0.543656365691809 —0.543656365691809 0.543656365691809 0.543656365691809
0.9 | —0.271828182845905 —0.271828182845905 0.271828182845905 0.271828182845905
1 0 0 0 0
Table 4. Values of Y<E>,\11>,l(t’ v), Y@h’\pw(zﬁ, v), y&)’\m,l(t, ) and y&)’\pw(zﬁ, v)
for 0 <~y < 1andt = 1 corresponding to the non-membership degrees
of the exact and approximate solutions in Example 3.2
~ Y};"P)’l(t,'y) Exact y<_<1,’\1,>,l(t, ~) IFLADM }’(;"I,>’T(t,'y) Exact yzé’w)’T(t,'y) IFLADM
0 | —5.436563656918091 —5.436563656918090 5.436563656918091 5.436563656918090
0.1 | —4.892907291226281 —4.892907291226281 4.892907291226281 4.892907291226281
0.2 | —4.349250925534473 —4.349250925534473 4.349250925534473 4.349250925534473
0.3 | —3.805594559842664 —3.805594559842664 3.805594559842664 3.805594559842664
0.4 | —3.261938194150855 —3.261938194150854 3.261938194150855 3.261938194150854
0.5 | —2.718281828459046 —2.718281828459045 2.718281828459046 2.718281828459045
0.6 | —2.174625462767236 —2.174625462767236 2.174625462767236 2.174625462767236
0.7 | —1.630969097075428 —1.630969097075427 1.630969097075428 1.630969097075427
0.8 | —1.087312731383618 —1.087312731383618 1.087312731383618 1.087312731383618
0.9 | —0.543656365691809 —0.543656365691809 0.543656365691809 0.543656365691809
1 0 0 0 0

The comparison between the approximate and exact solutions at ¢ = 1 and N = 4 is shown

at Figure 2.
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File Edit View Inset Tools Desktep Window Help k]
DEde [ NARDDEL- 2| 0E) =D
1
09} .
08} .
07} .
06} .
: 05 +
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Figure 2. Approximate and exact solutions
for membership and nonmembership functions
Conclusion

In this study, we solve the n-th order intuitionistic fuzzy differential equation with intuitionistic

fuzzy initial conditions using the intuitionistic fuzzy Laplace Adomian decomposition method.

The discussion of the convergence of this method has been applied to intuitionistic fuzzy differential

equations of order n. The characteristics and functionality of this analytical-numerical approach

were demonstrated through numerical examples.
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