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1 Intuitionistic fuzzy numbers

The section contains some basic on intuitionistic fuzzy numbers: definition, expected
interval and expected value, metric. We mention that in the paper [12] some aspects are
also pointed out.

Definition 1.1 (/1/-/3]) Let X # 0 be a given set. An intuitionistic fuzzy set in X is an
object A given by
A= {<xnuA (SB),I/A ($)> EUAS X}a

where py : X — [0,1] and vy : X — [0, 1] satisfy the condition
0<pa(z)+valz) <1,
for every r € X.

Definition 1.2 An intuitionistic fuzzy set A = {(x, ua (z),va (2));x € R} such that pia

and 1 — v, where
(1 —va)(x)=1—va(x),Vr € X,

are fuzzy numbers is called an intuitionistic fuzzy number.
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We denote by A = (14, v4) an intuitionistic fuzzy number and by IF (R) the set of
all intuitionistic fuzzy numbers. It is obvious that any fuzzy number u can be represented
as an intuitionistic fuzzy number by (u,1 —u). An intuitionistic fuzzy number A =
(1a,v4) such that pus and 1 — v, are trapezoidal fuzzy numbers is called a trapezoidal
intuitionistic fuzzy number. We denote by IF'T (R) the set of all trapezoidal intuitionistic
fuzzy numbers.

With respect to the a-cuts of the fuzzy number 1 — v4 the following equalities are
immediate:

(I —va)p (@) =va, (1 -a)
and
(I =va)y (@) =va, (1= 0a),

for every a € [0,1].
A metric on the set of fuzzy numbers, which is an extension of the Euclidean distance,
is defined by (see, e. g., [5])

d? (u,v) = /0 (ug (@) — g, (@) do + /o (uy (a) — vy (a))? da,

where u and v are arbitrary fuzzy numbers with a-cuts u, = [ur (@), uy ()] and v, =

[UL (a> y VU (Q{)] y Q€ [07 1]
In the intuitionistic fuzzy case the metric d becomes (see [4])

FAB) =5 [ (@) = un, (@) da+ 5 [ (ua, (@) = i, (@) do
+5 | wan @) =vm, @) dat 5 [ wa, (@) = m, (@) do

where A = (pa,va) € IF (R) and B = (up,vp) € IF (R),

[ur (@) ; uy (a)]

denotes the a-cut, a € [0, 1], of the fuzzy number u and [wy, (o) ,wy (a)] denotes the a-cut,
a € [0, 1], of the fuzzy set w such that 1 — w is a fuzzy number.

The trapezoidal approximation of an intuitionistic fuzzy number is the nearest trape-
zoidal fuzzy number to an intuitionistic fuzzy number, with respect to metric d, with or
without some additional conditions.

Let A = (ua,v4) be an intuitionistic fuzzy number,

Ha = ([:U’AL (Oé) y HAy (a)])ae[O,l] ’

Vp = ([VAL (a), Vay (a)])ae[o,l] .
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We denote

1 1
mL:/ LA, (a)da,mU:/ pa, (o) da,
1 ]
ny = / va, (@) da,ny = / Va, () dao,
o -
ML = / QLA (Oé) dOé, MU = / QLA (Oé) dOé,
" 2
Np = / avy, () da, Ny = / avy, (a) da,
0

0
1 1
m = /0 2, (o) da, M = /0 i, (@) da

n =

1 1
vi, (@) da, N = / vi, (@) da.
0 0

S—

2 Value, ambiguity, width and weighted expected value
of an intuitionistic fuzzy number

An important notion connected with the concept of fuzzy number is the expected interval
EI (u) of a fuzzy number u introduced in [10] and [13]. It is given by

EI (u) = [E. (u), E* (u)] = [ /0 s (@) da, /0 C (@) da} .

The expected value EV (u) of a fuzzy number u is defined by

5 .

Its generalization, called weighted expected value, is defined (see [11]) as

EV (u) =

B0 =0-0) [ us(@dat [ (@,

where ¢ € [0,1]. The operator can be extended in a natural way to intuitionistic fuzzy
numbers by

BV, (1a,va)) = 5 (BV, (a) + BV, (1 - wa)),

for every A = (ua,va) € IF (R).
To simplify the task of representing and handling fuzzy numbers the value and the
ambiguity of a fuzzy number u, u, = [ug, (@), uy ()], a € [0,1], defined by

Val (u) :/o a(ug (o) + uy () da

and

Amb (u) = /0 a(uy (o) —ug (o)) da,
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were introduced in [9]. The width of a fuzzy number (see [8]) defined by

w (u) = / (ur (@) — ug (@) dos

is a parameter which characterizes the nonspecificity of a fuzzy number.

These parameters can be extended to intuitionistic fuzzy numbers by

Val ((ta,v4)) = 5 (Val (j14) + Val (1 = va))

[ et @)+ sy (@) o

+
NI o= N~

/0 (1 - ) (va, (@) + v, () da,

Amb ({14, va)) = = (Amb (1) + Amb (1 — v4))

/0 & (iay (@) — i, (@) dar

+
NI N N~

/0 (1 - a) (va, (@) — va, (a)) da

and

w ((pa,va)) = 5 (w (pa) + w (1 = va))

—_

(fay (@) = pa, (@) do

N - o~ N -
C\Ho\

+

(UAU (a) —Vag (a)) dav

for every A = (ua,va) € IF (R).
With the above notations we get

E“-’/q(A>:(1_q)mL;’nL qu;‘nU7

ﬁ?l(A):%(ML+MU)+%(nL—NL+nU—NU),

mm):%<MU_ML>+%(nU—NU—nL+NL>,
@(A):%(mU—mL)—i—%(nU—nL).

3 Approximation without condition

The main result of the paper [7] is the following trapezoidal approximation.
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Theorem 3.1 Let A = (ua,va) be an intuitionistic fuzzy number,

KA = ([:U’AL (Oé) » KAy (a)])aG[O,l} ’
Va = ([VAL (a) » Vay (a)])ae[O,l]

and

T7(A) = (t1 (A)  t2 (A) 13 (A) 4 (A)) = (t1, 2,13, 14)

the nearest (with respect to the metric d, ) trapezoidal fuzzy number to intuitionistic fuzzy
number A.

(1) If
mL—mU—3ML+3MU—2nL+2nU+3NL—3NU20, (5)
then
t1:2mL—3ML—nL+3NL, (6)
tgz—mL+3ML+2nL—3NL, (7)
ts = —my + 3My + 2ny — 3Ny, (8)
t4 = 2mU — 3MU — Ny + 3NU; (9)
(ii) If
mL—TTLU—3ML+3MU—271L+27LU+3NL—3NU<0, (10)
3mL+mU—5ML—3MU—2nL—2nU+5NL+3NUSO, (11)
—my — 3my + 3Mp +5My + 2np 4+ 2ny — 3N, — 5Ny <0 (12)
then
7 1 9 3 1 9 3
=" - My — My — =ny — = N+ 2N, 1
1 4mL+4mU M= Mo =5 2nU+4 L+4 Us (13)
by =ty = — Sty — Sy + SMy + oMy 4 g+ ng — SN — ON (14)
2—3—2mL2mU2L2UnLnU2L2U>
1 7 3 9 1 1 3 9
t4 Z_LmL+ZmU_Z_LML_ZIMU_§HL_§TLU+ZNL+4NU’ (15>
(idi) If
3my, +my — My — 3My — 2np, — 2ny + 5N + 3Ny > 0 (16)
my, +2my — 6 My +n;, —4ny + 6Ny > 0 (17)
then
2 1 3 2 2 3
h=ty=13= 5L~ g + SMU + 5L + 5 gNU, (18)
1 8 9 1 1 9
t4 = —gmL + gmU — SMU — gnL — g’rLU —|— ENU (19)
(i) If
—myp — 3my + 3Mp + 5My + 2np + 2ny — 3N, — 5Ny > 0 (20)
—2myp — my +6Mp +4n;, — ny — 6N >0 (21)

42



then

8 1 9 1 1 9
t = 2my — —my — =My, — =np — - N 22
1 5mL 5mU 5L 5nL 5nU+5 L (22)
1 2 3 2 2 3
t2:t3:t4:—gmL—f—gmU—f-EML—l—gnL—f—gnU—5NL. (23)

We present an equivalent form of this theorem in terms of weighted expected value,
value, ambiguity and width.

Theorem 3.2 Let A = (ua,va) be an intuitionistic fuzzy number,
Ha = ([:uAL (Oé) » HAy (a)])ae[o,l} )
VA = ([VAL (CY) y VAy (a)])ae[(],l]

and

TJ(A) = (tl (A) .2 (A) 13 (A) s g (A)) = (tla to, 13, t4)

the nearest (with respect to the metric d, ) trapezoidal fuzzy number to intuitionistic fuzzy
number A.

(i) If
Ao (A) > %@(A) (24)
then T5(A) is given by (6)-(9);
(id) If
Amb (A) < %@(A), (25)
Val (4) < BV (4) — {Amb (4) (26)
and ]
Val (A) > EV 1 (A) + Zm (4) (27)
then T5(A) is given by (13)-(15);
(i13) If 1
Val (A) < EV1 (A) + Z?x?n/b (4) (28)
and
Val (A) < BV's (A) — Amb (A) (29)
then T5(A) is given by (18)-(19);
(iv) If X
Val (A) > EV 5 (A) - 171?{19 (A) (30)
and
Val (A) > EV 1 (A) + Amb (A) (31)

then Ty (A) is given by (22)-(23).

Proof. Taking into account the equalities (1)-(4) we easy obtain the equivalences
between (5) and (24), (12) and (26), (11) and (27), (17) and (29), (21) and (31). =
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4 Approximation preserving the expected interval
The main result of the paper [6] is the following trapezoidal approximation.

Theorem 4.1 Let A = (ua,v4) be an intuitionistic fuzzy number,
Ha = ([:U’AL (Oé) » HAy (a)])ae[o,l} )
Va = ([VAL (Oc) » VAy (a)])ae[o,l]

and
T3 (A) = (11 (A) 15 (A) 15 (A) , t5 (A)) = (¢1, 15, 15, %)

the mearest (with respect to the metric d, ) trapezoidal fuzzy number to intuitionistic fuzzy
number A, preserving the expected interval.

() If
myp —my — 3Mp + 3My — 2nyp, + 2ny + 3N, — 3Ny > 0, (32)
then
t§:2mL—3ML—nL+3NL, (33)
tgz—mL+3ML+2nL—3NL, (34)
t;) = —my + 3MU + 27’LU - 3NU7 (35)
LLZ = 2mU - 3MU —ny + 3NU (36)
(ii) If
mL—mU—SML—i—?)MU—2nL—|—2nU+3NL—3NU<O, (37)
2mL+mU—3ML—3MU—nL—ZnU—|—3NL—|—3NUSO, (38)
—mL—QmU+3ML+3MU+2nL+nU—BNL—3NU§O (39)
then
3 1 3 3 3 3
zﬁ:QmL%—émU—§ML—§MU—nU+§NL+§NU, (40)
.1 1 3 3 3 3
t2:t3:—§mL—§mU+§ML+§MU+nL+nU—§NL—§NU, (41)
1 3 3 3 3 3
tZ:émL‘i‘gmU—§ML—§MU—7”LL+§NL+§NU; (42)
(iid) If
2my, +my — 3Myp — 3My —np — 2ny + 3N, + 3Ny > 0 (43)
then
e e e 1 1
.1 1
t = —§mL—|—mU—§nL+nU; (45)
(iv) If
—my — 2my + 3M;, + 3My + 2n;, + ny — 3N, — 3Ny > 0 (46)
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then
. 1 1
tl = my — émU +nr — EnU, (47)
1 1
(48)

t; :tg :ti = émU—}-inU.

We present an equivalent form in terms of weighted expected value, value, ambiguity

and width.
Theorem 4.2 Let A = (jua,va) be an intuitionistic fuzzy number,
pa = (lpa, (@), pay ()] g -

va = ([va, (@), vay (@)])aeo

and
T5 (A) = (11 (A) 15 (A) 15 (A) , 15 (A)) = (i1, 85, 5, 15)
the nearest (with respect to the metric d ) trapezoidal fuzzy number to intuitionistic fuzzy

number A, preserving the expected interval.

(2) If
Amb (A) > %w(A) (49)
then T§ (A) is given by (33)-(36);
(22) If
Amb (A) < éa}(A), (50)
Val (A) < BV (A) (51)
and . N
Val (A) > EV1 (A) (52)
then TS (A) is given by (40)-(42);
(idd) If N _
Val (A) < EV, (A) (53)
then T (A) is given by (44)-(45);
EV (54)

(iv) If -
Val (A) > EV

then TS (A) is given by (47)-(48).
Proof. Taking into account the equalities (1)-(4) we easy obtain the equivalences
between (32) and (49), (39) and (51), (38) and (52). m
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