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Abstract: A new, general approach to introducing the concept of a Temporal Topological Structure
(TTS) is given. The basic properties of the TTS are studied. The TTSs are illustrated by
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intuitionistic fuzzy feeble TTSs are described in this paper.
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1 Introduction

Some years after introducing of the Intuitionistic Fuzzy Sets (IFSs, see [1]), the Temporal IFSs
(TIFSs, see [2—4]) were also introduced and over them, the Intuitionistic Fuzzy Temporal Operators
(IFTS) were proposed.

After introducing the concept of the Modal Topological Structure (MTS, see [5]), these
operators also found place in the MTSs structures, see [7].
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In the present paper, we will continue the research over the TIFSs, IFTOs and the MTS based
over them.

In the present paper, all notations and symbols, related to the IFSs are used from [4] as follows.

Let a (crisp) set £ be fixed and let A C F be a fixed set. An IFS A* in F is an object of the
following form

A" = {(z, pal(z), valz)) | = € EY,

where functions 4 : £ — [0,1] and v4 : E — |0, 1] define the degree of membership and the
degree of non-membership of the element x € E to the set A, respectively. For every two IFSs A
and B the following relations, operations and operators will be used:

A C Bifandonly if (Vx € E)(ua(z) < pp(x) & va(z) > vp(x));

A D Bifandonly if B C A;

A = Bifandonly if (Vz € F)(ua(z) = pp(x) & va(z) = vp(x));

AN B = {(x, min(ua(z), pp(r)), max(va(z), ve(z))) | © € E};
AU B = {{z, max(pa(x), pp(r)), min(va(z), ve(2))) | = € E};
0A = {(z, pa(z),1 — pa(z))|z € E};
QA ={{x,1 —va(x),va(z)) | x € E};

C(A) = {(sup paly), Inf valy)) [ v € E};

Z(4) = {z, inf paly),supvay)) | = € E}.

yek
The Temporal IFS (TIFS) has the following form:

A(T) = {{(z, Opale, t),valz, 1)z, 1) € Ex T},

where A C FE is a fixed set, pa(z,t) + va(z,t) < 1 for every (z,t) € E X T, pa(z,t) and
va(z,t) are the degrees of membership and non-membership, respectively, of the element z € F
at the time-moment ¢t € 7.

All above operations, relations and operators keep their sense over TIFSs. The two intuitionistic
fuzzy temporal operators are:

C*(A(T)) = {{{z, 1), 5up ey (w, 0), inf vacr)(,) | (2, 8) € B x T},

ueT

T (A(T)) = {{{e.1). inf pagr (. ). 50p vacr (. 0)) | (@.8) € B x T},

2 Intuitionistic fuzzy topological structures containing
intuitionistic fuzzy temporal operators

Here, following, yet modifying and extending the definition from [5, 7, 8], we will define the
concept of a Temporal Topological Structure (TTS).
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Let us have a fixed set X and let everywhere below
P(X)={Y|Y C X}.

Let T' be a fixed temporal scale.
Let O be the minimal element of P(X). Obviously, X is its maximal element.
Let us have two operations A,V : P(X) x P(X) — P(X) defined in such a way that for
every two sets A, B € P(X):
AV B = ~(-AA-B),
AAB = ~(-AV-B),
where — P is the negation of set P.
Let the operation A generate the topological operator O and the operation V generate the
topological operator Q.

Now, following [10], we will say that the operator O is a closure (cl)-topological operator if
foreach A, B € P:

Cl O(AAB) = 0O(A)AO(B),

C2 ACO(A),

C3 O(0O(A)) = O(A),

C4 O(0) =0,

and that the operator Q is an interior (in)-topological operator if for each A, B € P:

I1 Q(AVB) = Q(A)VQ(B),

12 Q(A) C A,

13 Q(Q(4)) = Q(4),

4 9(X)=X.

We will assume that for every set A € P(X):

O(4) = =(Q(-4)),
Q(A) = ~(0(=4)).

For example, in the intuitionistic fuzzy case, if operation A is the operation "union” (U), then
operator O will be the cl-topological operator C, and if operation V is the operation “intersection”
(M), then operator Q will be in-topological operator Z (cf. [9, 10]). Having in mind that the
intuitionistic fuzzy topological operators (IFTOs) C* and Z* satisfy conditions C1-C4 and 11-14,
respectively, we can see that operator C* is from a cl-type and operation Z* is from an in-type.

Now, following the definition of a topological structure from [9] and the definition from [8],
we say that the object (P(X), &, (, *,n) is a T-Temporal p-Topological Structure (7-T¢-TS) over
the set X and the temporal scale 7', where £ € {O, Q} is a topological operator from ¢-type
generated by operation ( € {A,V} and * € {o, e} is a temporal operator from 7-type related

to operation 7 € {A, V}, where ¢, 7 € {cl,in}. Therefore, each one of the both operators (the
topological and the temporal) must satisfy the respective C- or the respective I-conditions.
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In addition, the topological and the temporal operators must satisfy the following additional

condition (x) for each A € P(X):
*E(A) = E(xA) (%)

that it will be used below.

In the present paper, we illustrate the TTS with examples of the area of intuitionistic fuzziness,
constructing different Intuitionistic Fuzzy TTSs (IFTTSs).

We must mention that the four theorems, formulated and proved in [7] are weak about the
present definition for a TTS. We will discuss them below.

Theorem 1. For each universe F and each time-scale 7', (P(E*(T')),C,U, C*, U) is an IFcl-Tcl-TS.

Proof. Let the IFSs A(T'), B(T) € P(E*(T)) be given. We will sequentially prove the validity
of the nine conditions: C1-C4 for the topological operator C, C1-C4 for the temporal operator
C*, and the condition (x) for the temporal and topological operators.

CI.

C(A(T) U B(T)) = C({{(e- B (. 0), vacey (. )] (2.1) € B x T)
O 1), ey 6, v (2, D) 2,6 € B x T)
= C({({z, 1), max(pacr)(z, 1), pper) (2, 1)),
min(vacr) (x,t), vpry(z,t)))[(x, t) € E x T})
= {{(=,1), ilelg max(pacr)(y,t), uer) (Y, 1)),

;Ielg min(vary(z,t), v (@, t))|(x, t) € E x T})

= {{(z, t), max(sup pacr)(y, t), sup ppr) (v, t)),
yeEE yeE

min(inf var) (5:). inf vy (. )|, ) € B x T
= C(A(T)) UC(B(T));
C2.

A(T) = {<<x7t>>MA(T)(xvt>’VA(T)(x’t)>|<Ivt> € Ex T}

C {((z,t),sup pracr)(y, t), inf vaer (y,1))|(x, t) € Ex T}
yEeE yerR

= C(A(T));
C3. Having in mind that for each fixed ¢ € T": sup pa(r)(y, t) and in}fE vacr)(y,t) are constants,
ye

yelr
we obtain that:

CAC(AT)) = CU{{Gr, 1) suppacry (3 1), i vace (D 1) € B x T)

= {((z,t),supsup pacr(y,t), inf inf var)(y,t))|(z,t) € E x T}
z€E yeE zeE yek

= {((z,t),sup pracr)(y, t), inf vaer (y,t))|(x, t) € Ex T}
yeE yeE

= C(A(T)).
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C4.

C(O™(T)) = C({({x, ), 0, D[(x,t) € Ex T})

{{z, 1), sup() mf D{x,t) e ExT}

{{z,0, 1>|(:c,t) cExT)
O*(T);

Cl.

C*(A(T) U B(T)) = C*({{{x, 1), max(par) (x, 1), ) (2, 1)),
) (7, 1))[)(z,t) € EXxT})
T)( )7MB(T)(xaU)))7

min (v (@, ), vp
= {((w,t), sup max(paq
ueT

5161; min(vary(z, w), v (@, w)))|(z, t) € E x T}

= {<<ZE, t>7 max(sup MA(T)(x7 u)v Sup pB(T) (ZE, u))?

ueT ueT

mln(lrelifp var)(z,u), mf yB(T)( u))[(xz,t) € Ex T}

= {{(z, 1), sup pacr )(xau%;g;’/A(T)( ,u))[(z,t) € Ex T}

ueT

U@, 1), sup ey (@, w), Inf vir) (@, u)) [z, t) € B X T}
= C*(A(T)) UC*(B(T)).
C2.

= (@0, pae) (@, 1), vary (2, 1)) [(2, 1) € E X T}
CA{{z,1), sup pacr)(x,w), 1nf VA(T)(x,u))H:L’,t) €e ExT}
C*

(A(T));

C3. Having in mind that for each fixed = € T": sup p1(7)(2, ) and 111% va(ry(z,u) are constants,
weT ue
we obtain that:

C*(CH(T)) = C*({({x, 1), sup pracr)(z, u), mf VA(T)(JU w))|{z,t) € Ex T}

ueT

= {((z,t),supsup pacr)(z, w), inf inf vaer(z,u))|(z,t) € £ x T}
veT ueT veT ueT

= {<<$at>>SUPNA(T)(JJ,U),}LIEI;VA(T)( Ju))({z,t) € Ex T}

= C*(A(T));
C4.

CH(O*(T) = C*({{{, 1),0,1)}[{z, 1) € ExT})
= ({{{z,1),0, )}|(z,t) € ExT})
= 0%(T)
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)
C(C(A(D))) = C"({((x, 1), sup prar (y, 1), inf vaer) (y, 1)) [{z, £) € E x T})

yekE

= {((z,t), supsup pracr)(y, u), 1nf 1nf VA(T)(y, u))[{x,t) € ExT}

yeE ueT

= C({((x, t),sup pacr(x, u), mf vary(z,u))|(z,t) € ExT})

ueT

= C(C*(A(T))).

This completes the proof. []

Theorem 2. For each universe £ and each time-scale T', (P(E*(T)),Z, N, Z*,N) is an IFin-Tin-TS.

Proof. Let the IFSs A(T), B(T) € P(E*(T)) be given. We will sequentially prove the validity
of the nine conditions: I1-I4 for the topological operator Z, I1-14 for the temporal operator Z*,
and the condition (x) for the temporal and topological operators.

I1.
T(A(T) (1 BT) = T({{{e. ), a2, vacr (o, D) (2. 6) € B x )
N {8 ) (,8), sy (2, D) o) € B x TY)
= T({{{ar, £y, minacry (2, £) o (2.)),
max(vacry(z,t), v (z,t)))|(x, t) € E x T})
= ({8, inf minieacn (. 0) o . 2),

sup max(vacry(z,t), ver (z,t)))|(z,t) € Ex T})
ye

— t), min(inf t). inf t
{((z, >,mm(;gEuA(T>(y, ),;gEuB(T)(y, ),

max(sup va(ry (). sup v (3, ) (@, 6) € B x T}
yeE yeE

= C(A(T)) N C(B(T));
12.
L(A(T))) = {{{x, 1), inf pacr)(y.2), EEEVA(T)(?/at)>|<$vt> €ExT}

C Lz, 1), paery (@, 1), vaery (2, 1) (2, 1) € E X T}
= A(T);

I3.
ZEA)) = TG 1), Inf (0,0 50 vacn) () (27) € B x T
= {({&, 1), inf inf par)(y, 1), supsup vaer)(y,1)|(z,t) € Ex T}
= {((@:2), inf pacn) (.0 sup v (9 ) (1) € £ x T}
= Z(A(T)).
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14.

Z(EX(T)) = C({{(z,1),1,0)(z,1) € E x T})

{{{z,1), supl mf 0>\(x,t> e ExT}

{(,1 O>|(:c,t) cExT)
O*(T);

I1.

T*(A(T) N B(T)) = T ({{{a. ), min{uaqn) (2, ). psry . 1)),
max(vam) (@, 1), var) (2, 1)) {z, ) € ExT})
= {((95, t>> irelg“ min(,uA(T) (xv u)> KB(T) (ZL‘, u))),

su;T) max(var)(z, u), vpry(z,u)))|[(x, t) € Ex T}
ue

= {{{z,t), min(inf paer) (2, ), inf pper) (e, v)),

max(suIT) var(x,u), sug) veer)(z,u))[{z,t) € Ex T}
ue uc

= {<<xvt>7igg,ﬂA(T)(l‘vu)’sup VA(T)(:E,U)>|<ZL‘,t> € bEx T}

ueT

N{{{z,1), ilg;,uB(T)(ZE,U),Sug vy (@, u))|(z, t) € Ex T}
uw ue

=TI"(A(T))NZ*(B(T)).
12.

T (A(T))) = {{( ), inf pace) (2, 0),5up vagr) (@, )| (2, £) € B x T}

C{{(x, 1), pary (@, t), vary(z,t)) (2, t) € Ex T}
= A(T);

I3.
I*(I*(T)) = I*<{<<$7t>7 lnf ,UA(T)(xa U),Sug VA(T)(xa u)>|<$7 t> € b x T}
ue
= {{(z, ), inf inf parr)(z,w),supsup vam(z,u))|(z,t) € £ x T}
veT ueT veET ueT
= {{{z, 1), 1161; pacry (@, u), Sug vary(z,u)|(z,t) € Ex T}
w s

= C*(A(T));
14,

(ENT)) = T ({{{z, 1), L,O)}{z, 1) € ExT})
= ({{{z,1),1,0)}|(z,t) € ExT})
= EX(T)

291



)

T (Z(AD)) = T ({0 inf pacr)(5:). 5up vy (9. 1)z, 6) € B x )

yer

= {((93', t>7 inf inf ﬂA(T)(ya U), Sup sup VA(T)(?J» U)>|<ZE, t) € EX T}
ueT yek uweT yeE

= I({<(x,t>>ig§MA(T>(%U),ilelg vaer)(z,u))|(z,t) € ExT})

— I(T*(A(T))).

This completes the proof. [

3 Intuitionistic fuzzy feeble topological structures containing

intuitionistic fuzzy temporal operators

In [6] the concept of a Feeble MTS (FMTY) is discussed. Here, we will modify it in the case of
the TTSs.

Letfor 1 < s<4,1<t<3:Jy,...Js € {C1,C2,C3,C4,11,12,13,14}, K;,..., K, €
{C1,C2,C3,11,12,13}, R, S1,...,5s,Th,..., Ty, € {C,D}. The object (P(X),E,(,*,n) is a
R-Feeble (1,n; K11}, ... K,T;)-Temporal (; J; 51, . . ., JsSs)-Topological Structure (with abbrevi-
ation: R-F(r,n; KiTy,... K/T;)-T(p; J151, ..., JsSs)-TS) over the set X, where £ € {O, O}
is a topological operator from ¢-type generated by operation ( € {A,V} and * € {o,e} is a
temporal operator from 7-type related to operation n € {A, V}, where ¢, 7 € {cl,in}, so that
each one of the both operators (the topological and the temporal) must satisfy the respective C- or
the respective I-conditions and in condition J; the original relation from the definition of the TTSs
is replaced by the relation S;, or this condition is omitted (1 < ¢ < s) and in condition K the
original relation is replaced by the relation 77 or this condition is omitted (1 < j < ¢). Similarly,
by R € {C, D} we denote the fact that in equality () the symbol = is replaced by the relation R.

Below, we will discuss all modifications of Theorems 1 and 2 and for each one of these
modifications, we will show that it is FTTS in the above sense.

In [7] the following assertion is formulated and proved as an IFTTS, while in the sense of the
above definition for FTTS, it obtains the form:

Theorem 3. For each universe E and each time-scale 7, (P(E*(T)),C,U,C*,N) is an
IFF(cl,N; 1 ©)-T(cl, U)-TS.

Proof. The validity of the conditions C1-C4 for the topological operator C, of the conditions
C2-C4 for the temporal operator C* and of condition (*) are checked in Theorem 1. To check
condition C1 for the temporal operator C*, we will first prove that for each x € E:

sup min(:uA(T) (ZE, u)7 HB(T) (I7 U)) < min(sup HA(T) (ZL‘, u)7 Sup fp(r) (J], U)), (D
ueT ueT ueT
irelzfp max(vay(x, u), vpr(x, u)) > max(gélzﬁ vaery(z,t), gjfﬂ v(r)(@,t)). (2)
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Let for a fixed x € E:
min(uA(T) (x,u), HB(T) (z,u)) = g(u).

Therefore, for each x € E:

Therefore,
sup g(u) < sup pary(z, u),
ueT ueT
sup g(u) < sup pup(r) (v, u)
ueT ueT

and hence

sup g(u) < min(sup ) (x, w), sup pper)(z, w)),
ueT ueT ueT

i.e., (1) is valid. Proving (2) is done in a similar manner.

Back to the proof of C1, using (1) and (2), we see that:

C(A(T) N B(T)) = C*({{z, min(pacry(, t), ppr) (x, 1)),
max(vary(x,t), ver) (@, 1))])(x, t) € E xT})

= {(z, Sup min(pacry(z, w), pper)(z, u))),

iggmax(uA(T)(x,u),VB(T)(m,u))>|<x,t> € ExT}

C {(x, min(sup pacry(z,t), sup ppr (e, t)),
teT teT

max(glzﬁ var)(z, t>’%2;/f~ ve)(z,t))[(z,t) € Ex T}

= {(@,sup pacry(z, t),inf vaer) (x, 1)) [(x, t) € E x T}
teT teT

N {(x, sup ppr)(z,t), inf vgy(z,t))[(z, t) € Ex T}
teT teT

= C*(A(T)) N C*(B(T)). O

We must mention that in the sense of the above definition for a FTTS, the definition of a TTS
in [7] is feeble.

Theorem 4. For each universe FE and each time-scale 7', (P(E*(T)),C,U,Z*,U) is an
IFD-F(in, U; 1 D)-T(cl, U)-TS.

Proof. The validity of the conditions C1-C4 for the topological operator C and of the conditions
12-14 for the temporal operator Z* are checked in Theorems 1 and 2. Now, we must check
condition C1 for the temporal operator Z* and condition (). The check of the condition C1 uses
the inequalities (1) and (2):

293



Z*(A(T) U B(T)) = " ({{{, ), max(pacr)(z, 1), pper) (2, 1)),
min(v(r) (7, £), vy (2, 1)) (2, 1) € B x T})
= {{(z,1), 3}61;5 maX(MA(T)(% ), KB(T) (z,u))),

sug min (v (@, w), vpr (@, w)))[(z, t) € Ex T}
ue

= {<<x> t>> maX(QILIé; HA(T) (.T, u)v irelg“ KB(T) (23, u))’

min(su;T) VA(T) (a:,u),sug) vper)(z,u))[(z,t) € Ex T}
ue ue

= {{{(z, 1), igguA(T)(x,u),suI; vary(z,u))|(z,t) € Ex T}
u ue

U {{(z,1), irelguB(T)(x,u),sug very (@, u))|(z, t) € Ex T}
uw ue

=T°(A(T)) VI (B(T))-

For the check of the condition (*), first, we will prove that:

inf sup(pacr) (v, w), ppery (Y, w)) > sup(inf pacry(y, w), inf pper)(y, w)), (3)
u€eT yeE yeE ueT ueT
sup inf (vacr) (v, w), v (y, w)) < inf (sup vy (y,t), sup vpry(y,t)). “4)
weT YEE yeE teT teT

Let for a fixed u € T":

sup(pamry(y, w), ppry(y,u)) = h(u).
yeE

Therefore, for each y € F:

Therefore,
. > .
irégh(u) > irelg fracr)(ys ),
7irgh(u) > irg e (Y, u)
and hence

if h(u) 2 ig(gg paer) (ys w), inf e (y, w),

1.e., (1) is valid. Proving (2) is done in a similar manner.

Back to the proof of (*), using (3) and (4), we see that:
Z°(C(A(T))) = T ({{(z, 1), sup par) (Y, t), ;lgg vam)(y, 1) |(z,t) € ExT})
Yy

= {{(z, ), inf sup pacr)(y, w),sup inf vaer)(y,u))|(x, t) € E x T})
u€T yef weT YEE

2 {{x, sup inf par)(y, ), inf supvacr)(y, w))(z,t) € B x T}

ycE U u€eT
= C({w, inf paen) (@, 1), supvaen (@, 1) {2, 1) € B x T})
= C(T"(A(T)))-
This completes the proof. []
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In the same manner we can prove the following assertions, too.

Theorem 5. For each universe F and each time-scale 7', (P(E*(T)),C,U,Z*,N)

IFD-F(in, N)-T(cl, U)-TS.

Theorem 6. For each universe E and each time-scale 7, (P(E*(T)),C,N,C* U) i

IFFcl-T(cl,N; 1 C)-TS.

Theorem 7. For each universe F and each time-scale 7', (P(E*(T)),C,N,C* N)

IFF(cl,n; 1 ©)-T(cl,N; 1 C)-TS.

Theorem 8. For each universe E and each time-scale T, (P(E*(T)),C,N,Z* U) i

IFC-F(in,U; 1 2)-T(cl,N; 1 C)-TS.

Theorem 9. For each universe E and each time-scale 7T,

an IFC-F(in,U)-T(cl,N; 1 C)-TS.

Theorem 10. For each universe
IFD-F(cl, U)-T(in, U; D)-TS.

Theorem 11. For each universe
IF2-F(cl,N; 1 ©)-T(in, U; 2)-TS.

Theorem 12. For each universe
IFF(in,U; 1 D)-T(in,U; 2)-TS.

Theorem 13. For each universe
IFF(in,N)-T(in,U; D)-TS.

Theorem 14. For each universe
IF2O-F(cl, U)-T(in,N)-TS.

Theorem 15. For each universe
IFD2-F(cl, N)-T(in,N)-TS.

Theorem 16. For each universe
IFF(in,U; 1 D)-T(in,N)-TS.

4 Conclusion

In the paper we described all TTSs generated by the IFTOs C* and Z*.

E

and

and

and

and

and

and

and

each time-scale 7, (P(E*(T)),Z,U,C*,U) i

each time-scale 7', (P(E*(T)),Z,U,C*,N)

each time-scale

each time-scale

each time-scale T, (P(E*(T)),Z,N,C*,U)

each time-scale 7', (P(E*(T)),Z,Nn,C*,N) i

each time-scale

(P(EX(T)),Z,U,T*,U)

(P(EX(T)),Z,U,Z*,N) i

(P(EX(T)),Z,Nn,Z*,U)

is

is

1S

is

1S

is

an

an

an

an

(P(E*(T)),C,N,T*,N) is

an

an

an

an

an

an

an

In a next research, we will discuss other structures in which the IFTOs play the role of the

topological operators and these structures contain modal operators.
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