Notes on Intuitionistic Fuzzy Sets

Print ISSN 1310-4926, Online ISSN 2367-8283
2026, Volume 32, Number 1, 51-67

DOI: 10.7546/nifs.2026.32.1.51-67

Operators on circular interval-valued

intuitionistic fuzzy sets

P. Gajalaxmi' ", D. Jayanthi’" and M. Priyadharshini

! Department of Mathematics, Avinashilingam Institute for Home Science and Higher Education
for Women, Coimbatore, Tamil Nadu, India
e-mail: pgajalaxmil004Q@gmail.com

2 Department of Mathematics, Avinashilingam Institute for Home Science and Higher Education
for Women, Coimbatore, Tamil Nadu, India
e-mail: jeyanthi_mat@avinuty.ac.in
3 Department of Mathematics, Avinashilingam Institute for Home Science and Higher Education
for Women, Coimbatore, Tamil Nadu, India
e-mail: priyadharshinil501@gmail.com

Received: 22 October 2024 Revised: 26 May 2025
Accepted: 21 November 2025 Online First: 15 March 2026

Abstract: A circular interval-valued intuitionistic fuzzy set extends the concept of a circular
intuitionistic fuzzy set by incorporating membership and non-membership degrees, which are
represented as closed intervals with a given radius r, both confined within the range [0, 1]. The
geometrical representation of a circular interval-valued intuitionistic fuzzy set is given. A few
fundamental operators and their properties have been discussed. To develop a circular interval-
valued intuitionistic fuzzy set from an interval-valued intuitionistic fuzzy set, two methods have
been presented, and an instance is provided to illustrate.

Keywords: Interval-valued intuitionistic fuzzy sets, Circular interval-valued intuitionistic fuzzy
sets, Circular intuitionistic fuzzy set, Operators.

2020 Mathematics Subject Classification: 03E72, 28E10.

Copyright © 2026 by the Authors. This is an Open Access paper distributed under the

terms and conditions of the Creative Commons Attribution 4.0 International License

(CCBY 4.0). https://creativecommons.org/licenses/by/4.0/



https://orcid.org/0000-0002-5274-8550
https://orcid.org/0000-0002-3066-1139
https://orcid.org/0000-0002-9667-0820
pgajalaxmi1004@gmail.com
jeyanthi_mat@avinuty.ac.in
priyadharshini1501@gmail.com

1 Introduction

To cope with skepticism, in 1965, Zadeh [29] introduced fuzzy set (FS), which is a function to
the closed interval between zero and one, which are their membership degrees. Even though
fuzzy is helpful in various real-life applications, it has a drawback that experts found it difficult
to quantify their opinion into an interval; hence, as its extension, interval-valued fuzzy sets
(IVFESs) [19, 25] were introduced whose membership degrees are themselves a closed interval.
To tackle more vagueness and uncertainty, Atanassov [6] introduced intuitionistic fuzzy set (IFS)
in 1986, which has both membership and non-membership degrees but the sum of both should
be less than or equal to one. However, due to the world’s rapid advancement, the IFSs lack the
ability to accurately characterize uncertain information in situations where the membership and
non-membership degrees cannot be expressed as exact real numbers. Consequently, Atanassov
and Gargov [9] in 1989 introduced the interval-valued intuitionistic fuzzy set (IVIFS), which is
capable of handling these kinds of circumstances. The membership and non-membership degrees
in IVIFS are characterized as a closed interval, and the supremum of those two intervals added
together must be less than or equal to one. As the next extension of IFS, in 2020, Atanassov [7]
introduced circular IFS (C-IFS), in which the circular area around the IFS was taken into account.
As further extension, Atanassov [8] introduced elliptic - IFS (E-IFS) in which each element will
be represented as an ellipse around an IVIFS. The evolution of FS is provided in Figure 1.

‘ 1965 ’
FS
e .
‘ 1975 ’ ‘ 1986 ’
IVFS IFS
1989 2020
IVIFS C-IFS
| — |
Proposed 2021
C-IVIFS Elliptic-IFS

Figure 1. Evolution of FS

Recently, many researchers [1,3,5,10,11,13, 14,16, 17,20, 23,26-28] have been rigorously
working on the applications of C-IFSs. Otay and Kahraman [24] applied C-IFS to a multi-expert
supplier problem using the VIekriterijumsko KOmpromisno Rangiranje (VIKOR) methodology.
Garg et al. [18] used the Evaluation based on Distance from Average Solution (EDAS) method
to apply C-IFS to multi-criteria decision-making (MCDM) situations. Decision-making (DM)
problems in C-IFS were discussed by many researchers. Many researchers [2,12,15,21] applied
C-IFS to DM using the Technique for Order Preference by Similarity to Ideal Solution (TOPSIS)
method. The TOmada de Decisao Iterativa Multicritério (TODIM) method in C-IFS was applied
by Ashraf et al. [4]. The VIKOR method in C-IFS was applied by several researchers, including
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Kahraman [22] and Otay [24].

The motivation of this research is that, after the introduction of C-IFS by Atanassov [7],
many reasearchers working rapidly on the applications and extension of this set, but they have
only membership and non-membership degrees. Hence, we extend C-IFS into Circular IVIFS
(C-IVIFS) as their degrees of membership and non-membership are closed intervals, and each
element in C-IVIFS is represented as a circle around IVIFS, so C-IVIFS is more capable of
handling the uncertainties.

The article is structured as follows: Section 2 is the preliminaries, in which basic definitions
are given. In Section 3, the definition of C-IVIFS is defined, and the geometrical representation
of C-IVIFS is provided along with the representation of C-IFS. Further, the basic operators of
C-IVIFES such as complement, proper subset, subset, equality, intersection, union, algebraic sum,
and product are defined, and the properties of those defined operators are analyzed and proved.
In Section 4, the methodologies for the conversion of IVIFS into C-IVIFS are provided, and to
illustrate the conversion, an example is also given. Section 5 is the conclusion part, in which the
overview of the study is discussed.

2 Preliminaries

Some definitions from literature that are useful for this article are given in this section.
Definition 2.1. [9] Consider X to be a non-empty set. The set

A= {(:L‘, [[/,Z(ZL‘),MZ(I‘)L [VZ((E)? VX(:L‘)]HJZ S X}

is an IVIFS over X where (1 (), p}(2)] = pa(x) and [V (z), v} (2)] = va(x) are respectively

the membership and non-membership closed intervals over X such that
0 < sup(jua(a)) + sup(va(e)) < 1= 0 < p(@) + vi(z) < 1
Definition 2.2. [7] Consider X to be a non-empty set. A circular intuitionistic fuzzy set is
A= {{, palw), va(a), e € X},

where the functions 14 : X — [0,1],v4 : X — |0, 1] are respectively the degree of membership
and non-membership, 0 < s +va < 1 and r € [0,1] is the radius of the circle around each

element x € X.
Definition 2.3. [7,12] Conversion of IFS into C-IFS can be done in two ways:

* Arithmetic mean: For a set of IFSs, {{pi1,vi1), (li2, Vi2), ...}, C-IFS is

(i), v(xi),r) = <z:j:1 &k ) Zj:l e >

n n

where

r = max
1<j<n

\/(M(%) — pig)? + (v(xi) — vig)?
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» Geometric mean: For a set of IFSs, {{pi1,vi1), (ti2, Vi2), ...}, C-IFS is

<:u(xi)v1/(xi)>r> = < A H,ui,jv o Hyi,j}>

j=1 j=1

where
— N — gy )2 N — )2
r= max |/ (u(ai) = pug)? + (v(a) — i)

3 Circular interval-valued intuitionistic fuzzy sets

In this section, C-IVIFS is defined as a special case of E-IFS and the geometrical representation
of C-IVIFS is provided. Some basic operators are defined and the properties associated with these

operators are proved.
Definition 3.1. Consider X to be a non-empty set. The set
A= {<ZL’, [M;l(x)’ ﬂj(‘r)]’ [VZ(I), VX(I‘)L T>|ZL‘ € X}
is called circular interval-valued intuitionistic fuzzy set where [ (z), pli ()], [vy (x), v} (x)] are

respectively the membership and non-membership intervals with 0 < ph(z) + vi(z) < 1 and
r € [0, 1] is the radius of the circle around each element © € X :

@mwmmwmm=<”@+@“Wﬂ@+@@>

2 2

Radius: r=

pa(@) = pa(e))? + (4 (z) — va(e))?)
= pa(x))? + (Vi (z) = va())?)
In short, C-IVIFS A = {(z,[u,(z), ui(2)], [vy(x), v} (x)],r)|r € X} can be written as

A= <[,u;pl/«jﬂ7 [V,Zv le—]v T>.
The geometrical representation of C-IVIFS along with the representation of C-IFS is provided

+
+

in Figure 2.
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Figure 2. Geometrical representation of C-IFS and C-IVIFS
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Definition 3.2. Let A = ([u (z),u}(2)],[vy(x),vi(x)],r) be a C-IVIFS in X, then the
complement of A is represented as A° or A’ where, A° = ([vy(x), v} (z)], [pa(z), ph(z)],7)-

Definition 3.3. Let A= {[13(x), 5 (x)). V5 (2), 5 ()], 1) and B={[u5 (@), i (a)]. v (@), v ()], )
be two C-IVIFSs in X, then the following operations hold:

c ACBer <s&(uy(r) < pp(e), phlx) < pple),vy(z) = vg(e),vi(z) = vi(z))
(or)
e <s& (uy(r) < ppla), ph(r) < pple), vy (e) > vg(), vi(z) > vi()
(or)
e <s& (uy(r) < pple), w(r) < pple),vy(e) > vg(e), vi(z) > vi(z))
e ADB& BCA
* ACB e <s&py(r) < pp), pi(e) < pp(z),vy(z) > vg(2),vi(z) > vi(z)
ce ADB&BDOA
e A=Bs ADB&BC

BN
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=

),
[min(vy (2), v (@), min(vi (z), v (x))], min(r, s))
AUpax B = ([max(p, (z), pp(2)), max(uh (), ph(x))],
[min(vy (), vg(2)), min(vy (2), vg (2))], max(r, s))
A®uin B = ([uy(2) + ppl) — pa(@)pug(e), ph(e) + pp(e) — ph () pp ()]

i (@) + v (@) — vy (@)vp (), vi(x) + v (x) — vi(z)vg ()], max(r, s)).

Theorem 3.1. For the three C-IVIFSs A = ([, uhl, Vi, vil,r), B = (g, ug) [
and C = ([pg, pll, [ve, vl t) in X, the following holds:

N AR

ANpin B= B Npin A
ANpax B =B Npax A
AUpin B= B U A
AUpax B= B Upax A
A @min B= B ®nin A
A ®pax B= B ®pmax A

SN R~
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

A®min B=B Qmin A
A®max B=20B ®maxA

(A Npin B

A Nipax
A Upyin
A Upax
A Omin

A @max B
A ®min B
A ®max B

A Niyin
A Nijin
A Npax
A Niax
A Niin
A Niin
A Niax

A Niin
A Niin
A Niax
A Niax

A Umax
A Umax
A Umln

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(A Nimax
(
(
(
(
(
(
(
(
(
(
(
(
(
(

A Umln

)
B)
B)
B)
B) &umin C = A Buin (B Suin C)
)
)
)

Nmin C = A Npin (B Nipin C)
Mmax C = A Niax (B Npax C)
Unin C' = A Upin (B Upin C)
Umax C = A Unax (B Upax C)

Bmax C = A Bmax (B Bmax C)
Rmin C = A Quin (B Qmin C)
Omax C = A Omax (B Qmax C)

min C = (A Unin C) Niin (B Upin C)
(A Umax €) Ninin (B Unax C)
(A Unin €) Ninax (B Unin C)
(A Umax C) Niax (B Umax C)
(A Bmin C) Ninin (B Brin C)
A @max C) Nunin (B @max C)
A Bin C) Niax (B ®Gmin C)

Umax

min

C
Umin C
Umax C
C=
C=

B)U

B)

B)

B)

B) ®min
B) Gmax C = (

B) &min € = (

B) ®max C = (A ®max C) Niax (B Bmax C)
B) ®min C = (A ®min C) Niin (B @pin C)
B) @max C' = (A @max C) Niin (B Omax C)
B) @min C' = (A @min C) Ninax (B @min C)
B) ®@max C = (A @max C) Nmax (B @max C)
B) Nimin C = (A Ninin ) Unin (B Ninina ©)
B) Nimax €' = (A Nmax C) Umin (B Ninax ©)
B) Nimin C = (A Ninin ) Unae (B Nimin C)
B) Nimax C' = (A Nmax C) Umax (B Niax C)
B) C' = (A @min C) Unin (B ©min O)
B) ®max C = (A Bmax C) Umin (B ®max C)
B) ®min C = (A ®min C) Unax (B Bmin C)
B) ®max C = (A @max C) Umax (B @max C)
B) ®min C = (A ®min C) Unin (B Qmin C)
B)

®max (A ®max O) Umin (B ®max C)
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39. (AUpax B) ®min C = (A @min C) Unax (B @min C)
40. (A Upax B) @max C' = (A max C) Unay (B @max C)
41 ANpn A=A

42, ANpax A=A

43 AUpn A=A

44. AUpx A=A

45. (A" Niin B') = AUpin B

46. (A" Npmax B')' = AUnax B

47. (A" Upin B') = ANpin B
48. (A" Upax B') = A Nipax B

49. (A" @min B') = A @i B
50. (A" ©max B')' = A Qmax B

51. (A" @min B') = A @uin B
52. (A" @max B’)’ = A ®max B

53. (A =

54. (AUpin B) = A' Npin B’
55. (AUmax B) = A’ Nipax B’
56. (ANmin B) = A’ Upin B’
57. (A Nmax B) = A’ Uppax B’

Proof. Here we prove some of the statements, and the rest are proved by analogy.

1. LHS

A Nin B = ([min(py, ), min(pu, pp)], Imax (v, vg), max(vy, vg)], min(r, s));
RHS
+ ot

B ﬂmiﬂ A = <|:m1n(/“’l/§’ ﬂZ)v mln(,ug, MX)]? [max(u;, VZ)? maX(VB7 VA)]? min(sv T))
Hence, A Nyin B = B Npin A.

Similarly (2)—(4) can also be proved.

5. LHS

A ®@min B = ([t + g — Bakip, iy + pip — phtip), [Vave, vavg], min(r, s));
RHS

B @umin A = ([np + px — tpha, i + i — il [Vpva, vl min(s, r).
Hence, A @in B = B ©in A.
Similarly (6)—(8) can also be proved.
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9. LHS

(A Nmin B) Nuin €' = <[min(u2, ,U];)a min(/df, NE)L [maX(VIL I/];), max(l/X, Vg)]» min(r, s))
min C
= ([min(min(uy, f15), pe), min(min(uy, 1g), néd)l,

[max(max(vy,vg), Vo), max(max(vy, v ), v )], min(min(r, s), t))

>

= ([min(py, min(pp, pe)), min(ph, min(ug, ph))],

[

E

ax(vy, max(vg, vg)), max(vy, max(vy, v}))], min(r, min(s, t)));
RHS

A Nmin (B Nmin C) = A N ([min(pp, 1), min(,ug, /fcr)]a [max(vg, vg), maX(’/g7 Vé)]a
min(s, t))
= ([min(u,, min(pg, pe)), min(uy, min(ug, pd))l;
max(v;, max(vy, v5)), max(vf, max(vy, vg)), min(r, min(s, £))).
Hence, (A Nmin B) Niin C = A Nipin (B Niin C).
Similarly (10)—(12) can also be proved.
13. LHS

(A Quin B) @min C = (15 + 15 — taks: 1h + 1 — phpd], vavs, vivi], min(r, s))
EBrnin C
= ([ + pp — app + po — (Ug + Hp — PalB) e
i+ pp — kg + pE — (uh + il — phes)edl,
vavgve, vAvgvd], min(min(r, s),t))
= ([ +pp — pg +pp+ pe — (By + pp — py + Hp)ie,
i+ — i+ ph A+ opd — (il + ul — pk + ph)ed),
vavgve, vAvEvd], min(r, min(s, t)))
= ([ua + pp + Ho — Bplc — Haktp — Halbc + HAMRBHc
wh + g+ pd — phud — kel — whed + ke,
[vavgve, vAvEvE], min(r, min(s, t)));
RHS
A @i (B Omin C) = A Guin {5 + Ho — Hphos g + 1 — 1pndls Veve. vEVE],
min(s,t))
= ([wa + g + 1o — Hplc — Halp — takc + HalBHe,
(o + b — e — whnh — phnd + phugud),
vivsve, vivivd

VAVgVg, VAVEVS], min(r, min(s, t))).

Hence, (A SDmin B) DPmin Cc=A @Pmin (B DPmin C)
Similarly (14)—(16) can also be proved.
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17. LHS

(A Nmin B) Unin €' = ([min(py, pg), min(py, pp)l, [max(vy, vg), max(vy, vg)l,
min(r, s)) Upin C
= ([(max(min(py, pp), pe), max(min(uh, 1p), né)l,
[min(max(vy,vg), vg), min(max(vyi, v}), vg)], min(min(r, s), t))
— ([min(max(jig, 5g), max(i, 43)), min(mas(u, 5g), max(ig, 48],
[max(min(vy, vs), min(vg, vg)), max(min(vy, v)), min(vg, vh))],
min(min(r,t), min(s, t)))
— {[max (3, 15), max(ych, )], min(vz, v3), min(v, v, mingr, 1)
Monin ([max (g, pe), max(ug, pé)], [min(vy, ve), min(vy, v4)]
min(s, t));
RHS

(A Unin €) Ninin (B Unin C) = ([max(ey, f1c), max(py, pf)], [min(vy, ve ), min(vy, vf)],
min (7, ) Nwin ((max(pg, 1c), max(ug, uf)],
[min(vg, v ), min(vg, vé)], min(s, ))
Hence, (A Nimin B) Umin C = (A Uiin C') Ninin (B Unin C).
Similarly (18)—(20) can also be proved.
21. LHS

(A Niin B) @min C = ([min(py, pg), min(u}, pp)], (max(vy, vg), max(vy, v)], min(r, s))
@min C
= (min(py, pp) + pe — min(uy, pp)ie,
min(p}, pp) + pd — min(ph, pp)pdl,
[max(vy, vg)ve, max(vy, vh)vg], min(min(r, s),t))
= ([min(uy + pe — Hakos g + e — Hphe),
min(ph + pul — papés pp + pé = wpnd)),
[max(vy v, vpre), max(vive, vivd ), min(min(r, t), min(s, )))
= ([ta + e — patios 1th + p& = pand), Wave, vivd], min(r, 1))
Nin (5 + o — Hphos 1p + G — Hpié, Ve, vEve], min(s, t));
RHS
(A ®min C) Nimin (B ®umin C) = ([1 + po — Wakics Wi + & — wane), Wave, vavel,
min(r, 1)) Owin (5 + Ho — Hphics iy + 1E — it
[vpve, vEvd], min(s, t)).
Hence, (A MNimnin B) ©Dmin C= (A D min C) Mmin (B @D min C)
Similarly (22)—(24) can also be proved.
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25. LHS
(A Ninin B) @uin €' = ([min(pey, 1), min(py, pg)], [max(vy, vg), max(vy, vi)], min(r, s))
®min C
= ([min(py, pp)pe, min(uh, pg)pél,
(v, V) + 15 — max(vy, VgV,
max(v,v3) + v — max (v, v )], min(min(r, 5), 1)
= ([min(pypic, pppe), min(uanus, ppud)l,
max(vy +ve — Vave. v + v — Vprg).
max(vi + vg — vivd, vk +vd — viv))], min(min(r, ¢), min(s, t)))
= (lwapc: wanc), Va +ve —vave, v + v —vavel min(r 1)
Nin (ptic, p1ED VE + Ve — vprg, v + v6 — vEvd], min(s, 1));
RHS
(A @min C) Nimin (B ®min O) = ([wapic, prhpl], Va +ve — vave, vi +vh — vivd], min(r, b))
ﬁInin
([uphc, npndl, v +ve — veve, v + vé — vivd], min(s, 1)).
Hence, (A Nimin B) @min C = (A @min C) Nimin (B @min C).
Similarly (26)—(28) can also be proved.
29. LHS

(A Unmin B) Nmin €' = <[max<lu;1> ME)’ maX(MXa ME)L [min(VZa VE)? min(l/j;, VE)]? min(r, S))

= ([min(max(py, pp), fie), min(max(py, i), pé)],
( ), max(min (v}, v), v )], min(min(r, s), t))

in(pg, pe)), max(min(ph, ), min(pg, uh))),
)

, min(max(y:{, Vg:), max(yg, I/g:))],

min
— (Jmin(pz, ) min(h, 12, [max(vy, vg ), max(v, )], min(r, 1)

([min(yig, pg), min(ph, i), [max(v, v, max(vy, v2)], min(s, 1):
RHS

(A Nwin €) Umin (B Niin €) = ([min(piy, ), min(pay, )], [max(vy, vg), max(vy, ve)]

min(r, t)) Umin <[min(U§7 ME‘)? min(ﬂgv :ug)]?
[max(vg, v;), max (v, vd )], min(s, t)).

Hence, (A Unin B) Niin C = (A Nimin C) Unin (B Niin C).
Similarly (30)—(32) can also be proved.
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33. LHS

(A Unin B) Dmin C= <[maX(NZa ME)7 max(uj, ME)]? [min(l/;‘, Vg)v miIl(VZ, VE)]? min(7”7 S)>

®min C
= ([max(py, ) + pe — max(uy, pg)pes
max(fh, pfy) + pué — max(ph, pp) s,
[min(vy, vg)vg, min(vy, v )vl], min(min(r, s), t))
= (max(uy + pe — pakic, kg + e — Hphc),
max((h + pé — phpds i + pé — ppad)l,
(min(vvg, vprg), min(vivd, vivs)], min(min(r, ), min(s, t)))
= ([ua + ko — tabo ki + 1é — pandls [vave, vavd], min(r, b))
Unin ([1p + 1o — tiphe, bp + pé — pgré], [Vpve, vEvd] min(s, t));

RHS

(A Bin C) Unnin (B ®min C) = ([l + pie — matic, 1th + p& — wanll, Vave, vivel,
min(r,¢)) Unin (45 + Ko — Hphc, 1 + 1E — 1ERC
[vpve, vivé] min(s, t)).

Hence’ (A Umin B) @min C= (A @D min C) Umin (B Drmin C)
Similarly (34)—(36) can also be proved.

37. LHS

(A Unin B) ®min C= <[maX(:u;lv ug)? maX(MXa ME)]? [min(l/ga Vé)v min(ng, l/g)]v min(ra 5)>
®min C
= ([max(py, pp) e, max(uy, p)pd),
min(vy, ) + v — min(vy, vy,

in(vi,vh) + vd — min(vy, vh)vd], min(min(r, s), t))

=3

= ([max(py g, pppe), max(phpd, whud)),

(min(vy +ve —vave,vp +ve = vpre),

min(vi + v — vivh, vl + vl — vivd)], min(min(r, ), min(s, t)))
= ([parc, whncl va +ve — vave, vi + v — vivd],min(r,£)) Uni
(kptc, wpHel g +ve —vgve, v +ve — vprel min(s,);
RHS

(A @min C) Unin (B @min C) = <[NZN5?”X“$]7 vy + Vo = VaVes V:xr + Vé‘r - V;{I/g],min(’r, t))
Umin

([uptc, 1Enel, Ve +ve — vpve, vy + vé — vEvd] min(s, t)).
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45.

49.

53.

54.

Hence, (A Umnin B) Omin C = (A O min O) Umin (B ®min C)
Similarly (38)—(40) can also be proved.
It is to be noted that for (41)—(44), the proofs are obvious.

LHS
(A" Noin BY)' = (([va, VA] [MA»PJA]?M Niin (V5 VB] [:“B>H’B] s))
= (<[m1n<VA ’ VB)? mln(”j? VE)] [maX(MAv NB)? maX(Mjia u;)]v min(r, S>>)/
= ([max(puy, pip), max(py, )], (min(vy, vg), min(vy, v3)], min(r, s));
RHS

AUnin B = ([max(puy, pg), max(piy, pp)], [min(vy, v ), min(v, v)], min(r, s)).

Hence, (A, Mmin B/y =A Umin B.
Similarly (46)—(48) can also be proved.

LHS
(A" @umin B")' = ({[va, vals (112, 4], 7) @min (V5 V5] (15, 15]: 5))
= ([v4 +vp —vavp, Vi + v — vavsl [Waks, phpgs), min(r, s))’
= <[HZI~L1_37 MANB]: [VA +t Vg = VyVp, VA + VB - VXVEL min(r, s));
RHS

A @umin B = ([papg, ianh), Vs + v — vavg, vi + vi — vivg], min(r, s))

Hence, (A’ ®min B') = A ®uin B
Similarly (50)—(52) can also be proved.

(A/)/ = (([VA7 VA] [MA::UA] >) = <[M;17:U’X]v [VZ’ VX]’T> = A
Hence, (A’) = A.
LHS
(A Unin B)' = ({max(py, pp), max(uy, pp)], [min(vy, vg), min(vy, v4)], min(r, s)))’
= ([min(vy, vg), min(v}, vg)], [max(uy, pp), max (), pp)], min(r, s));
RHS

A/ ﬁmin B, - <[V;7 le]v [/&L :U’jg]v T) ﬂmin <[VB7 VB] [MB? :U'B] >
= ((min(vy, vp), min(v}, vj)], max(py, ), max(uh, 1)), min(r, s)).

Hence, (A Upin B)' = A" Nyin B’
Similarly (55)—(57) can also be proved.
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4 Construction of C-IVIFS from IVIFS

For the construction of C-IFS from IFS, Atanassov [7] employed an arithmetic mean-based
approach, whereas Bozyigit and Unver [12] used a geometric mean-based method. Here, in this
section, two distinct techniques for the construction of C-IVIFS from IVIFS are addressed, which
are arithmetic mean method and geometric mean method.

4.1 Conversion:
Suppose there is a collection of IVIFSs

A= {([pr (1), p3 (@0)], [y (1), 7" (@0)]), (g (22), 3 (22)), [y (22), 05 (22)]), -
([ @), gy ()], [ (), vy ()]} }
Arithmetic Mean (AM):
AM of all membership intervals, [u (), uh(z)] = [

E;‘L:I By (z5) Z;L:1 N?(zj)]

AM of all non-membership intervals, [V (x), v} (x)] = [

p (@) +ph () v;(x)+vﬁ(x)>

Intersection point of diagonals, (p1a(x), va(z)) = ( 5 , -

-, Radius,r = max \/(ux(a;) — ja(@)? + (v (x;) — va(w)?

1<j<n

= max \/(uj(xj) — pa(x))? + (v} (z;) — va(x))?

1<j<n

= max \/(/.LE(.I']’) — pa(x))? + (Vi (25) — va(z))?

1<j<n

= max \/ (i (ey) = pa(@))? + (V3 (25) = va(a))?

Hence, Auitn = ([, (), ph(2)], [v4 (z), v} (x)],7) is a C-IVIFS.

Geometric Mean (GM):
GM of all membership intervals, [p,(z), ufi(x)] = [VH?ZI iy (x5), (/H?:l ,uj(x])J

GM of all non-membership intervals, [, (z), v} (z)] = [v [T— vy (x5), v [T, V;_(ZL‘])J

g @)+t () u;(w>+vX(w)>
2 ? 2

Intersection point of diagonals, (pa(z),va(z)) = (

-, Radius,r = max \/(ux(a;) — ja(@)? + (v (x;) — va(w))?

1<j<n

= max \/ (i (ey) = pa@))? + (Vi (25) = va())?

= max /(i (a;) = 1a(@)? + (3 () = va(@))?

1<j<n

= maxv&uj@a)—lwdx»2+(%ﬂxﬂ'—MN$»2

1<j<n

Hence, Ageo = ([ (2), ph(2)], [V (x),vE(2)],r) is a C-IVIFS.
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Validation of the above definitions:
Let

A= {5 ), i )], 7 ) o )]s (g (), g 22)], [ (2), v (22)])
([t (@), iy (20)]; [V (), v (20)]) }
be a collection of IVIFSs. Then
Z;L:1 i (z5) Z?:l /ﬁ;r(xj) Z?:l vy () Z?:l V;'r ()
= I 1),

Y

n n

geo<[JHuj 7). JH% (27)] [Jﬁy (xj)d

are C-IVIFSs.

Proof. We have to prove:

2?1;‘]' (%) " Z? 1’/3 ()

1) 0<L <1,

(11)0<\/H] 1/% () \/Hgl] ;) <
Z?:l M (xy) n Z;L 1 j‘(x])
n

n

(i) Obviously, 0 <

Z?:l Mj(wj) " Z;L 1 ;r(x])

n n

. Now,

L () + v ()

=
n
S,

n

<

[y () + v () <]

= 1.
Z?:l Nj(xj) n Z? 1Vg+(xj)

n

Hence, 0 < <1.

n
(ii) Obviously, 0 < \/H] L () \/HJ L V5 (x5). Now,

dﬁ@wwﬂﬁﬁwkzﬂf%ﬁzﬂj%)

[y () + v () < 1]

Hence, 0 < \/HJ L () \/HJ WV (xg) <

Hence, Aqitn and Age, are C-IVIFSs. O



Example 4.1. Let

A = {{x1,]0.44,0.80], [0.16,0.20]), (5, [0.4,0.65], [0.19,0.22]), (x5, [0.46,0.64], [0.18,0.24]),
(x4,]0.5,0.6],[0.2,0.3])},
B = {{x1,[0.38,0.63],]0.24,0.35)), (x4, [0.51,0.65], [0.14, 0.30]), (3, [0.32, 0.50], [0.24, 0.40]) }

be IVIFSs in X.
Then the corresponding C-IVIFSs, as determined by using both AM and GM, are A =
(x,]0.45,0.67],[0.18,0.24],0.47) and B = (x,[0.40,0.59], [0.20, 0.35], 0.33)

5 Conclusion

Circular interval-valued intuitionistic fuzzy set is introduced, which is circular intuitionistic fuzzy
set’s extension. Some basic operators of circular interval-valued intuitionistic fuzzy set and
the properties based on those proposed operators are introduced and proved. Furthermore, two
methods have been deliberated to construct circular interval-valued intuitionistic fuzzy set from
interval-valued intuitionistic fuzzy set with an instance. The future scope of this paper is that
the circular interval-valued intuitionistic fuzzy set can be used in multi-criteria decision-making,
group decision-making, and pattern recognition problems.
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