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ing the definition of intuitionistic fuzzy measure given in a recent paper. Also, 
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1 Introduction 

The papers [10] and [11] can be considered as a starting point for an 
ergodic theory of fuzzy dynamical systems. In [7], [12]-[15] this theory is 
continued and developed. For example, in the very recent article [14] a 
general scheme for the introduction of the entropy of dynamical systems is 

proposed. In this paper we will prove that for intuitionistic fuzzy dynamical 
systems defined in the natural way this general scheme is inapplicable, but 

we can introduce the entropy of intuitionistic fuzzy dynamical systems with 

classical methods. Moreover, the entropy of (classical) dynamical systems 

(see, for example, [16], p. 73) and the entropy of fuzzy dynamical systems 
(see [11]) are obtained as particular cases. 

In Section 2 we recall the concept of intuitionistic fuzzy measure intro- 

duced in [6] in a more general context. Section 3 contains some useful proper- 

ties of the product of intuitionistic fuzzy sets and of the operation introduced 

on intuitionistic fuzzy sets with the help of the triangular norm defined by 
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tp (x,y) = xy and triangular conorm defined by sp (x,y) = x+y — zy. The 

definition and the basic properties of finite intuitionistic fuzzy partitions are 

included in the Section 4. The last section is reserved for the introduction of 

the measurable entropy of intuitionistic fuzzy dynamical systems. 

2 Intuitionistic fuzzy f-algebras and intuiti- 

onistic fuzzy f-measures 

A triangular norm (conorm) is a function f : [0,1] x [0,1] —- [0,1] which is 
commutative, associative, monotone in each component and which satisfies 

the boundary condition f (z, 1) = 2, (f (x, 0) = x) , Vz € [0,1]. The associate 
triangular conorm (norm) is the function f° : [0,1] x [0,1] — [0,1] defined 

by f°(z,y) =1- fa — £,1— y),Va,y € (0, 1] . 

Let X # @ be a given set and we denote by IF'S(X) the set of all the 
intuitionistic fuzzy sets in X (see [1]). 

The following expressions are defined in [1], [8] for all A, B € IFS(X), 

A= {(0,4(2),vala)) 2 € X},B = {(0, p(x), vo(2)) 2 € X}: 
A C B if and only if 4 (2) < wp(x) and v4(x) > vp(zx) for all x € X 

A = B if and only if w4(x) = p(x) and va(x) = vp(z) for all x © X 

AS = {(x,va(2), W4(x)) 2 2 EX} 

AfB = {(a, f (ual), up(x)), f° (va(2), ve(a))) : 2 € X} 
where f is a triangular norm or a triangular conorm. 

If f is the triangular norm f(x,y) = xy we obtain the product of intu- 

itionistic fuzzy sets A and B (see [2]), 

A. B= {(a, t4(2)Mp(2), va(2) + va(2) — va(x)vp(e)) > € X} 

If f is the triangular conorm f(z,y) = min (z+ y, 1) or the (associate) trian- 
gular norm f(z,y) = max (z+ y — 1,0) we obtain the sum of intuitionistic 
fuzzy sets A and B, 

A@® B= {(z,min (44(x) + “p(z), 1), max (va(x) + vp(x) — 1,0)): x € X} 

and the conjunction of intuitionistic fuzzy sets A and B 

A&B = {(x, max (j14(%) + wp(x) — 1,0), min (v4(z) + vp(x),1)): 2 € X}, 

respectively. 
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In [6] the limit of a sequence of intuitionistic fuzzy sets is defined and with 
the help of this concept the operations on JF'S(X) induced by triangular 

norms and triangular conorms are extended at countable case. Also, the 

disjointness of a family of intuitionistic fuzzy sets is given in the following 

way. 

Definition 1 (/6])Let f be a triangular norm. A finite family {A), ..., An} C 
IFS(X) is said to be f -disjoint if and only if for each k € {1,...,n} we have 

(7 A) fAn =0x, where 0x = {(x,0,1): 2 € X}. 
ifk 

An infinite family (An) nex © IF'S(X) is called f-disjoint if and only if for 
eachn EN the finite family {Aj,..., An} is f-disjoint. 

Remark 1 Obviously each subfamily of an f-disjoint family is f-disjoint, 

too. Therefore (An) new f-disjoint implies A; f Aj =0x,Vi,j €N,1 F j. 

Similarly with the fuzzy situation (see [3] and [9]) we introduce the con- 
cept of intuitionistic fuzzy measure. 

Definition 2 (see /6]) Let f be a triangular norm. A subfamilyZ C IF S(X) 
which satisfies 

(i) 1x €Z, where 1x = {(x,1,0):2€ X}; 
(it) A€T implies A‘ € T; 
(ii) A,BETZ implies A- BET, 

(iv) (An)new CZ implies fe A, EL 
nen 

will be called an intuitionistic fuzzy f-algebra on X. The pair (X,T) will be 

called an intuitionistic fuzzy f-measurable space. 

Definition 3 (/6/) A functionm: I — R,,T being an intuitionistic fuzzy 
f-algebra on X, which satisfies the following conditions: 

(i) m(Ox) =0; 7 _ 
(ii) A,B €T implies m(AfB) + m(Af°B) = m(A) +m(B); 
(47) (An)new GZ, An © Anyi, Vn € N and jim, An € I implies 

Jim, m (4n) = (Jn, An) 
is called an intuitionistic fuzzy f-measure on Z. The triplet (X,Z,m) is 

called an intuitionistic fuzzy f-measure space. 
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For short, an intuitionistic fuzzy &-measure will be called intuitionistic 

fuzzy measure. 

Remark 2 /f X = {x,...,un} and I = IF'S(X) then the function 
m:I — R, defined by 

m (A) —, (1 — walzi) — va(zi)), 

where A = {(x,4(z),va(z)): x2 © X}, is an intuitionistic fuzzy f-measure, 
for every triangular norm, f which verifies f (x,y) + f° (a, y) =2+y,Vz,y € 

[0,1]. Because m (9x) =m (ix) = 0 andm({(z,a, 8): 2 € X}) >0,Va, 6 > 
0,a+2 <1 we obtain that m is non-monotone. 

3 Properties of the product of 

intuitionistic fuzzy sets 

In [3] some properties of the product of fuzzy sets are proved. The product 
of intuitionistic fuzzy sets has the analogous properties. We will need these 

properties in the sequel. 

Theorem 4 /f {Aj,..., An} C LFS(X) is a &-disjoint family then 

| (C- Ar) 

& Ay] = _ (E> Ag) 

> 
3 

|i 

si
i 

QD
s 

> II B
s
 

oe tl m a Il 

for every C € IFS(X). 

Proof. Because the operations @ and & are associative we prove the equal- 

ities only in the particular case n = 2. 

(i) Let A,B € IFS(X), A= {(2, w4(2),va(x)): x2 € Xf, 
B = {(a, pp(x), vp(2)) : 2 € X} and A&B = Ox, that is pyg_(r) = 
X and vazp(xz) = 1,Ve € X. This means that uw4(z) + wp(z) < 1 and 
v(x) +vp_(x) > 1 for every x € X. 

Let C = {(2, uc (2), ¥c(x)) : & © X}. We get 

Lo.(A@p) (2) = pUc(2)Magn(Z) = Uo(Z) min (u4(z) + pp(z),1) = 

= Me(@) a(x) + Uo (@)Up(a), Vz € X 
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and 

Lyc.aye(c.p)(Z) = min (Uo (2) 4(Z) + Ho (Z)Ma(Z), 1) = 

= Me (X)Ha() + Uo (&)Up(z), Va € X. 

We prove the equality between the degrees of non-membership 

Yo(A@B)(£) = 

= Uc¢(x) + Va@a(2) — Yc(2)Vs@a(2) = 
Vo(x) + v(x) + vp(x) — 1 - vo(x) (va(x) + vp(2) - 1) = 

= 2Qvo(xz)+va4(x) + V_(2) — Vo(x2)va(z) — ve(x)vp(x) -1,Vr € X, 

and 

V(c.A)a(o-B)(£) = 

= max (Vo(x) (2 — va(x) — ve(x)) + va(x) + p(x) — 1,0) = 

= Wvo(r) + v(x) + vp(Z) — ve(z)va(z) — Ve(x2)vp(xz) — 1,Vz € X, 

because v4(x) < 1,vp(x) < 1 and va(x) + va(x) > 1,Vr € X. 
(it) Analogously with (i) ™ 

Theorem 5 [f the family {Aj,..., An} C IFS(X) is &-disjoint then 
{A-Ayj,...,A: An} is &-disjoint, for every A € IF S(X). 

Proof. Let A € IFS(X) and k € {1,...,n}. By using the previous theorem 
we obtain 

(9 (AA) & (AA) = (4. (9, 4))) &(4- Ai) = 
itk 

i¢k 

4 Finite intuitionistic fuzzy partitions 

In this section we introduce the concept of intuitionistic fuzzy partition 

analogous with [10] in the case of fuzzy sets. 
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Definition 6 A finite and &-disjoint family P = {A),..., Ap} C IFS(X) is 
a finite intuitionistic fuzzy partition of X if and only if 

p ~ 

© A; = 1x. 

We will denote by J P(X) the class of all finite intuitionistic fuzzy parti- 
tions of X. 

Definition 7 Let P,Q € IP(X),P = {Aj,..., Ap} and Q = {By,..., Bg}. 
The partition Q is a refinement of P (we denote by P < Q) if and only if 
the following conditions hold 

(1) g2P,; 
(ii) There is a partition {I(1),...,[(p)} of the set {1,...q} such that 

jel)? jetty” * {hy -PJ 

Let P,Q € IP(X), P = {Aj,..., Ap} and Q = {By,..., B,}. The algebraic 
join PVQ of P and Q is defined by 

PVQ = {A; . B; :4€ {1,...,p} J € {1,...,q}} ? 

with lexicographic ordering. 

Theorem 8 If P,Q € IP(X) then PVQ € IP(X),P ~ PVQ and Q x 
PVQ. 

Proof. From Theorem 4 and Definition 6 we obtain 

p {4 P q eg BD = 8 (8 (4-89) =8 (4-(88))) - 
2€{1,...,.p} t=] \jg=l1 t=1 j=l 

gE{I,....g} 

2 ~ p ~ 
= © (A-ix) = A= ix. 

i=l i=1 

We prove that {A;-B;:7€ {1,...,p},7 € {1,...,q}} is a & disjoint family. If 
r € {1,...,p},s € {1,...,q} then 

ixr 
( ® (Ai By) A, By = (2 A). & B;) & (Ae B,) 

C ( A) (2 Bs) & (A, + Bs) © as &A, = Ox. 

Therefore P 7 Q € IP(X). 
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The condition (2) in Definition 7 is verified because pg > p. For to 
prove (iz), we choose I(t) = {(i,1),..., (i,q)},Vé € {1,...,p}. It is evident 
that {1(1),...,/(p)} is a partition of the set{(1,1),(1,2),...,(p,q)} and in 
addition 

ArmA dx = A (8 B)) <8 (4-8) = 9, (de Bi) 
and 

Aae(_ 9 , dBi] = Aate( os Bi) = 
(4,9) €T(4) (kK, AGI) 

= A& (9 A.) (é #,) = A,& (9, Ar) = 0x, 
kAt j=l kAt 

therefore P< PV QU 

We consider A = {(x,p14(2),va(x)): 2 € X} € IFS(X) and a function 
T:X ~~ X. Let T",n > 1, be the n iterate of T. The inverse image of A by 

T” is T-"A € IF'S(X) defined as 

T "A= {(x,T"14(2),T-*v.4(2)) DLE x} , 

where T7" p(x) = p,(T” (x)) and T~"v4(x) = va(T” (2)) (see [4]). 

Theorem 9 If f is a triangular norm or a triangular conorm and 

T:X — xX then 

(T-"A) f (TB) =T (A fB) VA, B € IF'S(X). 

Proof. By using the similar relation obtained for fuzzy sets (see [3], Propo- 
sition 3.3) we have 

(r-"4) F (PB) = 
= {(a,f (Tp4(2),THe(2)) f° (Tv a(2), Tv a(z))) 2 € Xb = 

= {(a 7" (f (Hal®),Ho(@))) .L (f° (vale), va(2)))) : 2 € X} = 
= {(2,T"pWazy (a), TV zp (2) 12 € X} = 
= —~” (AfB) 

if A= {(x,4(2),va(z)) : 2 € X} and B= {(x,up(#),vo(x)): 2 € X} 
The extension to the finite case of this result implies the following theo- 

rems. 
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Theorem 10 [f P = {Aj,...,A,} € 1P(X) andT: X - X then 
T"P = {T-"A,,...,T "A,p} € IP(X), Vn € N,n > 1. 

Proof. By the hypothesis, e A; = 1x and Ay& ( cA A.) =0x,Vk Ee 

€ {1,...,p}. The previous theorem implies 

& (7A) = 7 (6 A) = 7G) = Tx 
i=1 

® ri = TA&T™ (e A.) = 
fk ifk 

= T" [At (¢ A)) =T (0x) =Ox, 
iftk 

for every k € {1,...,p} 

Theorem 11 Let T: X — X and P,Q € IP(X). We have 

(i) TU" (PVQ)=T °PVT-°Q, Vn € Nin > 1; 
(ii) If P <Q thnT"P <T-"Q,Vn EN, n> 1. 

Proof. Let P = {Aj,..., Ap} and Q = {B),..., Bg}. 

(2) Theorem 9 implies T~" (A- B)=(T~"A) - (T~"B), for every A,B € 
IFS(X) and n> 1. We get 

T"(P7JQ)= 

= {1 (Ay: By), T~ (Ay: Bo)...,T™ (Ap - Ba) } = 

= {(7-"A1) : (T-"B,) > (T-"A:) . (T-" Bo) vey (T-"A,) . (T-"B,)} _ 

= T™PYT"Q. 
(tt) Because P < Q there exists a partition {/(1),..., [(p)} of {1,...,q} 

such that 

A,= ® By and Ak ( ®D 2) = Ox, jel el(i 
for every i € {1,...,p}. By using again Theorem 9 we obtain 

(T-" Ai) & ( @ r™B,) =T" (ak ( g #,) =T~ (0x) =Ox, 
sgt(6) s€l(@) 

and 

(T-"A,) _T-n ( @ Bs) = @ (T-"B;) Vi € {1,...,p}, 
JET(t) JET(é) 

therefore T-"P <~ 7T-"Q 
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5 Entropy of intuitionistic fuzzy dynamical 

systems 

In [14] a general scheme for the introduction of the entropy of dynamical 
systems is proposed. One of necessary properties of the measure which is not 

* verified for intuitionistic fuzzy measures in the sense of Definition 3 is 

m (A) =m (ix) implies m(A-B) =m(B). 

Indeed, if m is that in Remark 2 and A = {(z,a,l1—a):24€X},a € 
(0,1) ,B= {(x,4,4) 12 e x} then m(A) = m (ix) = 0 but m(A- B) = 

May = m(B). 
In this section we will introduce the concept of intuitionistic fuzzy dynam- 

ical system and we will define the entropy of an intuitionistic fuzzy dynamical 

system following the classical method (see for example [16]). 

Definition 12 The function T : X — X is called an intuitionistic fuzzy 

measure preserving transformation of an intuitionistic fuzzy measure space 
(X,Z,m) tf and only if the following conditions are fulfilled: 

(i) T is I-measurable, that is T-'A € T for every A € T; 

(it) m(T7'A) = m(A) for every A€ T. 

Definition 13 An intuitionistic fuzzy dynamical system is a complex 

(X,Z,m,T), where (X,ZI,m) is an intuitionistic fuzzy measure space and 
T:X — X is an intuitionistic fuzzy measure preserving transformation of 

(X,T,m). 

Firstly, we introduce the entropy of a finite Z-measurable intuitionistic 

fuzzy partition. 

Definition 14 Let (X,I,m) be an intuitionistic fuzzy measure space. The 
intuitionistic fuzzy partition P = {Aj,...,A,} so that A; € T for everyi € 
{1,...,p} ts said to be T-measurable. 

IP;(X) denotes the family of all finite Z-measurable intuitionistic fuzzy 
partitions of X. 

It is evident that P € IP;(X) and T : X — X Z-measurable imply 
T-"P € IP;(X), Vn EN, n> 1. 

We consider (X,Z,m) an intuitionistic fuzzy measure space with 
m(A) <1 for every A € TJ and m(X) = 1. 
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Definition 15 Let P = {Aj,..., Ap} € 1Pr(X). We define the entropy of P 

by 

H(P) fl | M = 2 & 

tlog,z ifx #0 
where y : [0, co] > R is the Shannon’s function y(z) = 0 if x =0 

For to introduce the entropy of intuitionistic fuzzy dynamical systems we 

will prove some properties of the entropy of intuitionistic fuzzy partitions. 

Theorem 16 Let P,Q € IPz;(X) and T be an intuitionistic fuzzy measure 

preserving transformation. Then 

(i) H(P)2>0; 
(it) If P <Q then H(P) < H(Q); 
(it) H(PVQ) < H(P)+ A(Q); 
(iv) H(T-"P)=H(P),VneN,n>1. 

Proof. (2) It is evident. 
(ii) Let P,Q € IP;(X),P = {A,..., Ap} and Q = {B),...,B,}. The 

hypothesis implies the existence of a partition {/(1),..., [(p)} of {1, ...¢} such 
that 

A;= 8 B; and Ase ( @ Bs) = 0x, 
eX) gli) 

for every 7 € {1,...,p}. This means that 

H(P) = 

= ~Y m(A,)logm(A) =- Som @ B,)logm( @, B,) = 
i=1 

oS JET (2) JEl(i) 
Pp 

= —>> 35 m(B;)log $5) m(B;) < > >> m(B;) log m(B;) = 
i=1j€1 (i) jEl(i) t=1jel (2) 

q 

= — }) m(B;) log m(B;) = H(Q). 
j=l 

(iit) Let P,Q € I. Pz(X) as above. We obtain successively 

H(P YQ) = —SoDo m(A,- B,)logm(A;- B,) = 
t=1j=1 

— Yo m(A m(A;) log m(A;)— Ds m(A; - B;) log A a) 

44



(because > m(A; + B;) = m(A,), Vi € {1,...,P}) 
j=l 

m(A;) log m(A,)— yom A) ea < 
1 jg=li= 

P 

= 

(because the function y is concave and 3 m(A;) = 1) 
i=1 

< — 3 m(Ai) log m(A,)— 
i=1 

~& (Emory) (Herta) 1 

decane £ m(A;- Bj) =m ( & (A; By)) =m (By) ,¥7 € (1y--4}) 

= H(P)+H(Q). 

(iv) The Definition 12 implies that m(T~"A) = m(A),VA € Z,Vn > 1. 
For every P € IPz(X), P = {Aj,..., Ap} we have 

H(T"P) = -¥ m(T~"A,) log m(T-"A,) = 

= — do mA, ;) log m(A;) = H(P) & 

Remark 3 [f we define the conditional entropy we can give other properties 

of the entropy of intuttionistic fuzzy partitions (see [11] for the fuzzy case). 

N00 YY 

1 n—1 . 

Theorem 17 For every P € IP,(X) there exists lim —H (7 T™P) ; 

n—1 . 

Proof. Indeed, putting a, = H (7 TP) , the properties (#27) and (iv) 
i=0 

in ‘Theorem 16 imply the inequality Qn4m < Qn + Qm,Vn,m € N,n,m > 

1. Because a, > 0,Vn € N,n > 1 (by the same theorem) we obtain the 
1 

existence of the limit lim. on (see [16], p.79) ™ 

The last result permits to introduce the measurable entropy of intuition- 

istic fuzzy dynamical systems. 
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Definition 18 Let (X,Z,m,T) be an intuttionistic fuzzy dynamical system. 

For every P € IPz(X) we define 

n-1 

A(P,T) =lim —H (‘7 TP) 
n>00 7, i—0 

and then the entropy of the intuitionistic fuzzy dynamical system by 

A(T) =sup {h(P,T): P € IPr(X)}. 

Remark 4 We can deduce the basic properties of the entropy of intuitionistic 

fuzzy dynamical systems (for fuzzy case, see [11]). For example, the entropy 
is an isomorphism invariant for intuitionistic fuzzy dynamical systems. 
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