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Abstract:

We introduce the concept of intuitionistic fuzzy dynamical system by us-
ing the definition of intuitionistic fuzzy measure given in a recent paper. Also,
we define the measurable entropy of intuitionistic fuzzy dynamical systems.
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1 Introduction

The papers [10] and [11] can be considered as a starting point for an
ergodic theory of fuzzy dynamical systems. In [7], [12)-[15] this theory is
continued and developed. For example, in the very recent article [14] a
general scheme for the introduction of the entropy of dynamical systems is
proposed. In this paper we will prove that for intuitionistic fuzzy dynamical
systems defined i the natural way this general scheme is inapplicable, but
we can introduce the entropy of intuitionistic fuzzy dynamical systems with
classical methods. Moreover, the entropy of (classical) dynamical systems
(see, for example, [16], p. 73) and the entropy of fuzzy dynamical systems
(see [11]) are obtained as particular cases.

In Section 2 we recall the concept of intuitionistic fuzzy measure intro-
duced in [6] in a more general context. Section 3 contains some useful proper-
ties of the product of intuitionistic fuzzy sets and of the operation introduced
on intuitionistic fuzzy sets with the help of the triangular norm defined by
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tp (x,y) = zy and triangular conorm defined by sp (z,y) = z +y — zy. The
definition and the basic properties of finite intuitionistic fuzzy partitions are
included in the Section 4. The last section is reserved for the introduction of
the measurable entropy of intuitionistic fuzzy dynamical systems.

2 Intuitionistic fuzzy f-algebras and intuiti-
onistic fuzzy f-measures

A triangular norm (conorm) is a function f : [0,1] x [0, 1] — [0, 1] which is
commutative, associative, monotone in each component and which satisfies
the boundary condition f (z,1) = z, (f (z,0) = z),Vz € [0,1]. The associate
triangular conorm (norm) is the function f¢ : [0,1] x [0,1] — [0,1] defined
by fc(a:7y) =1- f(l —z,1— y),VCL',y € [071] :

Let X #  be a given set and we denote by IFS(X) the set of all the
intuitionistic fuzzy sets in X (see [1]).

The following expressions are defined in [1], [8] for all A, B € IF'S(X),
A= {{z,1a(z), vale)) -7 € X}, B = {1, 1n(2), v(e)) - 7 € X}

AC B if and only if p,(z) < pg(z) and va(z) > vp(z) for all z € X
A= B ifand only if py(z) = pg(z) and v4(z) = ve(z) for all z € X
A = {(z,va(z), ps(2)) 1 z € X}

AfB = {(z, f (pa(z), pp(x)), f° (valz),v5(x))) : 7 € X}

where f is a triangular norm or a triangular conorm.
If f is the triangular norm f(z,y) = xy we obtain the product of intu-
itionistic fuzzy sets A and B (see [2]),

A- B = {(z,pp(x)np(z),va(z) + vB(r) — valz)ve(z)) : © € X}
If f is the triangular conorm f(z,y) = min (z + y, 1) or the (associate) trian-
gular norm f(z,y) = max(z +y — 1,0) we obtain the sum of intuitionistic
fuzzy sets A and B,
A® B = {{(z,min (ps(z) + pp(z),1) ,max (va(z) + vp(z) — 1,0)) : z € X}
and the conjunction of intuitionistic fuzzy sets A and B

A&B = {{z,max (u4(z) + pp(z) — 1,0) ,min (v4(z) + vp(z),1)) : z € X},

respectively.
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In [6] the limit of a sequence of intuitionistic fuzzy sets is defined and with
the help of this concept the operations on [F'S(X) induced by triangular
norms and triangular conorms are extended at countable case. Also, the
disjointness of a family of intuitionistic fuzzy sets is given in the following
way.

Definition 1 (/6/)Let f be a triangular norm. A finite family {A;, ..., A,} C
IFS(X) is said to be f-disjoint if and only if for each k € {1,...,n} we have

(F A,-) Ay =0x, where Ox = {(£,0,1) : z € X}.
itk

An infinite family (An),cn € IFS(X) is called f-disjoint if and only if for
each n € N the finite family { A1, ..., A, } is f-disjoint.

Remark 1 Obviously each subfamily of an f-disjoint family is f-disjoint,
too. Therefore (An),en [-disjoint implies A;fA; = 0x,Vi,j € N,i # j.

Similarly with the fuzzy situation (see [3] and [9]) we introduce the con-
cept of intuitionistic fuzzy measure.

Definition 2 (see [6]) Let f be a triangular norm. A subfamilyZ C IFS(X)
which satisfies

(i) 1x €I, wherelx = {{z,1,0):z € X};

(it) A €T implies A° € T,

(#it) A,B €T implies A-B €T,

(1)  (An)pen € T implies fe A ez

neN
will be called an intuitionistic fuzzy f-algebra on X. The pair (X,T) will be

called an intuitionistic fuzzy f-measurable space.

Definition 3 ([6]) A function m : T — R, T being an intuitionistic fuzzy
f-algebra on X, which satisfies the following conditions:

()  mx)=0; N N
(i) A,B €T impliesm (AfB)+m (AfB) =m(A)+m(B);
(i) (An)pen €I, A, C Apy1,¥n € N and 1}_13.10 A, € T implies

Jim, m (4n) = m (lim 4.)

is called an intuitionistic fuzzy f-measure on I. The triplet (X,Z,m) is
called an intuitionistic fuzzy f-measure space.
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For short, an intuitionistic fuzzy &-measure will be called intuitionistic
fuzzy measure.

Remark 2 If X = {z1,...,zn} and T = [FS(X) then the function
m:Z — R, defined by

m(A) =; (1 = pa(z:) — va(=:),

where A = {{z,ps(z),va(z)) : x € X}, is an intuitionistic fuzzy f-measure,
for every triangular norm. f which verifies f (z,y)+ f¢ (z,y) = z+y,Vz,y €
[0,1]. Becausem g)x) =m (TX) =0andm ({{z,a,0) :z€ X}) >0,Va,8 >
0,a+ B < 1 we obtarn that m is non-monotone.

3 Properties of the product of
intuitionistic fuzzy sets

In [3] some properties of the product of fuzzy sets are proved. The product
of intuitionistic fuzzy sets has the analogous properties. We will need these
properties in the sequel.

Theorem 4 If {A;,..., A} C IFS(X) is a &-disjoint family then

k=1 k=1
(17) C kgzgl Ay =k8:5 (C- Ax)

for every C € IFS(X).

Proof. Because the operations @ and & are associative we prove the equal-
ities only in the particular case n = 2.

(1) Let A, B € IFS(X), A= {(z,p,(2),va(z)) : z € X},
B = {{z,pp(x),vp(x)) : x € X} and A&B = Oy, that is e 5(z) = 0,Vz €
X and vagp(z) = 1,Vz € X. This means that p,(z) + pg(z) < 1 and
va(z) + vp(z) > 1 for every z € X.

Let C = {(z, uc(z),ve(x)) : € X} . We get

c(@)agp(T) = po(z) min (py(z) + pp(z), 1) =

Ke.(aoB) () o
= po(T)us(x) + pe(@)pg(T), Vo € X
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and

e-aee-p)(®) = min(pe(z)ps(z) + po(T)pp(), 1) =
= pc(@)pa(®) + po(@)pp(z), Vo € X.

We prove the equality between the degrees of non-membership
Ve (ae)(T) =
ve(z) + vaes(2) — vo(z)vaes(z) =

ve(x) +valz) +ve(r) — 1 —vel(z) (valz) +ve(z) — 1) =
= we(z)+va(z) +vp(z) —ve(x)va(z) — ve(z)vp(z) — 1,Vz € X,

and
V(c-ae©5)(T) =
= max (vo(z) (2 — va(z) — ve(z)) + va(z) + ve(z) — 1,0) =
= 2we(z) +va(z) + ve(z) —ve(z)va(z) — vel(z)ve(z) — 1,Vz € X,

because v4(x) < 1,vp(z) < 1and va(z) + ve(z) > 1,Vz € X.
(#2) Analogously with (i) B

Theorem 5 If the family { A, ..., An} C IFS(X) is &-disjoint then
{A- Ay, ..., A A} is &-disjoint, for every A € IFS(X).

Proof. Let A€ IFS(X) and k € {1,...,n}. By using the previous theorem
we obtain

(@ (A-Ai))&(AAk) = (A- (iinAi))&(A-Ak)=

itk

i#k

4 Finite intuitionistic fuzzy partitions

In this section we introduce the concept of intuitionistic fuzzy partition
analogous with [10] in the case of fuzzy sets.
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Definition 6 A finite and &-disjoint family P = {4y, ..., Ay} C IFS(X) is
a finite intuitionistic fuzzy partition of X if and only if

P ~
‘6_91 A; = 1x.

We will denote by I P(X) the class of all finite intuitionistic fuzzy parti-
tions of X.

Definition 7 Let P,Q € IP(X),P = {A1,..., A4y} and Q = {By,..., B,}.
The partition Q is a refinement of P (we denote by P < Q) if and only if
the following conditions hold

(1) q=p

(1¢)  There is a partition {I(1),...,I(p)} of the set {1,...q} such that

1951(1)

JEI(@)

Let P,Q € IP(X),P ={A,,..., Ay} and Q = {By, ..., B;} . The algebraic
join PVQ of P and () is defined by

PVQ = {A‘L ' Bj (1€ {1)7p} ,j € {17aQ}} ’
with lexicographic ordering.

Theorem 8 If P,Q € IP(X) then PVQ € IP(X),P < PVQ and Q <
PVQ.

Proof. From Theorem 4 and Definition 6 we obtain

P q q
ie{f?..,p} (4:-B;) = i=1 (jg (4i - B; )) (Ai. (jial Bj)) B
i€{1,...,q}

- zé (A" . IX) :él A =Tx.

We prove that {A; - B; : ¢ € {1,...,p},j € {1,...,q}} is a &-disjoint family. If
re{l,..,p},s €{l,...,q} then

(#g#(Ai-Bj))&A,.BS:(i )( ) (4, By C

(o) (2a)ea sy fan-s

Therefore P37 Q € IP(X).
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The condition (z) in Definition 7 is verified because pg > p. For to
prove (i3), we choose I(i) = {(¢,1),...,(4,9)},Vi € {1,...,p}. It is evident
that {I(1),...,I(p)} is a partition of the set{(1,1),(1,2),...,(p,q)} and in
addition

(&5)€l3)

AizAi'Ix=A¢'(]§lBj) :Jél(Ai'Bj)z ® (A'i'Bj)

and
Ai&( .GB_Ai-Bj) = A,;&( _EB..(Ak-Bj)>:
(4,9)€1(3) (k,7)#(4,3)

= A& ((@ Ak) (GqB Bj)) = A& (@_ Ak) = 0x,
k#£1 J=1 k#£i

therefore P < Py Q W

We consider A = {{z, p4(z),va(x)) : x € X} € IFS(X) and a function
T:X — X. Let T",n > 1, be the n iterate of T. The inverse image of A by
T"is T™"A € IFS(X) defined as

T4 = {<$,T‘";1,A($),T_"VA(32)> tx € X} ,
where T7"p () = py (T (2)) and T~"va(z) = va(T" (z)) (see [4]).

Theorem 9 If f is a triangular norm or a triangular conorm and
T:X — X then

(T—"A) f (T-"B) =7 (A fB) VA, B € IFS(X).

Proof. By using the similar relation obtained for fuzzy sets (see [3]|, Propo-
sition 3.3) we have

(T4) F(15) =
= {{z.f (T7"pa(@), T p(®)) , £ (T"va(2), T"vp(z)) ) 1 2 € X} =
= {77 (f (ale) pp(@)), T (f* (va(2),v(2)) ) s 2 € X } =
= {(&, T 1g5(@), T y55(2) ) s € X } =
= T (A fB)
if A= {(z,p4(2),v4(@)) : € X} and B = {(z, p(2), vp()) : 2 € X} W

The extension to the finite case of this result implies the following theo-
rems.
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Theorem 10 If P = {A;,..., Ay} € IP(X) and T : X — X then
TP ={T""A,,.. TT™A} € IP(X),Yn € N,n > 1.

Proof. By the hypothesis, é} A; = 1x and Ar& ( % A4-> =0x,Vk €
€ {1,...,p} . The previous theorem implies

ié (T_nA'i) =T (ié Az) - T_n(TX) = 1x
and

T A& (GB T_"A,,-) = T TALT™ (GB A4> =
itk itk

= 7" (Ak& (EB Ai)) =77 (0x) = 0x,
itk

for every k € {1,...,p} &
Theorem 11 Let T : X — X and P,Q € IP(X). We have

(1) T™(PVQ)=T""PVT™Q,Vn € N,n > 1,
(1) IfP<Q then T™"P <T"Q,Vne N,n>1.

Proof. Let P = {Ay,..., Ay} and Q = {By, ..., B} .
(7) Theorem 9 implies T~ (A- B)=(T""A) - (T™"B), for every A,B €
IFS(X) and n > 1. We get

TT"(PvQ)=
BT BT (4 B =

= {(T4) - (17B,) (17 A1) - (T7By) o (T74) - (T7"By) } =
= TPy T™"Q.

(it) Because P < @ there exists a partition {I(1),...,I(p)} of {1,...,q}
such that

A= @® B; andA&( Bj) =05,
JEI()

JEI(Z)

for every i € {1,...,p} . By using again Theorem 9 we obtain

(17" 4) & (ﬁe]la(z)T"B):T“” (&&(1&)3)) T (6x) = O,

and

(T_nAi): (ea B) @ (T_nBj),ViE{l,...,p},

€I(i) JEI(%)

therefore T~"P < T-"Q B
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5 Entropy of intuitionistic fuzzy dynamical
systems

In [14] a general scheme for the introduction of the entropy of dynamical
systems is proposed. One of necessary properties of the measure which is not
" verified for intuitionistic fuzzy measures in the sense of Definition 3 is

m(A4) =m (Ix) implies m (A- B) = m (B).

Indeed, if m is that in Remark 2 and 4 = {(z,a,1—0a):z€ X},a €
(0,1),B = {<m,%,%> ‘T GX} then m (A) = m(TX) =0but m(A-B) =
32 2% —m(B).

In this section we will introduce the concept of intuitionistic fuzzy dynam-
ical system and we will define the entropy of an intuitionistic fuzzy dynamical
system following the classical method (see for example [16]).

Definition 12 The function T : X — X is called an intuitionistic fuzzy

measure preserving transformation of an intuitionistic fuzzy measure space
(X,Z,m) if and only if the following conditions are fulfilled:

(i) T is I-measurable, that is T"'A € T for every A € T,
(ii) m(T~'A) = m(A) for every A€ T.

Definition 13 An intuitionistic fuzzy dynamical system is a complex
(X,Z,m,T), where (X,Z,m) is an intuitionistic fuzzy measure space and
T : X — X is an intuitionistic fuzzy measure preserving transformation of
(X,Z,m).

Firstly, we introduce the entropy of a finite Z-measurable intuitionistic
fuzzy partition.

Definition 14 Let (X,Z,m) be an intuitionistic fuzzy measure space. The
intustionistic fuzzy partition P = {A,,...,A,} so that A; € T for every i €
{1,...,p} is said to be T-measurable.

IPr(X) denotes the family of all finite Z-measurable intuitionistic fuzzy
partitions of X.

It is evident that P € IPr(X) and T : X — X Z-measurable imply
T-"P e IP(X),¥n e N,n > 1.

We consider (X,Z,m) an intuitionistic fuzzy measure space with
m(A) <1 for every A € T and m(X) = 1.
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Definition 15 Let P = {A4,..., A} € IPr(X). We define the entropy of P
by

zlog,z ifx#0

where @ : [0,00] — R is the Shannon’s function p(z) = { 0 if =0

For to introduce the entropy of intuitionistic fuzzy dynamical systems we
will prove some properties of the entropy of intuitionistic fuzzy partitions.

Theorem 16 Let P,Q € IPr(X) and T be an intuitionistic fuzzy measure
preserving transformation. Then

(1)  H(P)=0;

(it) IfP < Q then H(P) < H(Q);

(¢3) H(PVQ) < H(P)+ H(Q);

(iv) H(I™P)=H(P),YneN,n>1

Proof. (i) It is evident.

(it) Let P,Q € IP(X),P = {A,...,Ap} and Q = {By,...,,B;}. The
hypothesis implies the existence of a partition {I(1), ..., I(p)} of {1,...q} such
that

A=0 BjandAi&(EB B>=6x,
FEI(5) FEI(%)
for every i € {1,...,p} . This means that

H(P) =

= Y m(A)logm(4) =~ Y- m( © B,)logm( & B;) =
i=1

pa JEI(3) eI
P
= —> ) m(Bj)log Y m(B;) < Z > m(B;)logm(B;) =
i=15€1(s) FEI(E) 1=15€I(i)
q
= —>_ m(Bj)logm(B;) = H(Q).
j=1

(t13) Let P,Q € IPr(X) as above. We obtain successively

HPYQ) = -3 m(A-B,)logm(A-B,) =

i=1j=1

- i m(A;) logm(A;)— ;J‘; m(A4; - B;)log (A("Af i) _
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(becauseJqulm(Al B;) = m(A),Vi € {1,...,p})

) i B

1 j=li=

P
i=

(because the function ¢ is concave and f: m(4;) =1)
i=1

<=3 m(A;) log m(A;)~

=1

5 () (e i) -

1

(becauseé m(d- By) =m (& (i By)) =m (B) Vi € {L,...,0})

= H(P)+H(Q).

(tv) The Definition 12 implies that m (T""A) = m(A),VA € Z,Vn > 1.
For every P € IPr(X), P ={Ay,..., Ay} we have

H(T™P) = }pjm T="A;)logm(T ™" A;) =

i=1

= im A)logm(A)=H(P)»

Remark 3 If we define the conditional entropy we can give other properties
of the entropy of intuitionistic fuzzy partitions (see [11] for the fuzzy case).

n—0oo 7,

1 n—1 .
Theorem 17 For every P € I Pr(X) there exists lim —H (.v T‘1P> :

n—1 i
Proof. Indeed, putting a, = H (v T"P) , the properties (i) and (iv)
=0
in Theorem 16 imply the inequality anim < an + @, Vn,m € N,n,m >
1. Because a, > 0,Vn € N,n > 1 (by the same theorem) we obtain the
1

existence of the limit lim - an (see [16], p.79) W

The last result permits to introduce the measurable entropy of intuition-
istic fuzzy dynamical systems.
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Definition 18 Let (X,Z,m,T) be an intuitionistic fuzzy dynamical system.
For every P € IP;(X) we define

n—oo 1,

n—1 .
WP, T) =lim ~H (v T"P)
=0

and then the entropy of the intuitionistic fuzzy dynamical system by
H(T) =sup{h(P,T): P e IP(X)}.

Remark 4 We can deduce the basic properties of the entropy of intuitionistic
fuzzy dynamical systems (for fuzzy case, see [11]). For example, the entropy
s an tsomorphism invariant for intuitionistic fuzzy dynamical systems.
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