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Abstract: The aim of this contribution is studying the almost uniform convergence on D-poset
of intuitionistic fuzzy sets. We prove the connection between almost everywhere convergence
of random variables in Kolmogorov probability space and almost uniform convergence
of observables in the mentioned D-poset. We define a product operation on D-poset of intuitionistic
fuzzy sets and prove the existence of a joint observable, too.
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1 Introduction

In paper [5] we defined the almost uniform convergence for a sequence of intuitionistic fuzzy
observables (z,,)$° and we proved a variation of Egorov’s theorem. We showed the connection
between almost everywhere convergence of random variables in Kolmogorov probability
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space and almost uniform convergence of intuitionistic fuzzy observables, too. Recall that the
intuitionistic fuzzy observable x is a mapping from Borel sets B(R) to the family of all [F-events
on (£2,S) denoted by F. An intuitionistic fuzzy event is an intuitionistic fuzzy set A = (4, va)
such that ji4,v4 :  — [0, 1] are S-measurable and p4 + v4 < 1g (see [2,3,9]). Remark that
in year 2023 we celebrated the 40-th anniversary of the invention of the concept and theory of
intuitionistic fuzzy sets by K. T. Atanassov in the paper [1]. In paper [4] we studied a more general
situation. We formulated three definitions of almost uniform convergence in the MV-algebra of
intutionistic fuzzy sets (M, @, ®, =, (0, 1q), (1a,0q)). In the third definition of almost uniform
convergence, we used a partial binary operation & defined by

ASB = ((ppa—puB)V0q,(va—ve+1g) Alg)

for A = (pa,va) € M, B = (up,vg) € Mand B < A. AsA© B = A ® —B, then
MV-algebra of intuitionistic fuzzy sets (M, ®, ®, —, (0q, 1a), (1g,0q)) is a D-poset. Recall that
the binary operations & and © are given by

AeB = ((pa+ps)Alg, (Va+vs —1g) V0q),
AOB = ((ua+pus—1a) V0o, (va+vs)Alg)),

and an unary operation — is given by the formula =A = (1 — pa, 1o —va) forevery A, B € M.
Therefore, some procedures useful in probability theory on MV-algebras are applicable in a more
general structure, the so called D-poset. Recall that D-posets include not only MV-algebras, but
also orthomodular lattices.

In this contribution, we will study the D-poset of intuitionistic fuzzy sets and an almost
uniform convergence of observables in this structure. We will prove the connection between
almost everywhere convergence of random variables in the Kolmogorov probability space and
almost uniform convergence of observables, too. We are inspired by paper [8], where B. RiecCan
formulated an almost uniform convergence for general D-posets. Remark that in a whole text we
use a notation “IF” in short as the phrase “intuitionistic fuzzy”.

2 D-poset of intuitionistic fuzzy sets

In this section, we study the basic notions from probability theory on D-poset of IF-sets. Recall
that the notion of D-poset was introduced by F. Chovanec and F. Kopka, see the paper [7].

Definition 2.1 ([7]). Let D be a partially ordered set with the greatest element 1 and with a
partial binary operation & such that b S a is defined if and only if a < b and satisfying the
following conditions:

(i) ifa < b thenboa<bandbo (bSa)=a;
(i) ifa <b<cthenbSa<cOaand (cSa)o (cOb) =bSa;

A structure (D, <,6, 1p) is called a poset with a difference, i.e., D-poset.
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Example 2.1. Let (2, S) be a measurable space, D be the family of all pairs A = (pa,va),
where pa,va : Q@ — [0, 1] are S-measurable functions. Let < be a partial ordering on D such
that A < B ifand only if ua < pup,va > vpg for each A,B € D. A partial binary operation ©
defined by the formula

Bo A = (ug — pra,vg —va+ 1lg)

for each A = (ua,va) € D, B = (up,vp) € D, A < B is a difference on D. The greatest
element in D is (1, 0q). Then the system (D, <,S, (1q,0q)) is a D-poset.

Example 2.2 ([7]). Let X be a non-empty set and let F be the family of all real functions
f X — [0,1]. Let < be a partial ordering on F such that f < g if and only if f(t) < g(t)
foreacht € X. Let ¢ : [0,1] — [0,00) be a strongly increasing continuous function such that
¢(0) = 0. A partial binary operation © defined by the formula

(90 £t) = ¢ (sg(t)) — o(f(1)))

foreach f,g € F, [ < g, t € X, is a difference on F. Then the system (F,<,0,1x) is a
D-poset (i.e., an D-poset of fuzzy sets).

Remark 2.1. It is evident that the element 1p © 1p is the least element in a D-poset D, i.e.,
Op = 1p & 1p, see [10]. Therefore, (0q, 1q) is the least element in the D-poset D constructed in
Example 2.1. Really, (1g,0q) © (1g,0q) = (0q, 1g).

Now we introduce the notion of a state and an observable in a D-poset (D, <, S, (1q,0q)),
constructed in Example 2.1.

Definition 2.2. Let (D, <, 0, (1q,0q)) be the D-poset constructed in Example 2.1. A state on a
D-poset D is a mapping m : D — [0, 1] satisfying the following conditions:

(i) m((1g,0q)) = 1,
(ii) if A,B €D, A <B, thenm(Bo A) =m(B) —m(A);
(iii) if A,A; € D,i e N, A; /A, thenm(A;) /*m(A).

An n-dimensional observable on a D-poset D is a mapping v : B(R") — D satisfying the
following conditions:

(i) x(R") = (1g,00);
(ii) if A,B € B(R"), A C B, then x(A) < x(B) and (B \ A) = z(B) & x(A);
(iii) if A, A, € B(R"),i € N, A; /* A, then x(A;) 7 z(A).

When n = 1, we say that x is an observable.
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Since an observable x : B(R) — D corresponds to a random variable £ : 2 — R, the joint
observable corresponds to a random vector 7' = (&, 7). Similarly, the joint observable can be
defined as a morphism h : B(R?) — D. First, we need to define product operation on a D-poset
D of IF-sets. In paper [6], F. Kbpka introduced a meet function as a generalized product on
D-poset D. The meet function covers a product on the MV-algebras, on the D-posets and on the
effect algebras.

Definition 2.3. We say that a commutative and an associative binary operation e on a D-poset
(D, <,6, (1q,0q)) is product if it satisfying the following conditions for every A, B, C € D:

(i) (1a,00) @ A = A;
(i) if A< B, thenCeA<CeBandCe(BSA)=CeBcS CeA.

Now we show an example of product operation on a D-poset (D, <, &, (1, 0q)) constructed
in Example 2.1.

Theorem 2.1. The operation * defined by
AxB=(pa-pp,lo—(lo—va) (lo—vp)) = (pa- g, va+ve —va-vp).

foreach A = (ua,va) € D, B = (up,vg) € D is product operation on a D-poset D. There the
operation - is a classical multiplication.

Proof. Let A, B, C € D. Evidently, the operation * is commutative and associative. Moreover,
(i) (1o,00) * A = (1o - pa, 00 +va —0g - va) = (pa,va) = A.
(i) If A <B,ie., us < pupand vy > vg, then we have ¢ - pa < pe - pup and

1Q - (1Q - Vc) . (1Q — I/A) Z 1Q — (1Q — Vc) . (1Q — I/B).

But
CxA = (pc-palo—(lo—ve)  (lg—wva)) = (D
= (MC'MA7V0+VA_VC'VA>7
CxB = (uc-ps la— (lo—ve)-(lo—vp)) = (2)
= (MC'MBaVC+VB_VC‘VB)7
Cx(BOoA) = (uc-pB— o Ha, VB —Va — Vo VB + Vo Va + la), (3)
CxBoCxA = (uc-pup— o fha,Vp —Va — Ve - Vg + Vo - Va+ lg). 4)

Finally, we have C+* A < C*Bby (1), 2)and Cx (B&S A)=C«Bo CxAby (3),(d). O

Definition 2.4. Let x,y : B(R) — D be two observables of a D-poset (D,<,S, (1g,0q))
constructed in Example 2.1. The joint observable of the observables x,y is a mapping
h : B(R?) — D satisfying the following conditions:
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(i) h(R?) = (o, 0q);
(ii) if A, B € B(R?), A C B, then h(A) < h(B) and h(B\ A) = h(B) © h(A);
(iii) if A, A; € B(R?),i € N, A; /* A, then h(4;) / h(A).
(iv) h(C x D) = z(C) xy(D) for each C, D € B(R).
Theorem 2.2. For each two observables x,y : B(R) — D there exists their joint observable.

Proof. Put z(A) = (2°(A),1 — 2*(A)), y(B) = (y’(B),1 — 4*(B)) for each A € B(R). Then
2zt Pyt B (R) — T are observables, where T is the family of all S-measurable functions
from Q to [0,1]. We want to construct h(K) = (h’(K),1 — h*(K)).

Fix w € Q and put pu(A) = 2"(4)(w), v(B) = y’(B)(w). It is not difficult to prove that
w,v = B(R) — [0,1] are probability measures. Let 1 x v : B(R?*) — [0, 1] be the product of
measures and define h’(K)(w) = u x v(K). Then b’ : B(R?) — T.

If O, D € B(R), then B’(C x D)(w) = ux v(C x D) = u(C)-v(D) = 2°(C)(w) -y’ (D) (w),
hence #°(C' x D) = 2°(C) - y’(D). Similarly, ¥ : B(R?) — T can be constructed so that
W(C % D) = a#(C) - yi(D).

Put h(A) = (R°(A), 1 — h#(A)), for A € B(R?). By Theorem 2.1 we have

2(O)xy(D) = (2°(0),1=2%C) * (y'(D),1 = y¥(D)) =
= (2°(C) ¥’ (D),1—2*C) - y}(D)) =
= (W(C x D),1—hC x D)) = h(C x D).
foreach C, D € B(R). O

The following theorem makes a statement about the finite compatibility of a sequence of
observables in the D-poset of intuitionistic fuzzy sets.

Theorem 2.3. Let (D, <,0,(1qg,0q)) be the D-poset constructed in Example 2.1. Then each
sequence (x,)7° of observables is finitely compatible in the following sense:

For every finite, non-empty set J C N there exists a mapping h; : B(RY!) — D such that the
following conditions hold:

(i) hy(RY') = (1q,0q);
(ii) if A, B € B(R"!), A C B, then h;(A) < hy(B) and hy(B\ A) = h;(B) © hy(A);
(iii) if A, A; € B(RV)), i € N, A; /A, then hy(A;) /7 hy(A).

(iv) if Jy C Jo, then hy, (7))} ; (A)) = hy,(A) for each A € B(R!'), where 7y, j, : Rl —
Rl s the projection;

(v) if J={t1,...,tx} and Ay, ..., Ax € B(R), then

hy(Ay X - x Ay) = x4, (Aq) % - - x 2y, (Ag).
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Proof. Using Theorem 2.2 to each n € N, there exists the mapping h,, : B(R") — D called a
joint observable such that the conditions (i), (ii), (iii) hold and for each A, ..., Ax € B(R)

hn(Ap X oo X Ag) = 21(A1) * -+ - % 2, (Ap).
If J = {t1,...,tx}, then put hy = hy om; ', where I = {1,... t;}. O
Now we define the notion of compatibility of observables in the D-poset (D, <, S, (1q, 0q)).

Definition 2.5. Ler (D, <, 5, (1g,0q)) be the D-poset constructed in Example 2.1. We say that
a sequence (x,)° of observables on D-poset D is compatible, if there exists an observable

x : B(R) — D and a sequence (f,,)5° of Borel measurable functions f,, : R — R such that
Ty =0 f;!

foreachn € N.

3 Almost uniform convergence in D-poset of IF-sets

In this section, we will study an almost uniform convergence in D-poset (D, <, S, (1q,0q))
constructed in Example 2.1. Every such MV-algebra M with a partial binary operation & given
by formula the b S a = b ® —a is a D-poset (see [10]). We will try to apply the results for
MV-algebras to more general structures.

Now we formulate two definitions of almost uniform convergence for observables in D-poset
of IF-sets.

Definition 3.1. Ler (D, <,0,(1q,0q)) be the D-poset constructed in Example 2.1 and m be a
state on D-poset D. We say that the sequence (y,)7° of the observables converges m-almost

uniformly to 0, if

Va>0 3AeD: m(A)>1-a,
V>0 dke N VYn>k: Agyn((—ﬁ,ﬁ)).

Definition 3.2. Ler (D, <,0,(1q,0q)) be the D-poset constructed in Example 2.1 and m be a
state on D-poset D. We say that the sequence (y,)7° of the observables converges m-almost

uniformly to 0, if
Va>0dBeD: mB)>1-a,
V6>03dke NVn>k3C,eD, m(C,) <a, C,<C,;1 <B: B@Cngyn((—ﬁ,ﬂ)).

In the following two theorems, we work with an almost everywhere and an almost uniform
convergence of random variables. We used Egorov’s theorem for random variables: Let (2, S, P)
be a probability space and (&,)3° be a sequence of random variables. If a sequence (&,)3°
converges P-almost everywhere to 0, then the sequence (£,)5° converges almost uniformly to 0.
Remark that the sequence of random variables (,,)° converges to 0 almost uniformly on A, if
for every o > 0 there exists a measurable set A such that P(A) > 1 — « and such that for every
B > 0 there exists &k such that A C {t € Q : |£,(t)| < B} forevery n > k.
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Theorem 3.1. Let (D, <,5,(1q,0q)) be the D-poset constructed in Example 2.1 and m be a
state on D-poset D. Let (y,)° be a sequence of compatible observables in D-poset D, i.e.,

Yo = yofy!
Borel functions converges m,-almost everywhere to 0, then the sequence (y,)7° of observables

, where f, : R — R are Borel measurable functions. If a sequence (f,)3° of

converges m-almost uniformly to (.

Proof. Remark that m, : B(R) — [0, 1] defined by m,(A) = m(y(A)) is a probability measure.
Since the sequence (f,)7° of Borel functions converges m,-almost everywhere to 0, then by
Egorov’s theorem the sequence (f,,)° converges m,-almost uniformly to 0. It means that for
every o > 0 there exists a set A € B(R) such that m,(A) > 1 — « and such that for every § > 0
there exists k such that A C f Y((—=8,8)) forevery n > k.

Put A = y(A). Then m(A) = m(y(A)) = m,(A4) > 1 — o and for n > k we have

A =y(A) <yo f,((=8.8)) = ya((=5.8)).

Therefore, the sequence (y,){° of compatible observables in the D-poset D converges m-almost
uniformly to 0. O

We can define a function of several observables in D-poset (D, <, S, (1, 0q)) with the help
of a joint observable.

Definition 3.3. Ler (D, <, 6, (1q, 0q)) be the D-poset constructed in Example 2.1. Let x4, . . . , x,, :
B(R) — D be observables, h,, their joint observable and g, : R — R a Borel measurable
function. Then the observable g, (z1,...,x,) : B(R) — D is defined by the formula

gn<$1a . wrn)(A) = hn(gil(A))
foreach A € B(R).

Now we explain the Kolmogorov probability space (R, a(C), P), where RY is a space of all
sequences (¢;)$° of real numbers. As a cylinder we understand a set C' C R given by

C={t)eR":(t,... t,) € A},

where n € N and A € B(R"). By C we denote the family of all cylinders in R" and by ¢(C)
the corresponding o-algebra generated by C. Such a cylinder C' can be expressed in the form
C = m;'(A), where a mapping 7, : RY — R" is the n-th coordinate random vector given by

Tn((6:)%°) = (t1, ..., ty), then
C={r,"(A) |neN,AeB(R"}.
Therefore, there exists exactly one probability measure P : o(C) — [0, 1] such that

P(r, ' (A)) = Pu(A) = m(ha(A))

for each A € B(R"), where h,, : B(R) — D is a joint observable of observables z1, ..., x, on
D-poset D. Hence, we can define the random variable &, : RV — R with respect to (C) by
£n((8:)5°) = t,. Next we show two proofs of the following theorem, using both definitions of
almost uniform convergence on D-poset of IF-sets D.
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Theorem 3.2. Let (;)° be a sequence of observables in the D-poset (D, <,5, (1q,0q)) with
product x and m be a state. Let (&,,)° be the sequence of corresponding random variables defined
on Kolmogorov probability space (RY,a(C), P). Let (g,)$° be a sequence of Borel measurable
functions, g, : R" — R. If the sequence (gn(gl, - ,£n))jo

then the sequence (gn($1, . ,xn))io converges m-almost uniformly to 0.

converges P-almost everywhere to 0,

First Proof. Let h, : B(R") — D be the joint observable of xy,...,r, and 7, : RY — R"
be the n-th coordinate random vector defined by 7, ((¢;)3°) = (t1,. .., t,). Hence the observable

I and the random variable

Yn = Ggn(T1,...,2,) : B(R) — D is given by y, = h, o g,
M = gn(&1,. .., &) : RY — Ris defined by 7, = g, o 7,,.

Let the sequence (77,)7° converges P-almost everywhere to 0. By the Egorov’s theorem
the sequence (7,,)3° converges P-almost uniformly to 0 in the Kolmogorov probability space
(RY,0(C), P). Then, by definition, for every a > 0 there exists A € o(C) such that
P(A) > 1 — « and such that for every 8 > 0 there exists & such that A C n,*((—8,3)) for
every n > k. Since A € o(C), then there existn € N and B € B(R") such that A = 7, }(B).

But A C ;' ((—8, ). Therefore,

o (B) C{(t)T € RV : (t1,....t,) € g, (=8, 8) };

1.e.,
o (B) € w92 ((=8.8)).
Put A = h,(B). Then,

m(A) =m(h,(B)) = P(r,'(B)) = P(A) > 1 -«

n

and
mi(B) < m(9((=6.8)).
ha(m(B)) < hn(ml 5.1 (=8.9))).
ha(B) < ha(g:M((=5.5))).

A < yn((_6a6>)‘

Hence, the sequence (y,,);° converges m-almost uniformly to 0 in the D-poset D. This
completes the first proof. U
Second Proof. Let h, : B(R") — D be the joint observable of zy,...,z, and 7, : RY — R"
be the n-th coordinate random vector defined by 7, ((¢;)3°) = (t1, ..., t,). Hence the observable

Yn = Ggu(T1,...,7,) : B(R) — D is given by y, = h, o g, ! and the random variable 7, =
gn(&1, ..., &) - RY — Ris defined by 7, = g,, o m,,.

Let the sequence (7,,);° converges P-almost everywhere to 0. By the Egorov’s theorem
the sequence (7),,);° converges P-almost uniformly to 0 in the Kolmogorov probability space
(RY,o(C), P). Then, by definition, for every a > 0 there exists A € o(C) such that P(A) > 1—%
and such that for every 3 > 0 there exists k such that A C 7, ((— B, 5 )) for every n > k. By the

approximation theorem there exists B € ¢(C) such that P(A A B) < §. Evidently,

63



P(B)2P(A)—P(A\B)>1—%—%:1—a.

Fix n and put
B, ={(t;)7" € B+ 3i,i <n, |n:((t;)7°)] > B}
Since B, B,, € o(C), then there exist n € N and C,C,, € B(R") such that B = ,,(C),
w =, (Cy). As B\ B, C 1, ((—5,8)). then we have

T O\ (Co) C ()T € RY « (t1, . ta) € 9, ((=5,8)) }

mHON TN C) €7 (02 ((-8,8)) ).
Put B = h,(C), C,, = h,(C,,). Then,
m(B) = m(h,(C)) = P(r;}(C)) = P(B) > 1 —a
and

m(C,) =m(h,(C,)) = P(m, (Cy,)) = P(B,) < P(B\ A) < o

n

Denote
Cn = hn<Cn) = hn+1 (W;—sl—l,n(cn))7
Cn+1 = hn-l-l(CTH-l) = hn+1 (W;il,nJrl (CTH-l))?
B = hy(C) = i (m,41,(0)).

Then
B,CB,1CB

7' (Cn) € My (Cogr) € 1, (C),
Toi1 <7Tr:i1,n(cn)> C oty <7T5i1,n+1(cn+1>> C Ty (Wﬁil,n(c))
Tot1n(Cn) C Tt i1 (Crgr) C iy (O),
ot (T1(Cn)) < Bt (711 (Gt ) < i (m11,0(C) ).
hn(Cn) < g1 (Cryr) < ha(C),
C.<C,1<B
and
B\ B, < u;'((-8,8)),
mHONTHC) € (g (6.9)),

ha (7€) \ 72 (C)

VAN
>
3

h(7(C)) © h (7 (C))

VAN

>

3
/?/\
3

/N /N
N}

3

=~

|

<=

™

N~—

SN—"

~——

~——

hn(C) © hn(Ch)
BoeC,

(92" ((=5.8)) ).
v (=5, 5)).

Hence, the sequence (y,,)$° converges m-almost uniformly to 0 in D-poset D. U

IA A
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4 Conclusion

The paper is concerned in the probability theory on the D-poset (D, <, S, (1g, 0q)) constructed
in Example 2.1. We defined product operation and a joint observable on D-poset D and proved
its existence. We formulated two definitions of m-almost uniformly convergence for a sequence
of observables in the D-poset D. We showed the connection between an almost everywhere
convergence of random variables in Kolmogorov probability space and an almost uniformly
convergence of observables in D-poset D.
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