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Abstract: The aim of this paper is determining the point and interval estimation of the
mean value of the observable from the set of all interval (—oo,t) to the MV -algebra.

1 MV-algebras

By the Mundici theorem ([8]) MV-algebra can be characterized by the help of I-groups.

1.1 Definition. An l-group is and algebraic system
(G, +,2)

such that

(G,+) is and Abelian group
(G, <) is a partially ordered set being a lattice
a<b=a+c<b+c foranya,b,cinG.

1.2 Definition. An MYV -algebra is an algebraic system
(M7 @7 ®7 S? 07 u)

where
M = [0,u] is an interval in an l-group G = (G, +, <)
0 is the neutral element of G (i.e. a4+ 0 =a for any a € G)
u is the strong unit of G (i.e. to any a € G there exists n € N
such that a < u+u+ ... + u(n-times))
a®b=(a+b) A1,
a®b=(a+b—1)VO0.

1.3 Definition. An state on an MV -algebra M is a mapping m : M — [0, 1]
satisfying the following conditions:
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(i) m(u) =1, m(0) =0;
(i1) a, / a = m(a,) / m(a);
(111) an \y a = m(a,) \ym(a).

1.4 Definition. Let J = {(—o0,t);t € R}. An observable on M is any mapping v : J —
M satisfying the conditions:

(i) tn /' 00 = x((—00,tn)) /" u;
(11) t, \y —o00 = z((—o00,t, \0;
(i) tn 7t = 2((=00, 1)) A ((—00,8)) 7 2((=00, 1))

1.5 Theorem.[5] Let m : M — [0,1] be a state, x : J — M be an observable. Define
F: R —[0,1] by the formula

F(t) = m(z((—o00,t))),t € R
Then F' has the following properties:
(i) F is non-decreasing;
(ii) lim, o F(t) = 1;
(idi) limy_, o F(t) = 0;
(iv) F is left continuous in any point t € R.

Proof. is straightforward.

1.6 Definition. An observable x : J — M is called to be integrable if there exists

Blz) = /R HIF(1).

where F': R — [0, 1] is distribution function of the observable x. The observable x is square
integrable, if there exists
/ t2dF(t).
R

2 MV-algebras with Product

2.1 Definition. An MV-algebra with product is a pair(M, .), where M is an MV-algebra
and . is a commutative and associative binary operation on M satisfying the following con-
ditions:

(i) u.a=a foranyae M

(i) a.((b—c)V0)=(a.b—ac)V0 foranya,bce M
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2.2 Theorem. Let M be a o-complete MV-algebra with product, M = {A};t € R}, 1, ...,z :
J — M be observables, where A} = {(uy,...,un) ;> o u; <t}. Then there exists a map-
ping h, : M — M such that the mapping z : J — M defined by

2((—00,1)) = ha(AY),
18 an observable.

Proof. See [5], Theorem 2.3.

2.3 Definition. Let M be a o-complete MV-algebra with product, x1,...,x, : J — M be
observables. Then its sum is defined by the formula

(Z xl) (—OO,t) = hn (A?) = hn (951 ((—OO, t)))

n

1
E x; =hyog,
i=1

where g : R* — R, g (mq,...,my,) = mq + ... + my,.
2.4 Definition. Observables xq, ..., x, are independent, if for any t1,....t, € R
m (hy, ((—00,t1) X (—00,t3) X ... X (—00,t,))) =
=m (z1 ((=00,11))) - m (1 (=00, 13))) - ... - m (1 (=00, 1)) -
2.5 Definition. An observable x : J — M 1is called strong, if
[a,0) N [c,d) =0 = (x ([a, b)) .a) A (2 ([¢,d)).5) =0

for any o, p € M.

2.6 Definition. A state m : M — (0,1) is called o-additive, if

m (\/ An> = Zm(An)

n=1

whenever A, N Ay, =0 (n# m).

3 Applications

3.1 Definition. Let M be a o-complete MV-algebra with product, x4, ..., x, be independent
observables. Then we define

(% > - ) ((~o0,1)) = <Z ) ((—o0, (t+a)n)) =
= D (g7 (=00, (t + @) n)))
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3.2 Theorem. Let M be a o-complete MV-algebra with product, m : M — [0,1] be a
o-additive state, (r,), be a sequence of independent, equally distributed, square integrable
strong observables.Let E [x1] = E[x3] = ... = a, o(x1) = 0(x3) = ... = 0. Then for any t € R

iy L ¢
lim m | 2=— — Z’:ixl a ((—o0,t)) | = —1 / ez
n—00 \/_ﬁ N 2T oo

Proof. See [2|, Theorem 3.3.
We shall write z ~ N (a, 0?), if

U*(ZQ
“202 (.

m (z (—o0,t))

0\/ 27

forany t € R. If a = 0,0 = 1, then m (z (—o0,t)) is denoted by & (¢).

3.3 Theorem. Let M be a o-complete MV-algebra with product, m : M — [0,1] be a
o-additive state, (z,), be a sequence of independent, equally distributed, square integrable

strong observables.Let E [x1) = E o] = ... = a, 0(z1) =0(22) = ... =0 and T = 3" | x;.
Then for any t € R

to 1 t
I § 2| (=00, ~Z ) = ——
nEEom< T~ x)(”ﬁ) \/ﬁ/_of
Proof. E(L1Y" 1 2)=1YE(x)=1-n-a=aq,
~——r

a
hence we see that T is the point estimation of the a.

3.4 Definition. Let x : J — M be an observable, E (z) = a,0? (z) = 0. (yi);ey be a
sequence of observable estimation. The sequence (y;);~, is an interval estimation of a, if
there exist & > 0 such that

lim m(y, —0 <a <y, +9d) =0.

n—oo

The number a =1 —m (y, —d < a <y, +0) is called significance level.
3.5 Theorem. Let all assumption of Theorem 3.3 be satisfied and z, = %2:;1 Ti, o =

2(1—®(9)), i.e
nh_}r&m (fni_ ¢ (-9, 5)) =1—o.

v

Then (Z,,), is an interval estimation of the mean value a = E (x;) .

Proof. Evidently
m (T, —0 <a<Zy,+0)=m((Z, R\( 9))) =

= (=2 (0 (2 3—%>>> -n((22)((-4%%)))
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Since

(—0,0) = (—00,0) — (—00, —0)

and i
hm,Hoom( i (—00,6)> — ()
we obtain
limy, o0 m (t (—5,5)) —D(6) D (-0 =20(0)—1=1-2(1-(@)=1—a
vn S——
1-®(5)
References

[1]

2]

3]

4]

[5]
(6]
7]
8]

Bocato, A.,Riecan,B., Vrabelova,B. :Kurzveil-Henstock interval in Riesz spaces. Bethan
2009.

Kelemenova, J., Kukova, M.: Central limit theorem on MV-algebras. IEEE London 2010
(to appear).

Kelemenova, J., Kukova, M.: Strong law of large numbers on MV-algebras. IEEE London
2010 (to appear).

Montagna, F.: An algebraic approach to propositional fuzzy logic. J.Logic Lang.Inf. 2000,
91-124.

Riecan, B. : On a new approach to probability theory on MV-algebras(to appear).
Riec¢an, B. : On the product MV-algebras. Tatra Mt. Math. Publ. 16, 1999, 143 - 149.
Riecan, B., Lasova, L.: On the probability theory on the Kopka D-posets (to appear).

Rie¢an, B., Mundici, D.: Probability on MV algebras, Handbook of Measue Theory,
Elsevier, Amsterdam 2002, 869 - 909.

70



	MV-algebras
	MV-algebras with Product
	Applications

