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1 Introduction

Throughout this paper R is a commutative ring with a nonzero identity, and M is a unitary
R-module and L stand for a complete lattice with least element 0 and greatest element 1. For
every submodule N of M, we denote the annihilator of M /N by (N :g M), ie., (N :g M) =
{r € R|rM C N}. In his paper [5], Badawi introduced the notion of 2-absorbing ideals of a
commutative ring, where a proper ideal / of R is said to be 2-absorbing provided that whenever
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a,b,c € R with abc € I, then either ab € I or ac € I or bc € I. In [10], this concept was
generalised to weakly 2-absorbing submodules of M by Darani and Soheilnia. Let N be a proper
submodule of M. Then, N is said to be a 2-absorbing submodule of M provided that whenever
a,b € Rand m € M, with abm € N, then either ab € (N :g M) oram € N orbm € N.

Behboodi and Koohy introduced the notion of weakly prime submodules in [7], where a
proper submodule N of M is said to be weakly prime if whenever a,b € R, and m € M with
abm € N, then either am € N or b € N. Atani and Farzalipour gave a different definition
for weakly prime submodules in [3]. According to their definition, a proper submodule N of M
is called weakly prime provided that for every « € R and m € M with 0 # am € N, then
eitherm € N ora € (N :gp M). To avoid ambiguity, Behboodi et al. renamed weakly prime
submodules to classical prime submodules [8].

We recall that a proper submodule N of M is called a prime submodule of M if, for every
a € Randm € M, am € N implies that either m € N ora € (N :g M). The notion of
prime submodules was first introduced and studied in [11] and recently it has received a good
deal of attention from several authors [7, 14]. Clearly every prime submodule is classical prime
submodule and every classical prime submodule is 2-absorbing submodule. An R-module M is
called a multiplication module if for each submodule N of M, N = I M for some ideal [ of R.
In this case we can take I = (N : M )(see [, 16]).

Atanassov and Stoeva [2] generalised the notion of L-fuzzy subsets given by Goguen [13] to
an intuitionistic L-fuzzy subset, where L is any complete lattice with a complete order reversing
involution N. Wang and He [24] and Deschrijver and Kerre [12] studied the relationship between
intuitionistic fuzzy sets and L-fuzzy sets and some extensions of fuzzy set theory. Palaniappan
and others [18] studied intuitionistic L-fuzzy subgroups. Meena and Thomas [17] discussed the
notion of intuitionistic L-fuzzy subrings. Sharma et al. [15,21,22] discussed intuitionistic L-fuzzy
submodules, intuitionistic L-fuzzy prime and primary submodules of a module. The author in
[23] studied, the set of all intuitionistic L-fuzzy prime submodules of M, and topologized it in a
similar way to that of Spec(M).

In this paper, we introduce and examine two generalised notions of prime submodules, namely
classical prime submodules and 2-absorbing submodules, in the intuitionistic fuzzy environment
over the lattice range. We will investigate the relationship between these notions. Apart from
these, some algebraic properties of these notions will be established, which will be of great help
for the further study of these algebraic and topological structures.

2 Preliminaries

Throughout the paper, R is a commutative ring, M is a unitary R-module, and L stands for a
complete lattice with least element O and greatest element 1. 6 denotes the zero element of M.

Definition 2.1. [2,15] Let (L, <) be a complete lattice with an evaluative order reversing operation
N : L — L. Let X is a non-empty set. An intuitionistic L-fuzzy set A in X is defined as an
object of the form A = {(z,pa(x),va(z)) : x € X}, where uy : X — Landvy : X — L
define respectively the degree of membership and the degree of non membership for every x € X
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satisfying pa(z) < N(va(x)). When pa(x) = N(va(x)), forall z € X, then A is called L-fuzzy
set. A complete order reversing involution is a map N : L — L such that

(i) N(0) =1and N(1) = 0;
(i) If o < B, then N () < N(a);
(i) N(N(a))=a;
(iv) NV, a;) = A%y N(ay) and N(A ;) = V2 N (@)

We also denote an intuitionistic L-fuzzy set by simply I LF'S and the set of all /LF'Ss on
X by ILFS(X). For A,B € ILFS(X) we say A C B if and only if pa(z) < pp(x) and
va(z) > vp(x) forallz € X. Also, A C Bifandonlyif AC Band A # B.Let A € ILFS(X)
and p,q € L. Then the set Ay, = {v € X : pa(x) > pandva(x) < ¢} is called the
(p, q)-cut subset of X with respect to A. In particular the set A1) = {z € X : pa(z) =
14(0) and v4(z) = v4(0)} is denoted by A,. By an intuitionistic L-fuzzy point (I LF P) g
of X,z € X and p,q € L\{0} such that p vV ¢ < 1, we mean (o) € I LFS(X) defined by

(p.q), ify==x

L(p.g) (Y) =
) (0,1), if otherwise.

If 2(,4) is an intuitionistic L-fuzzy point of X and (4 C A, we write z(,, € A. Thus
T(pg € A pa(z) > p,va(x) < q. Let Abe an ILFS of X and Y C X. Then the intuitionistic
L-fuzzy characteristic function xy w.r.t. Y is defined as:

1, ifyeYy 0, ifyey

Hoxy <y> = VUxy (y) =

. . ) .
0, if otherwise 1, otherwise.

Definition 2.2. [17] Let A € ILFS(R). Then A is called an intuitionistic L-fuzzy ideal (I LFI)
of R if for all z,y € R, the followings are satisfied:

() palr —y) > pa(@) A paly);
(i) palzy) = pa(z) vV paly);
(iti) va(r —y) < va(z) Vvaly);
(iv) va(ry) < va(z) Avaly).

Definition 2.3. [15] Let A € ILFS(M). Then A is called an intuitionistic L-fuzzy submodule
(ILFSM) of M if forall z,y € M,r € R, the following are satisfied:

(1) palr —y) > pal®) A pa(y);
(i) va(z —y) <walz) Vvaly);
(i) pa(rz) > pa(r);
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(iv) va(rz) <wva(z);
(V) pa(f) =1;
(vi) va(0) = 0.

Let ILFSM (M) denote the set of all intuitionistic L-fuzzy submodules of M and /LFI(R)
denote the set of all intuitionistic L-fuzzy ideals of R. We note that when R = M, then A €
ILFSM(M) if and only if yu4(6) = 1,14(0) = O and A € ILFI(R).

Definition 2.4. [21]Let C € ILFS(R) and B € ILF S(M). Define the composition C'o B, and
product C'B respectively as follows: For all w € M,

sup[pc(r) A ug(x)] fw=rz,re Rjx € M

pcop(w) = e . ’
0, if w 1s not expressible as w = rx
inf[ve(r) Vg(x) ifw=rz,re Roxe M
voop(w) = . . .
1, if w 1s not expressible as w = rz
and
sup[inf;_{pc(r:) A pp(z;)}] ifw=X" rx;,r € Ryx; € Myne N
pep(w) = e : ’
0, if w 1s not expressible as w = X7 | r;7;
inf[Supl {ve(r;) Vvg(x)}] ifw=Y! rz,r, € Rx; € M,ne N
VCB(’(U) =

1, if w 1s not expressible as w = X7 r;7;

where as usual supremum and infimum of an empty set are taken to be 0 and 1, respectively.
Clearly, C o B C CB. Further, for any a(,q € [LFP(R), 2., € ILFP(M), we have
(0p,0) (T ww)) = (A T(uw))-

Definition 2.5. [19] For A, B € ILFS(M) and C € ILFS(R), define the residual quotient
(A:B) and (A:C) as follows:

(A:B) = \U{D: D € ILFS(R) such that D - B C A} and
(A:C)=J{E:E€ILFS(M)suchthat C- E C A}.

Clearly, (A: B) € ILFS(R) and (A:C) € ILFS(M). Further, if A, B € ILFM (M) and
C € ILFI(R), then (A:B) € ILFI(R) and (A:C) € ILFM(M).
Theorem 2.6. [19] For A,B € ILFS(M) and C € ILFS(R). Then we have
(i) (A:B)-BCA;
(ii) C-(A:C)C A;

(iii) C-BC A< CC(A:B)< BC (A:Q).
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Definition 2.7. [6,20] For a non-constant A € ILFI(R), A is termed as intuitionistic L-fuzzy
prime (respectively, primary) ideal of R if for any a, q), bty € ILFP(R) such that a(, ¢)b(;,s) € A
inferred that a,,q) € A or by,s) € A (or respectively ag, q) € Aorbf, , € A, for some n € N).

Definition 2.8. [25] For a non-constant A € ILFI(R), A is termed as intuitionistic L-fuzzy
2-absorbing ideal of R if for any a,q), b(t.s), Cluw) € ILFP(R) such that a, )bt Cuw) € A
inferred that a, ¢)b(t,s) € A OF bz 6)Cuw) € A OF Apg)Cluv) € A

Definition 2.9. [21,22] For a non-constant A € I LFI(M), A is termed as intuitionistic L-fuzzy
prime (respectively, primary) submodule of M if for any 7, o) € ILFP(R), x4 € ILFP(M)
such that r(; )z, q) € A inferred that x(, 4 € Aorry) € (A:xar) (or respectively, 2,4 € A or
T&S) € (A:xu), for some n € N).

Theorem 2.10. [21] (a) Let N be a prime submodule of M and o a prime element in L. If A is
an ILF'S of M defined by

1, ifxeN 0, ifyeN
pia(z) = . C5ovale) =49, .
«, if otherwise a, otherwise.

for all x € M, where o is complement of o in L. Then A is an intuitionistic L-fuzzy prime
submodule (ILFPSM) of M.
(b)Conversely, any intuitionistic L-fuzzy prime submodule can be obtained as in (a).

Corollary 2.11. [21] If A is an intuitionistic L-fuzzy prime submodule of M, then (A : x) is an
intuitionistic L-fuzzy prime ideal of R.

Definition 2.12. [9,21] Anelement o € L, 1 # a, is called a prime element in L if for all p; s € L
ifpAs<aimpliesp < aors < a.

Definition 2.13. [19] An R-module M is called an intuitionistic L-fuzzy multiplication module if
and only if for each intuitionistic L-fuzzy submodule A of M there exists a intuitionistic L-fuzzy
ideal C' of R with C(0g) = (1,0) such that A = C'y,;. One can easily show that if A = C'xy
then A = (A : xa)xXum-

3 Intuitionistic L-fuzzy classical prime submodules

In this section, we introduce the notion of intuitionistic L-fuzzy classical prime submodules of
a R-module M, which is a generalisation of intuitionistic L-fuzzy prime submodules. We recall
that, a proper submodule N of an R-module M is called classical prime, if for any elements
a,b € Rand x € M, the condition abx € N implies that az € N or bx € N. Then we provide
some basic results on intuitionistic L-fuzzy classical prime submodules. Throughout this paper,
we assume that M is a module over a commutative ring R with unity.
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Definition 3.1. Let A be an ILFSM of an R-module M. Then A is called an intuitionistic L-fuzzy
classical prime submodule (ILFCPSM) of M if for any aq),b¢s) € ILFP(R) and z(,.) €
ILFP(M) (a,b € R,x € M,p,q,r,s,u,v € L), we have ag, b)) C A implies that
either ap q)T () C© A 0r b )T () C A.

Theorem 3.2. Let A be an intuitionistic L-fuzzy classical prime submodule of an R-module M.
Then for every o, f € L with A, gy # M, A p) is a classical prime submodule of M.

Proof. Let A be an intuitionistic L-fuzzy classical prime submodule of M and suppose that
a,b € R,x € M are such that abx € A(,p). Then ps(abr) > a, va(abr) < 3 implies
[4(abz) (o 5) (abz)=a < pa(abx) and V(abz) o p) (abx) =B >v4(abx) and so we have (abx) (g C A,
1.e., a(a,g)b(aﬂ)x(aﬁ) C A. Since A is an ILFCPSM of M, we have (ax)(a,g) = U(a,8)T(a,8) © A
or (bx)(a,8) = b(a,8)%(a,p C A. Thus ax € A p) or bx € A, p). Hence A, p) is a classical
prime submodule of M. [

Corollary 3.3. If A is an intuitionistic L-fuzzy classical prime submodule of M, then
A, ={z €M : pa(x) = pua(0) and va(z) = v4(0)}
is a classical prime submodule of M.

Proof. Since A is a non-constant ILFCPSM of M, then A, # M. Now the result follows from
Theorem (3.2). [l

Theorem 3.4. Let N be a classical prime submodule of M and « be a prime element of L and o
be the complement of cvin L. If A € ILFS(M) defined by

1, ifze N 0, ifzeN
pa(z) = C5ovale) =9 ,
«, otherwise «, otherwise .

forall x € M, then A is an intuitionistic L-fuzzy classical prime submodule of M.

Proof. Since N is a classical prime submodule of M and N ## M, therefore A is a
non-constant ILFSM of M. Suppose that a, q), by,s) € ILEFP(R), 2(u € ILFP(M) such that
U(p.g)D(t,5)T () C A, 1.8, (abT) (prsnugvive) C A. Then pAsAw= fi(qbs) abz) < pa(abx)
and gVtVo = V(abx)(mmu’qu)(abx) > va(abx). If apgTwey € A and by gy € A,
then p A u = fiaz) ppugve (@) £ p1a(a2), ¢V U = Viaz), 0 om (@2) F valax), we have
palaxr) = a,valar) = o and so ax ¢ N. Similarly s V U = L), 00 (07) £ pa(bz),

(pAsAu,qVtVv) (

tV U = Viaz) o (02) 7 va(bx), we have pa(br) = a, va(br) = o and so bz ¢ N. Since a is
assumed to be a prime element of L, sopAsAu £ o, qgViVo 2 a'. Since N is a classical prime
submodule of M, we have abr ¢ N. Consequently pi4(abz) = o, va(abz) = o'. Therefore,
pAsAu < aqgViEVo > o', which is a contradiction. Hence A is an intuitionistic L-fuzzy
classical prime submodule of M. ]

Remark 3.5. Every intuitionistic L-fuzzy prime submodule is an intuitionistic L-fuzzy classical
prime submodule. But the converse, in general is not true, see the following example.
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Example 3.6. Let R be an integral domain and P a non-zero prime ideal of R. Then for the free
R-module M = R & R, the submodule {0} & P is a classical prime submodule, which is not a
prime submodule. Let o be any prime element in L and o be its complement in L.

Define the ILFS A of M by

1, ifxe{0}a®P 0, ifze{0}aP
pa(z) = . ovale) =4, ~
«, otherwise a, otherwise .
for all z € M, then by Theorem (3.4), A is an intuitionistic L-fuzzy classical prime submodule
of M which is not an intuitionistic L-fuzzy prime submodule.

Lemma 3.7. (1) Let A be an ILFSM of M. Then A is an ILFCPSM of M if and only if for each
T(uw) € ILFP(M) such that x(,,) ¢ A, (A:Z(y)) is an ILFPI of R.

(2) Let {A; : i € A} be a family of ILFCPSMs of M such that for each T(,,) & [\;cp Ai
{(A; - x(uw)) : i € A} is a chain of ILFIs of R. Then (;c, A; is an ILFCPSM of M.

(3) If {A; : i € A} be a family of ILFPSMs of M such that {(A; : xu) : i@ € A} is a chain of
ILFIs of R. Then (), A; is an ILFCPSM of M.

Proof. (1) Firstly, assume that A be an ILFCPSM of M and x(,.,) € ILFP(M) such that
T(uw) ¢ A. To show that (A : x(,,)) is an ILFPI of R. Suppose that C, D € ILFI(R) such
that CD C (A:2u) and C € (A: z(yy)), 1.e., CDx(,) C Aand Ca(,.) € A. As A be an
ILFCPSM of M. So, we have Dz, ,y C A, ie., D C (A:x(,,)). Hence (A:x(,,)) is an ILFPI
of R.

Conversely, assume that (A:x(,.)) be an ILFPI of R and x(,,) ¢ A. Suppose that a, q), b,s) €
ILFP(R) such that ag, g)b,s) () © Aimply agp,q)bis) € (A: 2 (). AS (A: () is an ILFPI
of R imply that Q(p,q) € (A : :L’(u’v)) or b(t,s) < (A : l‘(um)), 1.e., A(p,q) T (u,v) C Aor b(t,s)x(u,v) C A.
This implies that A is an ILFCPSM of M.

(2) Assume that a, ¢y, b5y € ILFP(R), 2(yv) € ILFP(M) suchthat ag, )b, ww) € (iea Ai
C A;. This implies a(, )bt Ty S Ai, Vi € Ao As each A; is an ILFCPSM of M, so
A(p,g)T(uw) S Aj OF by )Ty € A; for each ¢ € A. Suppose that a, g7y, SZ ﬂieA A; and
bit,s)Tuw) T Niep Ai- Hence ag, Ty € Ar and by 2wy € A for some k,1 € A. In this
case a(pq) ¢ (Ar @ T(uw)) and by & (Ar @ T(uw)). Since Ty ¢ [);ep Ai» We can assume
that (Ak : ZL‘(u,v)) - (Al : [E(ujv)). Therefore, A(p,q) T (u,) SZ A and b(ts)l’(uﬂ,) SZ Ap. while
a(p,q)b(t,$)T(ww) € Ag. This contradict the assumption that A, is an ILFCPSM of M. Hence
Nica Ai is an ILFCPSM of M.

(3) Suppose for some ILFPs a, ), ) of R and x(,,,) of M we have a,.¢)0,)T(u,0) ﬂieA A;.
So a(p,q)b(t,s)x(u,v) C A;,Vi € A. Assume that A(p,q) T (u,v) g ﬂ’iEA A; and b(tjs)x(u,v) g ﬂieA A;,
then a(y,¢)T(uv) € Ax and by ) € A, for some k, 1 € A. In this case a(,q) ¢ (Ax : Xa) and
bs) € (Ai : xar). We can assume that (Ay : xar) € (A; : xar). By Corollary (2.11), (Ax : xur)
is an ILFPI of R. Therefore, a(, )bty € (Ar : Xa). Also, a(pg)bit,e)T ey © Ap. As Ay is
an ILFPSM of M. It follows that a, 4)T(u,v) © Ay OF bt 6)T(u,w) S A Which is a contradiction.
Hence (), A; is an ILFCPSM of M. O

105



Theorem 3.8. An intuitionistic L-fuzzy submodule A of an R-module M, where A # x 1, is an
intuitionistic L-fuzzy classical prime submodule if and only if (A: x ) is an intuitionistic L-fuzzy
prime ideal of R.

Proof. Let A(# x) be an intuitionistic L-fuzzy classical prime submodule of M. Let a, ),
bisy € ILFP(R) such that a,qbes) € (A : xar). This imply agbeagxm € A As Ais
ILFCPSM, therefore we get a, oy X © A or by o xm € A. Which further gives a(, q) € (A:xnmr)
or bs) € (A:xa). Hence A is an intuitionistic L-fuzzy prime ideal of R.

Conversely, for every ILFSM A(# xa) of an R-module M we have that (A : xas) is an
intuitionistic L-fuzzy prime ideal of R.  Suppose that a, by € ILFP(R) and
T(uw)y € ILFP(M) we have a(, )by € (A:xam). As (A: xar) is an ILFPI of R, so either
Apg) © (A:xar) orbe C (A:xar). Also because () C xar implies (A:xar) C (A ().
Therefore, we have ag,q € (A : T(uw)) OF brsy € (A Z(uw)). Which further imply that
Ap,q)T(u,w) © A OF by ) T(u) € A. Hence A is an ILFCPSM of M. O

In the sequel, we will find a relationship between intuitionistic L-fuzzy prime submodules
and intuitionistic L-fuzzy classical prime submodules.

Theorem 3.9. Let M be an R-module and A a non-constant ILFSM of M. Then A is an
intuitionistic L-fuzzy prime submodule of M if and only if A is intuitionistic L-fuzzy primary

submodule and intuitionistic L-fuzzy classical prime submodule.

Proof. 1f A is an intuitionistic L-fuzzy prime submodule of M, then the result is obvious. Now
suppose that A be an intuitionistic L-fuzzy primary submodule as well as intuitionistic L-fuzzy
classical prime submodule of M. Consider a(q € ILFP(R), o € ILFP(M) such that
Ap.g)T(uw) © Aand z(,,) ¢ A. As A be an intuitionistic L-fuzzy primary submodule, so there
exists some positive integer n such that for each v, v,y € ILFP(M \ A.) (where uy,v; are
chosen so that y(,, »,) ¢ A) we have af,, ) € (A: Y, ,0,)). Since A is an ILFCSM of M, then
by Lemma (3.7)(1) (A : Y(u,,v)) is an ILFPI of R, then a(,q) € (A : Y(u,,0)). Hence for each
Y(ur,on) € ILFP(M), we have a(, ) Y(u,,01) € A, i€, apg Xy € Aand so agq) € (A:xar). This
implies that A is an ILFPSM of M. [

Proposition 3.10. Ler M be a multiplication R-module and let A € ILFSM (M), where
A # xu- If (A xw) is an intuitionistic L-fuzzy prime ideal of R, then A is an intuitionistic
L-fuzzy classical submodule of M.

Proof. Let (A: xyr) be an ILFPI of R. Consider a, ), b5y € ILFP(R), & € ILFP(M)
such that a, ¢)b(t,s)T(uw) © A. This imply (ag,q)) (bit.s)) (T(uw)) € A. NOW (2(4,0)) is an ILFSM
of M so we can write (% (y,.)) = Cxum, for some ILFI C of R. Therefore, (a,q)) (b(t,s))Cxm € A,
ie., (apq)((bes)C) C (A:xar). As (A:xar) is an ILFPI of R, we have (a¢,q)) € (A:xar) or
<b(t,s)>C C (Arxar)-

= {@p.a) (Tuw) S (A:xa)xm = Aor (bg,0) (L) = (0s)Cxar € (Aixa)xm = A

= Q(p,q)T(uw) S A Or by )T () © A. Hence A is an ILFCPSM of M. O
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Remark 3.11. From Theorem (3.10) and Proposition (3.8) we notice that in the case of
multiplication R-module M, every intuitionistic L-fuzzy classical submodule is an intuitionistic
L-fuzzy prime submodule. Thus, in the case of the multiplication module M, the two notions of
intuitionistic L-fuzzy classical prime submodules and intuitionistic L-fuzzy prime submodules
coincide.

Theorem 3.12. Let f : M — M’ be a homomorphism of R-modules.

1. Suppose that f is a monomorphism. If B is an ILFCPSM of M’ with f “Y(B) # xu, then
f~YB) is an ILFCPSM of M.

2. Suppose that f is an isomorphism. If A is an ILFCPSM of M, then f(A) is an ILFCPSM
of M.

Proof. (i) Suppose that B is an ILFCPSM of M’ with f~'(B) # x . Let A(p.g)s bty € ILFP(R),
T(uw) € [LFP(M) such that a(p,q)b(t,s)x(u,v) - f_l(B)

= (abx) (prsnuqvive) © f~H(B)
= pip-1py(abx) > pAsAuand vy g (abr) < gViVo
= ,uB(f(abx)) >pAsAuand l/B(f(abx)) <qVitVu
= pp(abf(z)) >pAsAuvandvg(abf(z)) < qgVitVo
= (abf (7)) prsruqveve) € B
= a(p)bit,s) (f (%)) ww) € B.

As B is an ILFCPSM of M this implies a(y.q)(f (%)) () C B or bzs)(f(2)) ) € B
= (af(m))(pAu,qu) C Bor (bf(if»(t/\u,svv) cB
= (f(ax)) prugve) € Bor (f(b))irusve) C B
= pp(f(ax)) = p Au, vp(f(ax)) < qVv)or up(f ( z)) =t Au, vp(f(bx)) < sV
= pip-ypy(ax) > p Au, viypy(ax) < gVoor 1) (br) >t Au, vi-p(br) < sV
= (a) prugve) f71(B)or (bx) (tau,sve) © (B )
= )T © f7HB) o by T € fH(B).
Hence f~'(B) is an ILFCPSM of M.
(ii) Assume that A is an ILFCPSM of M. Let a(, ), b(t.s) € ILFP(R), Yuy.01) € ILFP(M'). As
f is an isomorphism so we have unique « € M such that f(x) = y. Suppose that a, ¢)b(t,s)Y(uy 1)
C f(A) so that apgbis)(f(Z)) @) S [f(A). This implies that (f(abx))pasiuqviver)
C f(A), ie., ppa(flabr)) > p As Auyp and v (fabr)) < gV itV As fisan
isomorphism, then we have pa(abz) > p A s A uy and va(abzr) < gVt V v;. This implies
(abx) (prsius,quiver) S A, ie., apgbes T m) © A As Ais an ILFCPSM of M, therefore
either Ap,)T(uy 1) = (a[E)(p/\quVUl) C Aor b(t,s)x(ul,vl) = (bI)(t/\uhstl) C A which further
imply f((ax)(p/\m,qvm)) C f(A)or f((b$)(tAu173VUI)) C f(A). Thus a(p,q)(f(z))(uhm) C f(4)

or b(t7s)(f($))(u17”1) - f(A) and so A(p,q)Y(u1,v1) - f(A) or b(t7s)y(u1ﬂ)1) - f(A) Hence f(A) is
an ILFCPSM of M. O
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4 Intuitionistic L-fuzzy 2-absorbing submodules

In this section, we introduce the concepts of intuitionistic L-fuzzy 2-absorbing submodules and
intuitionistic L-fuzzy strongly 2-absorbing submodules. We give some basic properties of these
classes of intuitionistic L-fuzzy submodules and then investigate the interplay between 2-absorbing
submodules and intuitionistic L-fuzzy 2-absorbing submodules.

Definition 4.1. Let A be a non-constant ILFSM of B. A is called an intuitionistic L-fuzzy
2-absorbing submodule (ILF2ASM) of B if for any ILFPs a(, ., b of R and z(,,) of M
(a,b € Ryx € M,p,q,r,5,u,v € L), apg)bu,sT(uwpy € A implies that a(,q)bus € (A: B)
OF A(p,)T(uw) © A OF by T(up) € A. Ais called an ILF2ASM of M if it is an ILF2ASM of x ;.

Definition 4.2. Let A be an ILFSM of M. Then A is said to be an intuitionistic L-fuzzy strongly
2- absorbing submodule (ILFS2ASM) of M if it is non-constant and whenever C, D € ILFI(R)
and F € ILFSM (M) with CDE C A, then CD C (A:xy)orCE C Aor DE C A.

Theorem 4.3. (1) Every intuitionistic L-fuzzy classical prime submodule of M is an intuitionistic
L-fuzzy 2-absorbing submodule.

(2) Every intuitionistic L-fuzzy prime submodule of M is an intuitionistic L-fuzzy strongly
2-absorbing submodule.

(3) Every intuitionistic L-fuzzy strongly 2-absorbing submodule of M is a intuitionistic L-fuzzy
2-absorbing submodule.

Proof. (1) and (2) are mmediate consequences of the definition.

(3) Let A be an intuitionistic L-fuzzy strongly 2-absorbing submodule of M. Assume that
A(p,q) b(t,s) € [LFP(R),QZ(%U) € [LFP(M) with a(p,q)b(t,s)x(u,v) C A. Then by Definition
(2.4) (a@pq)) (b)) () = (Ap.g)Dit,5)Tww)) € A. Since A is an intuitionistic L-fuzzy strongly
2-absorbing submodule, we have (a(,q\bt.s) = (A@pq) (Oirs)) S (A xar) o (Apg)Tuw)) =
(a(p,q)><x(uﬂ,)> g A or (b(t,s)x(uwﬂ = <b(t75)><$(uﬂ,)> g A. Therefore, a(p7q)b(t7s)XM g A or
Ap,q)T(uw) & A Or by Ty € A, ie., Ais an intuitionistic L-fuzzy 2-absorbing submodule
of M. []

By Theorem (4.3), every intuitionistic L-fuzzy prime submodule is an intuitionistic L-fuzzy
2-absorbing submodule, but the converse is not necessarily true. See the following example:

Example 4.4. Consider M = R = Z. Then M is a Z-module. Let p and ¢ be a pair of distinct
prime numbers, and set J = pqgZ is a 2-absorbing submodule of M. Now define an IFS A of M
by

1, ifx € pqgZ 0, ifz e pgZ
pa(z) = _5ovale) = e
0, otherwise 1, otherwise
Then A is an intuitionistic L-fuzzy 2-absorbing submodule of M. Moreover A, = J is a

2-absorbing submodule of M that is not a prime submodule of M. Hence A is not an intuitionistic
L-fuzzy prime submodule of M.
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Theorem 4.5. If A be an ILF2ASM of B, then A, gy is a 2-absorbing submodule of B g) for
every a, 3 € L such that A, gy # B(a,p)-

Proof. Let abr € A, p) for some a,b € R,z € M. In this case pa(abxr) > o, va(abx) < 3. We
get (. 8)0(a,8)T(a,8) = (abT) 0,8y C A. As Ais an intuitionistic L-fuzzy 2-absorbing submodule
of M, we have a(ang)b(aﬁ)B g A or A(a,B) T (a,B) g Aor b(aﬁ)x(aﬂ) g A.

If (abx)(a,3) C A, then for every w € abB 4 ), we have w = aby for some y € B(,, ). Then
1s(y) > o, vp(y) < B. Now a = aApp(y) < sup,_up{aA ()} = by, 5 8(w) < pa(w).
Similarly, 3 = 8V vp(y) > infu—at{B V va(¥)} = V), 5(w) > va(w). Therefore,
,LLA(ZU) >, I/A(w) <p imply w € A(aﬁ) and so abB(ayg) - A(aﬁ), ie.,ab e (A(aﬁ) : B(aﬁ)).

If (ax)(aﬁ) = Ua,f)T(a,p) & A, then ax € A(a’g). Similarly, if (bx)(a’g) = b(a,8)T(a,8) C A,
then bx € A, ). This implies that A, gy is a 2-absorbing submodule of B, ). O]

Corollary 4.6. If A is an intuitionistic L-fuzzy 2-absorbing submodule of M, then A, is a
2-absorbing submodule of M.

Proof. The result follows from Theorem (4.5) since A is an intuitionistic L-fuzzy 2-absorbing
submodule; hence it is a non-constant intuitionistic L-fuzzy submodule of M and so
A, # M. ]

Definition 4.7. Let o € L\{1}. Then « is called a 2-absorbing element of L if p A s A u < «
impliesthatp A s < aorsAu < aorpAu< «forall p,s,uec L.

Theorem 4.8. Assume that N is a 2-absorbing submodule of M and let o be a 2-absorbing
element of L and o' be its complement in L. If A is an ILFS of M defined by

1, ifzreN 0, ifxeN
pa(z) = Csonale) =9, _
«, otherwise «, otherwise

for all x € M, then A is an intuitionistic L-fuzzy 2-absorbing submodule of M.

Proof. Assume that N is a 2-absorbing submodule of M. Then N is a proper submodule of
M. Therefore, A is a non-constant intuitionistic L-fuzzy submodule of M. Suppose that a, ),
b(t,s) € [LFP(R), T(up) € ILFP(M) such that a(pﬁq)b(t,s)x(u,v) C A but (p,q) T (uw) 7@ A and
bit.s)Tuw) € A. In this case pa(ax) > a,va(ax) < . Therefore, az ¢ N. Similarly, we get

br ¢ N. Moreover from a(, q)b(t.s) Ty C A, We have p A s A u = f(aba) )(abx) <

(pAsAu,sVEVo
pa(abx) imply that p4(abx) > p A s A w. Similarly, we get va(abzr) < sV itV w.

If pa(abzr) = 1,v4(abz) = 0, then from abx € N, ax ¢ N,bx ¢ N, we getab € (N : M)
since NV is a 2-absorbing submodule of M, then pi4(abm) = a,va(abm) = o', ¥m € M. Now
we have p A s = fag, b, oxar (@bm) < pa(abm) and g V't = v, b, xar (@bm) > va(abm).

If pa(abr) = a,va(abr) = o', then fromp A s Au < a,pAu € a,s Au % a. Since a is a
p,q)b(t,s)xﬂf (w) = p/\s S «Q S
pra(w). Similarly, we can show that v, b, ,x (W) > o > va(w), forall w € M. Therefore,

2-absorbing element of L, we get p/A s < a. In this case we have Ha

apg)bee,s) € (A:xar), thatis A is an intuitionistic L-fuzzy 2-absorbing submodule of /. ]
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Theorem 4.9. The intersection of two intuitionistic L-fuzzy prime submodules of an R-module
M is an intuitionistic L-fuzzy 2-absorbing submodule.

Proof. Let Ay, A, be two ILFPSMs of an R-module M. Suppose that A = A; N A,. Consider
Q(p,q)> b(t,s) S ]LFP(R), L(uw) € ]LFP(M) such that a(p,q)b(t,s)m(u,v) C A but A(p,q) T (uw) SZ A
and b(t,s)x(u,v) g_ A. Then A(p,q) L (uw) g_ Al and b(t,s)x(u,v) g Al and A(p,q) T (u,w) g A2 and
b(t,5) (u,0) SZ Ay, but these are impossible as A;, Ay are ILFPSMs of M. So suppose a,.¢)T (u,v)
¢ Ay and by Ty € As. Since agq)bisTwe) C A = A1 N Ay implies that ag, g)b(.6) )
C Ay and a(pq)bit,s)Tuw) © Az. Then ag,g)bs) € (A1 2 xar) and agpq)bi,s) € (A2 : xar) and so
a(p7q)b(t73) € (Al . XM) N (AQ . XM) = (A1 N A2 . XM) = (AXM) Hence A = Al N AQ s an
ILF2ASM of M. [

Remark 4.10. The intersection of two intuitionistic L-fuzzy 2-absorbing submodules need not
be an intuitionistic L-fuzzy 2-absorbing submodule.

Example 4.11. Consider M = R = Z. Then M is a Z-module. Let p < ¢ < r be three distinct
prime numbers, and set .J = pgZ and J = prZ are 2-absorbing submodules of }/. Now define
IFSs A and B of M by

1, ifx € pqZ 0, ifzx e pgZ
pa(z) = o valr) = ,
0, otherwise 1, otherwise
and
0.5, ifxeprZ 0, ifxe€prz
pp(z) = _5ove(a) = o
0, otherwise 1, otherwise

Then A and B are intuitionistic L-fuzzy 2-absorbing submodules of M (see Example (4.4)). Also,
then
0.5, ifx € pgrZz 0, ifz e pqrz
pang(z) = o5 vang(z) = ,
0, otherwise 1, otherwise
where panp(r) = min{pa(z), pp(x)} and vanp(r) = max{va(z),vp(z)}, forall x € M.

Here we note that A N B is not an ILF2APSM of M.

Consider p(o.25,0.5), 4(0.25,0.5), 7(0.25,0.5) € ILFP(Z). Now, p(0.25,0.5)4(0.25,0.5)7(0.25,0.5)- Also,
then pang(pgr) = min{pua(pgr), us(pgr)} = min{1,0.5} = 0.5 > 0.25 = (par) 0.95.0.5) (pgr).
Similarly, vanp(pqr) = maxz{va(pqr),ve(pqr)} = max{0,0} =0 < 0.5 = V(pgr) (0.25.0.5) (pgr).
Therefore, (pQT)(().2570.5) Q AN B, i.e., P(0.25,0.5)4(0.25,0.5)7(0.25,0.5) Q AN B. Butitis easy to see
that p(0.25,0.5)4(0.25,05) € AN B and p(g.25.0.5)70.25,0.5) € AN B and qo.25.0.5)70.2505 £ AN B.

Proposition 4.12. If A be an intuitionistic L-fuzzy 2-absorbing submodule of an R-module M,
then (A:x(y,)) is an intuitionistic L-fuzzy 2-absorbing ideal of R for all x(, ) ¢ A.

Proof. Let x(,.) € ILFP(M) such that z(,,) ¢ A. Then (A : x(,,)) is a proper ILFI of R.
Assume that ag, \bi5C6) € (A @ Zy)) for all a,b,c € R,p,q,t,s,4,5 € L. Then
a(p7q)b(t75)(C(iyj)fﬂ(u’v)) g A. Since A is an ILF2ASM of M, then a(p,q)b(m) Q (A : XM) C
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(A Tuw)) OF Qg CaTww) S A O busCijTuw S A le, apgbirs S (A: Zw) or
Apg)Cig) S (At T(uw)) OF b sycijy © (A 2up)). Thus (A:x,,) is an intuitionistic L-fuzzy
2-absorbing ideal of R. [

Theorem 4.13. If A be an intuitionistic L-fuzzy 2-absorbing submodule of an R-module M, then
(A:xn) is an intuitionistic L-fuzzy 2-absorbing ideal of R.

Proof. Let a(p,g)b(t,s)Cuw) S (A:xnr) such that ag, gy € (A:xn) and b syCiu) € (A:xnr)-
We show that a(,q)bs) € (A : xar). There exists ma, 8,) Nas,8:) € {LFP(M) such that
Up) )Mo pr) L A A bies)Clu)arp) €A DU A4 b(1,5) ) M py) S A and
(p,q) D(1,5) Cla0) ez ) & A AN 80 Q) bir5) (Cla) To(ar 1) F Clu) en ) S A

By assumption, A is an intuitionistic L-fuzzy 2-absorbing submodule of M so that
(p,q) (Claus) M1 1) T Cluv) Uz 82)) © A OF bit,s) (Clu,w) M, 81) FCluw)a,82)) E A OF A,y it s) S
(A:xnm).

If a(p,q)b(t,s) - (A : XM), we are done. If a(p,q)(C(u’v)M(ahgl) + C(uw)n(a%gz)) C A, then
U(p.g)C(u) ez p0) & Ay SINCE A g)Clut)Mer 1) & A IMPies a(p,)Cup) M p) S A which
is a contradiction.  NOW  a(p.¢)Cu,v)(as,B2) ¢ A and bt.5)Clu)Uanps) L A while
A (p,q)D(t,5)Clu) (a2,82) © A, then ag, gbrsy € (A xar). With a same argument, we can show
that if b(t,s)(c(u,v)m(al,,é’l) + C(uyv)n(a%gg)) C A, then a(p,q)b(m) - (A : XM)- This complete the
proof. []

5 Conclusion

In this paper, we have introduced and examined the two generalised notions of intuitionistic
L-fuzzy prime submodules of an R-module M, where R is a commutative ring with unity, namely
the intuitionistic L-fuzzy classical prime submodules and the intuitionistic L-fuzzy 2-absorbing
submodule. It is obvious from their definitions that every intuitionistic L-fuzzy prime submodule
is an intuitionistic L-fuzzy classical submodule, and that every intuitionistic L-fuzzy classical
submodule is an intuitionistic L-fuzzy 2-absorbing submodule, but its converse part is not always
true. We obtained the condition when the converse part is also true (see Theorem (3.9)). We have
also proved that in the case of multiplication module M, the two notions of intuitionistic L-fuzzy
prime submodules and intuitionistic L-fuzzy classical submodules coincide (see Remark (3.11)).
Further, we have shown that the intersection of two intuitionistic L-fuzzy prime submodules of an
R-module M is an intuitionistic L-fuzzy 2-absorbing submodule (see Theorem (4.9)). However,
the intersection of two intuitionistic L-fuzzy 2-absorbing submodules need not be an intuitionistic
L-fuzzy 2-absorbing submodule (see Example (4.11)). Besides these, many other related findings
were achieved.

References

[1] Anderson, F. W., & Fuller, K. R. (1992). Rings and Categories of Modules (2nd edition).
Springer Verlag.

111



(2]

(3]

(4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Atanassov, K., & Stoeva, S. (1984). Intuitionistic L-fuzzy sets. Cybernetics and System
Research, 2, Elsevier Sci. Publ. Amsterdam, 539-540.

Atani, S. E., & Farzalipour, F. (2007). On weakly prime submodules. Tamkang Journal of
Mathematics, 38(3), 247-252.

Azizi, A. (2008). On prime and weakly prime submodules. Vietnam Journal of Mathematics,
36(3), 315-325.

Badawi, A. (2007). On 2-absorbing ideals of commutative rings. Bulletin of the Australian
Mathematical Society, 75, 417-429.

Bakhadach, I., Melliani, S., Oukessou, M. S., & Chadli, L. S. (2016). Intuitionistic fuzzy
ideal and intuitionistic fuzzy prime ideal in a ring. Notes on Intuitionistic Fuzzy Sets, 22(2),
59-63.

Behboodi, M., & Koohy, H. (2004). Weakly prime modules. Vietnam Journal of
Mathematics, 32(2), 185-195.

Behboodi, M., & Shojaee, S. H. (2010). On chains of classical prime submodules and
dimension theory of modules. Bulletin of the Iranian Mathematical Society, 36, 149—166.

Birkhoff, G. (1967). Lattice Theory. American Mathematical Society, Providence, Rhode
Island.

Darani, A. Y., & Soheilnia, F. (2011). 2-absorbing and weakly 2-absorbing submodules.
Thai Journal of Mathematics, 9(3), 577-584.

Dauns, J. (1978). Prime modules. Journal fiir die reine und angewandte Mathematik, 298,
156-181.

Deschrijver, G., & Kerre, E. E. (2003). On the relationship between some extensions of
fuzzy set theory. Fuzzy Sets and Systems, 133 227-235.

Goguen, J. (1967). L-fuzzy sets. Journal of Mathematical Analysis and Applications, 18,
145-174.

Jamali, M., & Nezhad, R. J. (2022). On classical weakly prime submodules. Facta
Universitatis, Series: Mathematics and Informatics, 37(1), 17-30.

Kanchan, Sharma, P. K., & Pathania, D. S. (2020). Intuitionistic L-fuzzy submodules.
Advances in Fuzzy Sets and Systems, 25(2), 123—-142.

Kasch, F. (1982). Modules and Rings. Academic Press, London.

Meena, K., & Thomas, K. V. (2011). Intuitionistic L-fuzzy subrings. International
Mathematics Forum 6(52), 2561-2572.

112



[18] Palaniappan, N., Naganathan, S., & Arjunan, K. (2009). A study on Intuitionistic L-fuzzy
Subgroups. Applied Mathematics Sciences, 3(53), 2619-2624.

[19] Sharma, P. K. (2022). On intuitionistic fuzzy multiplication modules. Annals of Fuzzy
Mathematics and Informatics, 23(3), 295-3009.

[20] Sharma, P. K. (2022). On intuitionistic fuzzy primary ideal of a ring. Pan-American Journal
of Mathematics, 1, 1-11.

[21] Sharma, P. K., & Kanchan. (2018). On intuitionistic L-fuzzy prime submodules. Annals of
Fuzzy Mathematics and Informatics, 16(1), 87-97.

[22] Sharma, P. K., & Kanchan. (2020). On intuitionistic L-fuzzy primary and P-primary
submodules. Malaya Journal of Matematik, 8(4), 1417-1426.

[23] Sharma, P. K., & Kanchan. (2021). On the topological structure of spectrum of intuitionistic
L-fuzzy prime submodules. Annals of Fuzzy Mathematics and Informatics, 21(2), 195-215.

[24] Wang, G. J., & He, Y. Y. (2000). Intuitionistic fuzzy sets and L-fuzzy sets. Fuzzy Sets and
Systems, 110, 271-274.

[25] Yavugz, S., Onar, S., Sonmez, D., & Ersoy, B. A. (2017). Intuitionistic fuzzy 2-absorbing
primary ideals of commutative rings. Journal of Hyperstructures, 6, 56-71.

113



