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Abstract: In this paper we conduct a systematic algebraic study on the set I of all intuition-
istic fuzzy implications. To this end, we propose a binary operation, denoted by *,which makes a
(I, ) a monoid.we determine the largest subgroup £ of this monoid and using its representation
define a group action of K that partitions [ into equivalence classes. Also we give novel way of
generating newer fuzzy implications from given ones by a bijective transformations.
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1 Introduction

Study in intuitionistic fuzzy subsets and application of intuitionistic fuzzy control have been
developed quickly since the definition of intuitionistic fuzzy sets was introduced by Atanassov in
1983. IFSS theory basically defies the claim that from the fact that an element = ’belongs” to a
given degree (say p) to a fuzzy set A, naturally follows that = should “not belong” to A to the
extent 1 — u, an assertion implicit in the concept of a fuzzy set. On the contrary, IFSS assign to
each element of the universe both a degree of membership 1 and one of non-membership v such
that ;1 + v < 1, thus relaxing the enforced duality v = 1 — u from fuzzy set theory. Obviously,
when i + v = 1 for all elements of the universe, the traditional fuzzy set concept is recovered.
Technology of intuitionistic fuzzy control has been applied to many fields including medical
field [7, 8, 9]. But the basic theory of intuitionistic fuzzy control is inferior to its application, espe-
cially the theory of intuitionistic fuzzy reasoning. Since Zadeh [10] introduced the compositional
rule of inference (CRI), many researchers have take advantage of fuzzy implication operators



to represent the relation between two variables linked together by means of an ¢f — then rule.
In intuitionistic fuzzy reasoning theory, intuitionistic fuzzy implication operators play the same
important role.

This paper is organized as follows. In Section 2 we propose a binary operation * on the set
of all intuitionistic fuzzy implication I that makes (I, *) a monoid. This is the first work in which
such a rich structure has been obtained on the entire set of intuitionistic fuzzy implications I In
Section 3 We characterize the largest such subgroup K and, based on their representation, propose
a group action of K on I. Clearly, this group action partitions I into equivalence classes. And in
Section 4 we propose a new method for the construction of new intuitionistic fuzzy implications.
Finally we draw conclusions and indicate future lines of research.

2 Preliminaries

First we give the concept of intuitionistic fuzzy set defined by Atanassov and we recall some
elementary definitions that we use in the sequel. Assume that X is the universe.

Definition 1 ([1, 2]). The intuitionistic fuzzy subsets (in shorts IFSS) defined on a non-empty set
X as objects having the form

A= {(z,p(z),v(2)) v € X}

where the functions n : X — [0,1] and v : X — |0, 1] denote the degree of membership
and the degree of non-membership of each element x € X to the set A respectively, and 0 <
u(z) +v(z) <1forallx € X.

For the sake of simplicity, we shall use the symbol (u, v) for the intuitionistic fuzzy subset
A= {(z, u(z),v(z)) v € X}

Definition 2 ([2]). Let A = (4, va) and B = (up,vg) IFSS of X. Then
ACBiffpa <ppandvs > vp

A=DBiffAC Band BC A

A¢ = (va, p1a)

ANB = {ua N pup,vaVuvg)

AUB = (ua V up,va Avg)

0OA = </LA, 1-— /LA>, <>A = <1 — VA,I/A>

We recall from [5] that L* = {Z = (21, x2) /21 + 22 < 1} is a complete lattice with the order
defined by
x>y ifandonlyif z1>1y; and x5 < Yo

Now we recall the definition of intuitionistic fuzzy implication operator given by Atanassov
and Gargov [3].
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Figure 1: Graphical representation of the set L*

Definition 3. An intuitionistic fuzzy implication operator (IFIO) is any I : L*> — L* mapping
satisfying the border conditions:

1((0,1),(0,1)) = (1,0); 1((0,1),(1,0)) = (1,0)

]((170)7(170)) = (170); [((170)7(071>> (071)

and the two following conditions:

1) If& <, thenVz € L*I(&,2) > (7, 3)
2) Ifij < Z, then Vi € L*1(%,7) < (3, )

Definition 4 ([6]). If (X, *) is a mathematical system such that¥ a, b, ¢ € X, (a*b)xc = ax*(bxc),
then x is called associative and (X, x) is called a semigroup.

3 Monoid structure on the set of all
intuitionistic fuzzy implications

Let T be the set of all intuitionistic fuzzy implications. In this section, we begin by proposing a
binary operation * on the set I of all intuitionistic fuzzy implications and show that (I, x) forms a
monoid and discuss the properties preserved under this operation.

Definition 5. For any two intuitionistic fuzzy implications I,J we define I x J: L*> — L* as
(L * ) (@, 9) = 1(z, J(z,9)).%.9 € L".

The following result shows that  * J is, indeed, an intuitionistic fuzzy implication.

Theorem 1. [ x J is an intuitionistic fuzzy implication, i.e., [ x J € .



Proof. (i) Let 1, 25,7 € L* be such that 77 > 2. Then J(21,7) < J(72,7).
Then (I x J)(21,9) = I(21, J(£1,7)) < [(29, J(22,7)) = (I x J) (22, 7).
Then [ xJ is decreasing for the first variable. Similarly one can show that / x.J is increasing
in the second variable.

]

Theorem 2. (I, x) forms a monoid, whose identity element is given by

—

IS
I
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>

Proof. From the previous theorem x is a binary closed operation on the set I. For associativity of
x,let [, J,K € Tand z,y € L*. Then

(Ix(JxK))(Z,y9) = I(z,(J*K)

Further,

—2
~.

~
S
I

|
N
N
O D

I(z,g) if
= I(z,9)
Similarly Ip * I = I then I becomes the identity element in I. [

Remark 1. (I, %) is not a group. Indeed, take a

o g if 7=1

otherwise

and we have [ x I, = I for all I € 1. Thus there does not exist any J € [ such that J x I, = Ip.

Lemma 1. Let [ € I; then I is invertible w.r.t x if and only if there exists a unique J € 1 such
that for any &, € L* with @ # 0, I(z,J(%,79)) = § = J(Z, 1(Z,9))

Proof. Let I be an invertible element w.r.t *, i.e., there exists a unique J € [ such that [ x J =
Ip = J x I. In other words,

I(z,J(z,9)) = Ip(z,9) = J(z,1(,9)), 2,y € L*.

But for # # 0 we have Ip (%, ) =  thus for & # 0, I(%, J(z,9)) = § = J(&,1(Z,9)).
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Conversely, assume that there exists a unique J € I such that for & # 0 [(z,J(Z,7)) =
Since I,J € Land I % J,J « I € I we have I(Z,J(Z,9)) = Ip(Z,9) = J(Z,1(Z,7)). Then T is
invertible w.r.t . []

Theorem 3 ([4]). A function ¢ : L* — L* is a continuous increasing bijection if, and only if,
there exists a continuous increasing bijection A : [0,1] — [0, 1] such that p(z) = (M(x1),1 —

Theorem 4. The solutions of I(z, J(Z,y)) =y = J(&, I(Z,7)) are of the forms I(Z,,7) = ¢(7)

and J(z,7) = ¢~ *(y) for some continuous increasing bijection o

Proof. Let I and J € Isuch that I(%, J(Z,7)) =4 = J(&,1(#,7)) forall # # 0 and § € L*. Let
& # 0 be fixed arbitrary and define two functions ¢, s, : L* — L* as oz () = 1(2, §) and
Vi (§) = J(Zo, 7). Clearly, both ¢, 1, are increasing function on L*. Then I(zy, J (%o, 7)) =
i (Uio(@) = (s © $a)(§) = § for all § € L*. Similarly, J (&, 1(50,5)) = ey (95 (§)) =
(Ve © @) (5) = § for every § € L*. Thus 1z = ¢, and vy is a bijection. Hence 1y
increasing bijection on L* for every £ # 0.

Since  is chosen arbitrarily, ¢z = ' for all # # 0 Thus for & # 0 I(Z,7) = ¥z(7) and
J(%,9) = 7' (9).

Let 77, Z5 not null such that 7 < %5. Then I (77, 7) < I(%%, ) implies that ¢, (7) < 14, (7) and
¢-'(7) < vz (y) forall § € L*. And we have

Va Sn = Ya oUy Sds oty
= id < Y5 04y
— id < g 07 < 00y
— id < ¢z 00 <id
Hence v, o ¥ = idie ¢y (§) = ¥y, (7) forall j € L* Since £ and <, are arbitrarily chosen
s = g, Thus I(Z,9) = ¢(g) and J(Z,y) = ¢~ *(y) for some increasing bijection on L*. [

Then from the obvious theorems we have the following result

Theorem 5. I € [ is invertible w.r.t x if and only if

o 1 if =0
I(T,9) =q ,
©(y) otherwise
where the function ¢ : L* — L* is an increasing bijection

Let K the largest subgroup of the monoid I
Now we propose yet another new generating method of intuitionistic fuzzy implications from
intuitionistic fuzzy implications and show that this method imposes a semigroup structure on the
set IL.
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4 Semigroup structure on I

Definition 6. Let [,J € I. Define I > J : L** — L* as follows: (I > J)(Z,9) =
1(J(1,%), J(z,9)),%,7 € L~

Theorem 6. We have I > J is an intuitionistic fuzzy implication. i.e., [ > J € L.

Proof. LetI,.J € Tand &, 4,9 € L*.
Let Zfl S .fg. Then J(fl,g) Z J(fg,g) and J(l,fl) S J(l,fg)

(I D)@ g) = I(J(La), J(21,9) 2 1(J (1 21), J (22, 9))
> I(J(1,4), J(52,9)) = (I > J) (72, §)

Thus > is decreasing in the first variable. Similarly, one can show that > is increasing in the
second variable. Now we have

(I > J)(0,0) = 1(J(1,0),J(0,0)) =1(0,1) =1

(I>J)(1,1)=1(J(1,1),J(1,1)) = I(1,1) =1

(I > J)(1,0)=1(J(1,1),J(1,0)) = I(1,0) = 0

Hence [ > J is an intuitionistic fuzzy implication. U

Theorem 7. (I, >) is a semigroup.

Proof. from the obvious theorem [> is a binary operation on I. Then it is enough to show that >
is associative in I. Let /, J,T' € Iand x,y € L*.

We have
(I>(Je D)5 = I((J>T)1,3),(J > T)(,7)
= I(J(T(1,1),T(1,2)),J(T(1,2), T(z,5)))
= I(J(1,7T(1,2),J(T(1,2),T(z,5)))
and, (I > J)>T)(&,9) = (I>J)(T(1,7),T(%,7)
= I(J(1,7(1,%)),J(T(1,%),T(z,9)))
Then ©> is associative in I and (L, &) is a semigroup. [

Theorem 8. Let [, J € K. Then [ > J =1 * J.

Proof. Let I, J € K i.e., for some o, € O,
o 1 if =0
I(Z,9) =4 ,
©(y) otherwise
1 if
¥(y) otherwise

(@)

and J(Z,7) =

Now we have

(I>J)(&,y) = 1(J(1,2),J(z,7))

(e}

1 if
e((g)) otherwise
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- R 1 if =0
nd (I xJ)(z,y) =1z, J(x, =
and (I« J)(z,9) = I(z, J (2, 9)) o(B()) otherwise

Hence [ > J =1x*J [

Theorem 9. Forall [ e IT e K, T+« ([>T )= (T*1)>T"

o 1 if =0
Proof. Let I € Tand T' € K we know that 7'(Z, §) =
©(g) otherwise

for some ¢ € ©. Also T~! will be given by
1 i i=0
T-1(z,7) = /

~—~

o Yy) otherwise
if # = 0. Then (T (I >T""))(0,9) =1= ((T * 1) > T71)(0,7) if # # 0. Then

(T+{I>T)(@9) = T@E I >T ) (7))

and

(TeD*T")(@,y) = (TI)(T7(12),T7'(2,9)

Hence we have proved that (T« (I > T 1)) (z,9) = (T« I) > T ') (z,g) forallZ,5 € L*. O

5 Group action of /C on I

In this section we define the group action of X on I. for that we first show some result that we
need in the sequel.

Theorem 10. The groups (K, x), (O, o) are isomorphic to each other

Proof. Let f : © — K defined by f(p) = I where
1 if 0
©(g) otherwise

IS

I(Z,9) =

It is easy to see that the map f is one and onto. Let 1, wo € 0 and f(p1) = I1, f(p2) = I

if =0

Where [;(Z,7) =
©i(gJ) otherwise

fori =1,2
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Now we have:

(f(%) * f(@z))(faﬂ) = (Il * 12)(&@)

= Il)(:@ I(Z,7)
1 if =0

©1(p2(y))  otherwise
= flprow2)(7,9)

Thus f is an isomorphism. ]
Definition 7. Let (G, *) be a group and H be a nonempty set. A function ® : G x H — H is
called a group action if, for all g,, g2 € G and h € H, e satisfies the following two conditions:

1) gre(g20h) = (g1%g2) ®h

2) e @ h = h where e is the identity of G.
Definition 8. Let e : K x I — I be a map defined by (T, I) — T eI =T x [ T~
Lemma 2. The function e is a group action of IKC on 1

Proof. LetT, T, € Kand I € I.
1Y)
Tie(Tyel) = Ty (Tyel)xT;!
= Tl*TQ*I*TQ’l*Tfl
= (Ty*T)* I (Ty xTy)""
= (TyxTy)el.

2) Similarly, Ip @ I = Ip * [ * I;' = I, since I is the identity of (I, ).
Thus e is a group action of K on I [

Definition 9. Let I,J € 1. Define I ~ J < J = T e[ for some T’ € K. In other words,
I ~J& J=TxIxT"forsomeT c K.

Lemma 3. The relation -« is an equivalence relation and it partitions the set .

Proof. We have for I, J €1

17« Ibecause [ = Ip* I %I,

2 Andwehave I «~ J = J = T[T ! this implies that I = T« I +T then we take H = T~ .
Hence J «~ 1.

3 for the transitivity let / «~ J and J «~ K we can easily show that [ «~ K. ]

Remark 2. Let I € 1. Then the equivalence class containing I will be of the form [I| = {J €
I|J=TxI%T"" forsomeT € C}.
Since any T' € K is of the form
T(3.5) = 1 ) if x'—O
©(y) otherwise
for some o € 0, we have that, if J € [I), then J(z,7) = p(I(Z,0 ' (9))) forall ,y € L*.
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Now we define a new group action of C on I.

Theorem 11. Let Ll : K X I — [ be definedby TUI =T 1, T € K, I € 1.
The function Ll is a left group action of K on L.

Proof. i) LetT},T, € K and I € I. Then

Tu(Lul) = Tyx(Tyul)
Ty % (Tyx 1)

= (Ty+Ty) x1

= (ThxTr)UI

ii)/p LU [ = Ip I =1 Thus LI is a left group action of K on I [l

6 Bijective transformations of intuitionistic fuzzy implications

Definition 10. Let I : L*> — L* be a function and p,, u € ©. We define the bijective trans-
formation J, ., : L** — L* of I as follows:

Sowun(T,9) = (L ((T), u(7)) (1)

The following result shows that any bijective transformation of the form (1) can also generate
intuitionistic fuzzy implications from intuitionistic fuzzy implications.

Theorem 12. Let [ : L** — L* be a function and p, ), i € ©. Let J, ., be defined as in (1).

Then the following statements are equivalent:
i) I is an intuitionistic fuzzy implication
ii) Jy,pp Us an intuitionistic fuzzy implication

Proof. =) Let 7,25, 7 € L* such that #; < 7. Then we have [ (75, 7) < I(#1,y) using the fact
that p, v, u € © we defined (I (¢ (£2), (7)) < @ (¥(21), ;1(7)). This implies that J,  , is
decreasing for the first variable.

Similarly for the second variable.

And we have J,.;.,(0, ) = o(1(:(0), (1)) = p(I(0.1) = p(1) = 1.
Ton(1,0) = (1 (A1), p(0)) = (I(1,0) = p(0) =
Toao(L1) = (T (1), (1)) = p(I(1,T) = (1) =
Hence J,, 4, s an intuitionistic fuzzy implication.
Conversely, let J, 4, an intuitionistic fuzzy implication. Then for 1, 75,y € L* such that z; <
Za.
We have J@ﬂ/’»#(‘f?? g) < J%%M(flv ?j)
— (I((), 1(§)) < P (% (&), u(F)) for some p, v, 1 € O
= [(¢Y(22), ;1(g) < I(3p(21), u(y) then I is a decreasing function for the first variable because
©, ¥, 1 € O. Similarly, [ is increasing for the second variable.
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Now we have J, 4 ,(0,1) = 1 = ¢(I()(0), 1(1)) this implies that ¢ (1(0,1)) = 1.

Hence I(0,1) = 1 because 4,0(1) 1 Voeb

Jowu(1,1) =1 = @(I(1(1), (1)) this implies that p(I(1,1)) = 1. Hence I(1,1) = 1
Jown(1,0) = 0 = @(I(p(1), 12(0)) this implies that ¢(I(1,0)) = 0. Hence I(1,0) = 0. O

From the obvious Theorem, it follows that one can always obtain intuitionistic fuzzy implica-
tions from given an intuitionistic fuzzy implication using (1).
Now, given [, J € [ we define

Iw,w,w’ = J=1,y, )

for some ¢, v, € ©. It can be easily seen that ~, 4, is an equivalence relation, if [[]._,

denotes the equivalence class of fuzzy implications containing [ w.r.t. (2), then

[I]Nso,w,u - {J € H|J ~o,u }
= {JellJ(@,9) = e(I((2), u(y))) forsomep, b, u € O}
= A ((2), n(@))]e, ¥, n € O}

Now we propose two functions from C x T — I. One of these turns out to be a group action of
IC on I, while the other is an anti-group action.

Definition 11. Let O : 1 x K — I be defined by IOT =1 xT.
Theorem 13. < is a right group action of K on 1.

Proof. LetI € Tand T,T5 € K.

(IOT)OTy = (I« T1)0To = (I Th) « Ty = I % (Th x Ty) = IO(Ty + Ty).

IOTp =1%1Ip=1foralll €l.

Thus ¢ is a right group action. [

Definition 12. Define ~,onlby [ ~y J <= J = IQT =1 T for some T € K.
It is easy to verify that ~,, is an equivalence relation.

Remark 3. Let I € 1. If[I|, denotes the equivalence class containing I, then

Mo = {Jel,n)
= {Jel|lJ=1xT forsomeT € K}
= {JellJ(z,9) =1(z,T(Z,9)) for some T € K}
= {Jel|lJ(z,9) = I(z,p(y)) for some v € O}
= {I(Z,¢(g)) for some p € O}.

Definition 13. (See [6]) Let (G, x) be a group with identity e and S being a nonempty set. A map
o: G xS — Sis called anti-group action if for all g1, g, € G,s € S the map o satisfies the
following :

() gio(g208)=(g2001)05

(ii) eos=s.
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Theorem 14. Let J3: K X I — [ be definedby T 31 = (I >T)+« T, T € K,I € 1. Then O

is an anti-group action of IC on 1.

Proof. i) Let I € I and T7,T> € K. Then

TO(La)=T(aI>T)*Ty")
= (I>T) Ty T« Tt
Since 11, T, € K. Then 17, T are of the following form
s 1 if =0
(&) ©i(g) otherwise
1 = 1,2 for some p; € 0, if £ = 0. Then
(T 2(LoD)E,9) = = (I>T) Ty > Ty) Ty )(32,3])
= (I> D)+ T, > T) (@, 17 (2, 9))
= (I>Tp) Ty >T1)(fv P ()
= (> T)* T, )1, 9), Ta(@, 97 (9)))
= ((IDTz)*Tz D (ei(2),9))
(I > Ta)(p1(2), Ty (01(2),9)))
= (I > T)(pi(@), 92" (7))
= I(Ix(1,¢:(2)), Tz(sﬁl(x),sog_l(ﬂ)))
= I(p2(¢1(2)),9),
While
(L*xT) 3 1)(&,9) = (> (ToxTh)* (TexT1)7)(7,9)
= (> (TpxTy) = (Ty " +T51))(@,9)
= (I>(T+T) * Ty )(F 93 ()
= (> (TxT)(@ o1 (93 (9)))
= I(Ty+ Th)(1,2), (To * Th)(Z, o1 (937 (9))))

Thus in all cases we have shown that 7}
I el

ii)Let/ € . ThenIp 31 = (11> [D)*151 = I > Ip = I, hence s an anti-group action.

(Ty «Ty) O I, for all T, Ty € K and

]

Definition 14. Let [,J € 1. Then the relation defined as follows is an equivalence relation:

I ~g Jifand only if J =T L

In fact, by expanding the above .J as follows

(T3 3 I)QTy) for some Ty, T3, T3 € K.

J = TYu (T D 1)0Ts) =Ty + (T3 3 1)0T3)
= Tyx (T30 +Ty) =T+ ((I >T3) Ty " xTy)

Then I ~g Jifand only if J = Ty * ((I > T3) * T3 *

17

« Ty) for some Ty, T, T3 € K.



Theorem 15. The equivalence classes of fuzzy implications as given in (16) are exactly the equiv-

alence classes obtained from the relation ~, i.e., for any I € 1, [I]

~Noap,p = [I]NB'

Proof. Let I € 1. Then

g

(Jel|J ~g I}

{(JelJ=T+((I>T3)*Ty ' xTy) forsome Ty, Ty, T3 € K}

{Jel|J(z,9) = (T * (I > T5) T3_1 x15)(z,9) forallz,ge L*}

(Z,9) (T, (I >T3)* Ty '« Ty)(2,9) forallt,je L*}

{7 ellJ(&,9) = T(@, (I > T)(@, (T3 * T)(7,9)))) foralli,je L}
(@,9) = Th( ), Ty(Z, (Ty '+ T2)(2,9))))  forallz,je L'}
(z,9) = Ta( )

) forallZ,ye L*}

*
k

~—
N
Mm
==
N
=
<
Il
=
\.&2

&I
—~
sz
o3
=
<

i if =0
JellJ(z,y) =
{ 1/&.9) o(I(Y(z), u(y)) otherwise
{J €l[J(z,9) = (I (Y(2), 1(9))  forsomep, v, € O}
U~y

O

In other words, this result shows that any bijective transformation can be represented by a

composition of group actions and an anti-group action of K on .

7 Conclusion

Our motivation for this study was to propose a binary operation * on the set I of all intuitionistic

fuzzy implications that would give a rich enough algebraic structure to glean newer and better

perspectives on intuitionistic fuzzy implications. The operation * proposed in this work not only

gave a novel way of generating newer intuitionistic fuzzy implications from given ones, but also,

for the first time, imposed a monoid structure on I. By defining a suitable group action on I and

the equivalence classes obtained therefrom. And we have shown that the bijective transformations

given in (1) can be seen as a composition of group actions ¢, L and 1.
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