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tional derivatives and integral are considered in the Riemann—Liouville sense. Finally we give an
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1 Introduction

Fractional differential equations are a powerful tool for modeling many systems in various areas
of sciences. There are many systems in nature with a complex behavior and fractional order model
capture the properties of these kinds of systems but classical integer order model neglect such
properties. Fractional differential equations have played an important role in many fields such as
astrophysics, electronics, diffusion, material theory, chemistry, control theory, wave propagation,
signal theory, electricity and thermodynamics [4, 6].

The idea of intuitionistic fuzzy set was first published by Atanassov [1, 2] as a generaliza-
tion of the notion of fuzzy set. Many authors develop the theory of intuitionistic fuzzy set in
the different fields. As we give a sense of the concepts of intuitionistic fuzzy fractional integral
and derivative in Caputo sense and the existence and uniqueness of mild solution for intuition-
istic fuzzy fractional equation are discussed using the concept of semigroup and Banach fixed
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point method [8]. In this paper we discuss the existence and uniqueness solution of fractional
differential equation with intuitionistic fuzzy initial value and we give an example.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used through-
out this paper.
Let us denote by Py (IR) the set of all nonempty compact convex subsets of R.

Definition 2.1.
IF; = IF(R) = {{u,v) : R — 0,1]*, Yz € R, 0 < u(x) +v(z) < 1}.
An element (u,v) of IF is called intuitionistic fuzzy number if it satisfies the following conditions
(i) (u,v) is normal, i.e., there exists xo, x1 € R such that u(x¢) = 1 and v(x;) = 1;
(ii) w is fuzzy convex and v is fuzzy concave;
(iii) w is upper semi-continuous and v is lower semi-continuous,
(iv) supp (u,v) = cl{x € R:v(z) < 1} is bounded.

Thus, we denote the collection of all intuitionistic fuzzy number by IF;.
For v € [0, 1] and (u, v) € IF', the upper and lower a-cuts of (u, v) are defined by

(u,v)]* ={x eR:v(x) <1-—a}
and

(u,v)], ={r e R:u(z) > a}.
Remark 2.1. If (u, v) is an intuitionistic fuzzy number, so we can see [(u, v)],, as [u]” and [(u, v)]"
as [1 — v]” in the fuzzy case.
We define 01 gy € IF; as
(1,0) t=0
0,1) t#0

Let (u,v) ,(u’,v") € IF; and A € R, we define the following operations by:

<(u,v) ® <u’,v’))(z) = ( sup min (u(z),u'(y)), inf max (v(x),v’(y))),

z=x+y z=z+y

0q1,0)(t) =

(A, Aoy, ifA#0

Au,v) = ' :
0(17()), ifA=0

For (u, v), (z,w) € IF; and A € R, the addition and scale-multiplication are defined as follows
[(u,v) > <z,w>r = [(u,v}]a + [(z,w>] , [)\(z,w>r = A[(z,w)}a,
[ :[<u,v>] —i—[(&w}] , [A(z,wﬁ :)\[(z,wﬁ :

«

«

(u,v) & (z, w}}

« o « «
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Definition 2.2. Let (u,v) an element of IF, and o € [0, 1], we define the following sets:

[(u,w]j(a) = inf{z €R|u(@) > a}, [(uv) ]j(oz) — sup{z € R | u(z) > a},

[(u,v}]l(a) = inf{fz eR|v(z) <1-a}, [(u,v)]r(a):sup{xE]RM(:v)§1—a}.

Remark 2.2.

a !

[wo]" =[], @ [wa] @]

[wo] =[] @ [wa] @],

Proposition 2.1. Forall o, § € [0, 1] and (u,v) € IF,

i [wo] <lwo]

[0}

(ii) [ (u,v) } and [ (u,v) ] are nonempty compact convex sets in R;

«

(iii) if « < 3 then [(u,v}]ﬁ C [(u,’u)} and [(u,v}}g C [(u,v)}

«

(iv) If o, / «then [(u,v>L:ﬂn [(u,vﬁ and [(u,v>r:ﬂn [(u,v>rn.

Let M any set and « € [0, 1] we denote by

M,={z€eR : ulx)>a} and M*={zxeR : v(x)<1l-—a}.

Lemma 2.1. [7] Let {Ma, a € 0,1] } and {M“, a €0, 1]} be two families of subsets of R
satisfying (i)—(iv) in proposition 2.1, if u and v are defined by

u(r) = ;
sup{a € [0,1] : z € M,} ifze M,

: 0

o(z) = 1 ifr ¢ M

1—sup{a€0,1] : z €M} ifze M

Then (u,v) € IF;.
Let (u,v) € IF; such that [(u,v> (t)] = H (u, U>]+

«

@[] @) .

[(u,v} (t)]a - Hw mr(a)(t), [(u,v)]r_(a)(t)] forall € (0,a] and ¢ € R, with k = [g]

(where [¢] is the largest integer less or equal to q).

! r

We define

A )
t) = I'(q) ’
6l { o



and

Oq(t) = Grpq(t)x 0 k=gl
b_n(t) = &"(H) n=0,12.

with the property @, (t) * ¢,(t) = ¢g4,(t) for p > 0, where 6" (¢) is the n'" derivative of the delta
function and I'(.) is the gamma function (for the properties of ¢,(¢) see [3] and [5]). Suppose that
[m,my(a), [m,m}j(a), [(wo)] (@), [{w.0)] (@) € C(0. 71, R) 1 12((0,0), B) foral
a € [0,1] and let

te = [ [ T ] @s, [ -9 [ ] @]

(q ! "
= [0 % [w0)] @@, 000) ¢ [ w0} ] (@0)]: @)

a = S [ Twn] @s, [ -9 [ ] @]

l r

= [6u®x | w) | (@®),0,0) 5 | (w0} | (@)0)]. 22)

Lemma 2.2. The family {A., A% «a € [0,1]}, given by (2.1) and (2.2), defines an intuitionistic
fuzzy number (u,v) € IF; such that [(u, v)] = A, and [(u, ’U>} = A~

Definition 2.3. Let (u,v) € C((0,a],IF,) N L*((0,a),IF;). Define the intuitionistic fuzzy frac-
tional primitive of order q > 0 of (u, v) in the Riemann—Liouville sense

t
I {u,v) (t) = ﬁ/o (t—8)" {u,v) (s)ds, t€(0,a)
by
q — L[ q-1 * ' q-1 * _
19 (w,0) (1)], = —— /0 (=57 [{w,0)] (@)(s)ds, /0 (=9 [w)] (@)s)ds|. te0.0)

(@) |
Ba0) [ (00} ] (@)(0), 600+ w0} ] (@)(0)], 1€ 0.0)

1w 0] = :/Ot(t—s)q 1{(u,v>}(a)(s)ds,/ot(t—s)q_1[<u,v>} (a)(s)ds:, te(0,a)

) ! .
= |ou® [wn) | @00 | wr)] @@], te©a

Definition 2.4. Let (u,v) € C**5((0,a],1F,) N L*((0,a), IFy). The intuitionistic fuzzy fractional
derivative of order ¢ > 0 of (u, v) in the Riemann—Liouville sense is defined

D*{u,v) (£) = D' (u,v) (t) * drip—q(t)
1 d'tr

T T(1+k — q)dti+ /0 (t = 5)"" (u,v) (s)ds

|
r—| )1

‘ -

—

D) @l = [P [ @0 < drasmg(. DT ()] @0 < org0)]

= a +1k:—q) [;::i /Ot(t—s)k*q[( >] (a)(s)ds, dtl:i /t( _S)kw[(u,q;)]j(a)(s)ds}
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(D% (u0) () = [D”’“[w 0], (@)®) * d1k-q(0), Dl*’“[w D] @0 56121000

d1+k d1+k‘

1+k 3 [dtlJrk/(t s)k— q (u,v) (a)(s)ds, T /Ot(t—s)k—q[<u7y>]:(a)(s)ds:|

provided that equations define an intuitionistic fuzzy number D? (u, v) (¢) € IF;. In fact

_ {Dq[(u,v)}j(a)(t%Dq[@aW]

+(a)(t)} forall t € (0,a] and o € [0, 1]

T

[Dq (u,v) (t)}

«

[Dq (u,v) (t)r - {Dq [ (u, v)r(a)(t), Di [ (u, v}]r (a)(t)} forall € (0,a] and o € [0, 1]

Example 2.1. Let (u,v) : (0,a] — IF, be a constant intuitionistic fuzzy function, i.e., (u,v) (t) =
cfort € (0,a] and 0 < q < 1. If [c]o = [ (@), c5 ()] and [c]* = [c] (a), c; ()] then
1 d [ d [*
(DT (u,v) ()] = Ti=q {E/o (t —s)cf (@)ds, 5/ (t— S)QCI(a)dS}

t1 + + a
= F(l _q> [Cl (a)702( )]7

[D? (u,v) (1)]* = ﬁ [%/0 (t —s) ey (a)ds, % /0 (t — s)_qc;(a)ds}
t—9 _ _
= m[ﬁ (@), c5 ()],

that is Dic = F(tl;fq)cfor every c € IF;.

3 Fractional differential equations with intuitionistic fuzzy data

Let 0 < ¢ < 1, We consider the initial value problem

Dir(t) = f(t,r(t))
{gg#%wzumw> ’ G.1)

where f is a continuous mapping from [0, a] x R into R and (ug, vy) = ro is an intuitionistic fuzzy

number with a-level intervals | (uo,vo) | = [[(uo,voﬂf(a), [(uo,voﬂj(a)} and [(uo,vo)r —

([0, wo)]F (), [{uo, v (@)], 0 < @ < 1.
The extension principle of Zadeh leads to the following definition of f(¢,7) when r is an
intuitionistic fuzzy number, i.e., r = (u,v) € IF;

flt,r)(y) = (sup {u(:p),y = f(t,x), Vo € R},inf {v(x),y = f(t,x), Vo € R})
It follows that:

)] = [min{s(ta) @ e (o)l (@) (o)l (@) fmax{f(t.2) @ e [[wo)lf (@), (o)l )] }]

[e%

[ren]” = [min{st.a) @ e [[w o) @) (o) @) }max{rt,2) + @€ (1w o)) @), 1w 0)); @)]}]

68



for r € IFy, with a-level intervals |

Definition 3.1. A function (u,v)

rla = [{u, v)]o and [r]* = [(u, v)]*.

: [0,a] — IF; is called an integral solution for (3.1) if
€ ,al, IF1) N ,a),IF1 ) and the following equation holds on [0, a
C'((0,al,IF LY((0 IF d the followi jon hold 0

(u,v) (t) =t (ug, vo) + ﬁ /Ot(t - s)q_1f<s, (u,v) (s))ds.

We call (u,v) :

D(u,v)] (a)(t) = min{ f(t,2) : = € [[(u,
D(u, v)J (@) (t) = max{f(t,z) : z € [[(u,
Di[(u,v)]; (a)(t) = min{f(t,z) : z € [[(u,
DY[{u,v)]; (a)(t) = max{ f(t,z) :

Denote f =

(f1, fa, f3, fa4) where

filt,u) =
fa(t,u) =
fs(t,u) =
fat,u) =

fort € (0,a]and 0 < o < 1.

min{ (¢, z)
max{ f(t, z)
min{ f (¢, z)
max{ f(t, z)

D w € [ur, uo) }
D x € [ug, usl}

D x € [ur, 0]}
: x € [vg, 0]}

where u = (uy, ug, vy, v9) € R with vy < uy < up < vo.
Thus for fixed o, we have initial value problems in R*:

D(u, v)] ()(t) =

D[(u,v)[f (a)(t) =

r

F(t (w0

D, )y (a)(t) = f(t,[<u,v>1;
D, )5 (a)(t) = (

i (t, [, ) () (8), [ v>]¢<a><t>) ,

(@)(?),

t—0+

lim 179 (u, v)]F (a)(t)

t—0t

lim '~
t—0t+

lm ¢~ (u, v)] () () =

).
@) tg%ljl sl (@)(0)
@10).

(0, a] — TF; an intuitionistic fuzzy solution of (3.1) if:

O (@)(@), [(u, )] (@) ()]},
O (@)(#), [(u, )] (@) (B)]
v)l; (@) ®), [, v)]7 () ()]},
€ [[{u, )] (@)(®), [{u, )] () (®)] },

L0 (@)(8) = [(uo, vo)]} ()

L) (@)(t) = [{uo, vo)lf (e)
u, v)];7 ()(t) = [(uo,v0)]; (@)
L) (@) (t) = [(uo, vo)lr (a)

[(uo,v0)] (@)

[(uo, v0>]:r(a)

[(uo, vo)]; (@)

;0] (@) (8) = [(uo, vo)l, (@)

(3.2)

If we can solve their (uniquely), we have only to verify that the intervals

([, )T (@) (1), [, )] () (1)]

and

([0, 00T (@)®), [, 0); (@) (1))

0 < a < 1, define an intuitionistic fuzzy number (u, v) (t) € IF;.

Moreover, as f is assumed continuous, the initial value problem (3.2) is equivalent to the

following fractional integral equation

r(t) = ro(t) + ﬁ/o (t— )7 f(s,r(s))ds, 0 <t <a,

where

—1
t? To

To(t) =

69
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Theorem 3.1. Assume that
a) fe€C([0,a] x R—R)and]| f(t,u) |< Myon|0,a] x [0,b];

b) g € C([0,a] x [0,0] — Ry), g(t,m) < M; on [0,a] x [0,0], g(t,0) = 0, g(t,m) is
nondecreasing in m for each t and m(t) = 0 is the only solution of

Dim(t) = g(t,m(t)), t € (0,d 3.4
with the initial condition lim t'~%m(t) = 0;
t—0+
c)
| F(tw) — £ ) [< gt | u— ).t > 0, u € R: (35)

d) solutions m(t,mq) of (3.4) are continuous with respect to the initial condition

mo = lim t~9m(¢).
t—0+

Then the initial value problem (3.1) has a unique intuitionistic fuzzy solution.

Proof 3.1. It can be shown that (3.5) implies
I F(tu) = F&,m) (1< gt u—a )t > wueRY, (3.6)

where the || . || is defined by || u ||= mazx{|ui|, |us|, |us|, |us|}. It is well known that (3.6)
and the assumptions on g [[10] Theorems 2.1 and 2.2] guarantee the existence, uniqueness and

continuous dependence on initial value of the solution to

Dr(t) = f(t,r(t), t € (0,a], lim t'~9r(t) = ry € R* (3.7)

t—0t

and that for any continuous function ry : R™ — R* the successive approximations

1 ' q—1F _
Tny1(t) = 1o(t) + m/o (t—s)17 " f(s,rn(s))ds,n=10,1,... (3.8)

converge uniformly on closed subintervals of R" to the solutions of (3.7). By choosing ro =
(ué‘l,uf)‘Q,vgl,v(?Q in (3.7) with v§; < u§; < uf, < v, we get a unique solution r*(t) =
<u‘f(t), us(t), v (t), ug(t)) to (3.2) for each o € (0, 1].

In the sequel we will prove that the intervals [u$, u$] and [v$, v$] define an intuitionistic fuzzy
number r(t) € IFy for each t > 0 with [rola = [u§y, uly] C [ro]*
intuitionistic fuzzy solution to (3.2).

= [v5y, v, i.e., T(t) is an

The successive approximation ro(t) = ro € IF,

Tna1(t) = 1o(t) + ﬁ/g (t — )7 f(s,ru(s))ds,n=0,1,...

forall t > 0 define a sequence of intuitionistic fuzzy numbers {r,(t)} € IF.
B a
Then, if 0 < a < 5 < 1 then [rn(t)] C [Tn(t)] and [rn(t)} C [rn(t)] since by the con-
B a

vergence of sequence (3.8) the end points of [rn (t)} and [rn(t)] ’ converge to u(t), ug (t), v} (t)
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and v§(t) respectively. Then [u’f(t),ug(t)} - [uﬁf‘(t),ug(t)} and [U’f(t),vg(t)} - [vf‘(t),vg‘(t)],
i.e., the property (iii) of Lemma (2.1) holds. Now, let consider a nondecreasing sequence {c}
in (0,1] converging to « as, ro(t) € IF; then, ugf,ugs, vot and viy converge respectively to
ugy, Uge, VG, and vy, and by the the continuous dependence on the initial value of the solution of

(3.7), ui*(t), ug* (t), vi*(t) and v5* (t) converge respectively to uf(t), us (t), v¥(t) and vs(t), i.e.,

[wf,ug] = lim [ur™, uy*] = (3 [ur®, us*] and o, vg] = lim [or*, 0] = () [07", 05" Thus
the property (iv) holds.
To prove that r(t) = (u,v) (t) is an intuitionistic fuzzy solution it remains to show that
[{u, 0) ()]  [{w, 0) (£)].
We have
lim 7% (t) = v < lim ¢ "% (t) = uf
L vr(t) = vy < R uf (t) = ugy
and
lim '~ (t) = ufy < lim 7% (t) = v,
e uy (t) = ugy < et vy () = vy,
then
() < Wl (t)
and

S (t) < s (t)

for all t belonging to the neighborhood of 0.

So [(u,v) (t)]a € [{u, v) ()]
Hence, by Lemma (2.1), (u,v) (t) € IF, and so r(t) = (u,v) (t) is an intuitionistic fuzzy
solution of (3.1). The uniqueness follows from the uniqueness of the solution of (3.7). U

4 Example

Consider the crisp differential equation
Dir(t) = —r(t) 4.1)
with the intuitionistic fuzzy initial condition

lim t'~9(t) = (1,2,3;0,2,5), 4.2)

t—0t

where t € (0,a],0 < ¢ < 1, and (ug,vo) = (1,2,3;0,2,5) € IF; is an intuitionistic fuzzy
triangular number, that is, [(ug, vo)]o = [1 +«, 3—a] and [(ug, vo)]* = [2a, 5—3a] for a € (0, 1].
If we put

and

then



and
[Drr(t)]" = [P, )] (@) (1), D, 0] () (8)].

We obtain the system

D) (@)(t) = =[{wv)]7(@)(t), lim 7w, v)](@)(t) =1+
D(u, )] (@)(t) = =[{w, )]/ (@)(t), lim 7[{u, 0)]7(@)(t) =3 —a
D*(u,v)] (@)(t) = —[{w,v)]; (@)(t), lim £7[u, v)]; (a)(t) = 22
DY(u,v)] (@)(t) = =[{w, )] (@)(t), lim 7w, 0)] (@)(t) = 5 = 3a
Dix(t) = Az(t), tlir(g tH92(t) = ¢, 4.3)
{0} () 1) I I+a
where z(t) = [, )] (@)(¢) A= 0o 0 0 -1 c= 3o
ol [0 T 20
[{u, )] (a)() 5— 3a

Using the same method that in [9], we obtain the solution of (4.3). It is given by

14+«
33—«
2a ’
5 — 3a

z(t) =t E, (At e = t7 B, ,(AtY)

where £, ,(At?) is Mittag-Leffler function of matric argument given by

ZZO:O % 0 2n ’ ;
- Atq O ZZOZO W’ﬂi‘l)) 0 2nq O
qthq ZF k+1 0 0 Zfzom 0 2
0 0 0 Zzozo WHL:U)

~ 0o i 0
+ 0 0 0 — S threray
0 0 — > o % 0
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Then we obtain

o y2nt)g-1 o nt2e-1
R CUIED e RS By IR
o) (@)(0) = f} (8- a) - fj (1)
o (@)(t) = fj g fj L)
(@0 = 3y (6= -3

We observe that [(u,v)]; ()(t) and [(u,v)]; («)(t) are nondecreasing with respect to « and
[(u, v)]}F () (t) and [(u, v)]; ()(t) are nonincreasing with respect to «.

Moreover,
[{w, 0)] () (t) < [(u, v)] () (t)
and
[{u, )] () (t) < [, v)], ()(B),
also
[(u, 0)]; (@)(8) < [(u, 0)]i" (@)(2)
and

for all « € [0, 1].
Thus, due to Lemma (2.1)

and

define the a-level intervals of an intuitionistic fuzzy number. So |r(¢)| and [r(t)] " are the lower
and upper a-cut of the intuitionistic fuzzy solution of (4.1), (4.2).
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