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Abstract: This paper introduces the concept of an intuitionistic fuzzy group algebra associated
with a finite group G and an intuitionistic fuzzy group A on G. We establish its structural
properties, showing that it simultaneously behaves as an intuitionistic fuzzy algebra and an
intuitionistic fuzzy G-module. Extending author’s earlier results on the semi-simplicity of
intuitionistic fuzzy G-modules, we explore links to complete reducibility and injectivity. Further,
we study intersections, («, )-cuts, and homomorphic images of such algebras, and define
intuitionistic fuzzy group algebra homomorphisms. Finally, we prove that the class of all
intuitionistic fuzzy group algebras forms a category.
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1 Introduction

The notion of a fuzzy set in a set was introduced by Zadeh [28], and since then this concept has
been applied to many mathematical branches. Rosenfeld [14] applied the notion of fuzzy sets to
algebra and introduced the notion of fuzzy subgroups. The literature of various fuzzy algebraic
concepts has been growing very rapidly. In particular, Negoita and Ralescu [13] introduced
and examined the notion of fuzzy submodule of a module. Since then different types of fuzzy
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submodules were investigated in the last two decades. Shery Fernadez introduced and studied the
notion of fuzzy G-modules in [9]. Recently, Abraham et al. [1] defined fuzzy group algebra and
studied some basic properties of it.

One of the interesting generalizations of the theory of fuzzy sets is the theory of intuitionistic
fuzzy sets introduced by Atanassov [2—4]. Biswas [6] was the first one to introduce the notion of
intuitionistic fuzzy subgroup of a group. Using the Atanassov’s idea, Davvaz et al. [8] established
the intuitionistic fuzzification of the concept of submodule in a module and introduced the notion
of intuitionistic fuzzy submodule of a module which was further studied by many authors (for
example see [5, 11, 15, 17,25]). The notion of intuitionistic fuzzy GG-modules was introduced
by Sharma ef al. in [26]. Many properties like representation, reducibility, complete reducibility,
semi-simplicity, fundamental theorems of isomorphisms, injectivity, projectivity, etc., of
intuitionistic fuzzy G-modules have been discussed in [18-24,27].

We turn our attention towards intuitionistic fuzzification of Maschke’s Theorem on semi-
simplicity of group algebra. The primary objective in this process was to introduce the intuitionistic
fuzzy version of a group algebra. In this paper, we introduce the concept of an intuitionistic
fuzzy group algebra using a finite group GG and an intuitionistic fuzzy group A on G. We had
observed the basic properties of an intuitionistic fuzzy group algebra, including its behaviour as
an intuitionistic fuzzy algebra and as an intuitionistic fuzzy G-module. The intersections and
(cv, B)-cuts of an intuitionistic fuzzy group algebra, image and inverse image of the intuitionistic
fuzzy group algebra under the group algebra homomorphism induced by a group homomorphism
will be analyzed. This will lead to desirable results asserting the main objectives.

2 Preliminaries

For the sake of convenience, the existing concepts which will be used in this paper are mainly
taken from [3,5-7,19,20,26]. Throughout the paper, M will always be a G-module over the field
K (a subfield of the field of complex numbers).

Definition 2.1. ([3]) Let X be a non-empty set. An intuitionistic fuzzy set (IFS) A of X is
an object of the form A = {(x, pua(z),va(z))|z € X}, where py : X — [0,1] and v4 : X — [0, 1]
define the degree of membership and degree of non-membership of the element z € X respectively
and for any x € X, we have 0 < p4(z) + va(x) < 1.

Remark 2.2. When pi4(z)+va(z) = 1,ie., va(x) = 1—pa(x) forany x € X, then A is called a
fuzzy set. For convenience, we write the IFS A = {(z, pa(x),va(z)) |z € X} by A = (ua,va).

Definition 2.3. ([3]) Let A = (ua,v4) and B = (up, vp) be any two IFSs of X, then

(i) AC Bifandonly if pa(x) < pp(z) and va(z) > vp(x) Vo € X;

(ii)) A= Bifand only if pa(z) = up(x) and va(z) = vp(z) Vo € X;

(iii) A® = (ptac, vac), where piac(z) = va(x) and vae(z) = pa(z) Vo € X

(iv) AN B = (ptanp, Vans), where pianp(x) = pa(z) A pp(x) and vanp(z) = pa(z) V pp();
(V) AU B = (paup, vaun), where paup(z) = pa(z) V pp(x) and vaup(z) = va(z) Ave(z).
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Definition 2.4. ([6]) Let (G,-) be a group, and let A be an IFS in G. Then A is called an
intuitionistic fuzzy group (IFG) if, for all gy, g2, g € G, the following hold:

(i) pa(g192) > min{pa(g1), pa(ge)}; (i) pra(9™") = palg);
(iii) v4(g192) < max{va(g:),va(g2)}: (iv) va(g™") = va(g).

Definition 2.5. ([27]) Let f : G; — G5 be a group homomorphism. If A and B be respectively an
intuitionistic fuzzy group on (G; and G, then f is called a weak intuitionistic fuzzy homomorphism
of Ainto B, when f(A) C B. The homomorphism f is an intuitionistic fuzzy homomorphism
of Aonto B if f(A) = B. Further, if f : G; — G, be an isomorphism, then f is called a weak
intuitionistic fuzzy isomorphism if f(A) C B and f is an intuitionistic fuzzy isomorphism, when

f(A) = B.

Definition 2.6. ([7]) Let GG be a group and M be a vector space over a field K. Then M is called
a G-module if for every g € GG and m € M, there exists a product (called the action of G on M),
g -m € M that satisfies the following axioms:

(i) 1g.m =m,V m € M (15 being the identity of G);
@ii) (gh)-m=g-(h-m),Yme M, g,h € G,
(iii) g.(k1my + koms) = ki1(g.m1) + ka(g.mo),V ki, ke € K;my,me € M and g € G.

A subspace of M, which itself is a G-module with the same action is called G-submodule.
A nonzero G-module M is irreducible if the only G-submodules of M are M and {0,,}. Otherwise,
it is reducible. A nonzero G-module M is completely reducible if for every G-submodule N of
M there exists a G-submodule N* of M such that M = N & N*. A G-module M is semi-simple
if there exists a family of irreducible G-submodules M; such that M = @?:1 M.

Definition 2.7. ([7]) Let M and M* be G-modules. A mapping f : M — M* is a G-module
homomorphism if:

@) f(kimy + kama) = ki f(ma) + kaf (ma)
(i) f(g-m)=g-f(m),Vki, ke € K;m,my,my € M and g € G.

Definition 2.8. ([26]) Let G be a group and M be a G-module over K, which is a subfield of
C'. Then an intuitionistic fuzzy G-module on M is an intuitionistic fuzzy set A = (p14,v4) of M
such that for all a,b € K, g € G;m,z,y € M, the following conditions are satisfied

(i) pa(az + by) > min{pa(x), pa(y)}; (ii) va(az + by) < max{va(z),va(y)};
(iii) pa(g - m) > pa(m); (iv) pa(g - m) < pa(m).

Let GG be a group and K be a field. The K vector space having GG as Hamel basis is called the
group algebra denoted by K'[G]. It contains elements of the form a = }_ _;a49,a, € K and
a, = 0 for all but a finite number of elements of GG. The addition and multiplication in K[G] are
defined by the following operations.

deG agg + deG byg = deG(ag +bg)g
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and

(deG agg> (ZheG bhh) = erG ((dec agbg*1m>x>-

With these two operations K[G] is a K -algebra with identity element 1x(q) = >~ ¢ agg, Where
ay = 1 if g = 1 and a4 = 0, otherwise. The action of an element x of G on K[G] is defined by

(dec %9) T = deG Aggl = deG Agz—19-

Then K [G] can be considered as a G-module. It may be noted that if H is a subgroup of G, then
K[H] is a subalgebra of K[G] [10].

Recall that, for x = Y, a,9 € K(G), supp(z) = {g € G : a4 # 0} is called the support
of . Then supp(hz) = h(supp(x)), for all h € G (see [12, Exercise 1, page 107]).

3 Intuitionistic fuzzy group algebra (IFGA)

Definition 3.1. Let G be a finite group, and let A = (14, v4) be an intuitionistic fuzzy group on
G. Then the intuitionistic fuzzy group algebra (IFGA) induced by A is an intuitionistic fuzzy set
K[A] = (pk1a), vi(a)) on the group algebra K'[G] defined as
(Hrpa) (@), vica) (@)
(1,0), if supp(z) = &
(min{pa(g) : g € supp(z)}, max{va(g) : g € supp(z)}), ifsupp(x) # @,
ag,9 € K[G].

where supp(z) = {g € G : a, # 0} denotes the support of the elementx = > .,

Remark 3.2. Every IFG on G can be used to construct an IFGA on K [G], the restriction of which
to G yields the original IFG. The mapping f defined by f(g) = 1 - g is an isomorphism from GG
into K[G]. This f is an I[F-homomorphism from any IFG A of G to the IFGA K |[A] of K[G]. Tt
is evident from the fact that:

pray(l-g) = palg) = pxra(1- g) and vpa (1 - g) = valg) = via(l - g).
Example 3.3. Let K = Zy = {0, 1} and G = {1, z, 2%} be a cyclic group of order 3. Then
K[G] ={a1.1+ as.x + az.x?|a; € K} ={0,1,z,2*, 1+ 2,1 + 2%, z + 2>, 1 + = + z°}.

Let A = (pa,v4) be an IFS on G defined by

1, ifg=1 0, ifg=1
1a(g) = ) 9 and  va(g) = . 2
0.6, ifg=uxx 0.3, ifg=uxz,2z2°

It is easy to check that A is an IFG on G. Also, it is easy to verify that the IFS K[A] on K[G] is
defined by

1, if aq E{O,l},agzagzO

firca)(ar.l + ag.x + ag.a?) = ‘
0.6, otherwise
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and
0, ifa1 6{0,1},a2:a3:0

vi (a1 + as.x + az.2?) = .
0.3, otherwise

is an IFGA of A over the group algebra K[G].

Furthermore, it may be noted that the map f : G — KJ[G] defined by f(g) = 1-g¢is
an isomorphism from G into K[G]. Also, then f is an IF-homomorphism from A into K[A].
Moreover, the restriction of K[A] to G C K|[G] equals to A, for

1, ifg=1 0, ifg=1

and  vga(l-g) =
0.6, ifg=ux,2? . 0.3, ifg=ux,2°

Y

pra(l-g) =

Example 34. Let K = Z, = {0,1} and G = {e, , 5,75} be the Klein four group. Then

K(G) = {a1~€+a2-r+a3.s+a4.rs | a; € K}
:{O,e,r,s,rs,e+7’,e+s,e+rs,r—|—S,T+Ts,s+rs,e+r+s,

et+r+rs,e+s+rs,r+s+rs,e+r+s+rsh.

Let A = (pa,v4) be an IFS on G defined by

1, ifg=e 0, ifg=e
palg) =408, ifg=r and  va(g)=4¢0.1, ifg=r
0.7, ifg=s,rs 0.2, ifg=s,rs

It is easy to check that A is an IFG on G. Also, it is easy to verify that the IFS K[A] on K[G] is
defined by

1, ifale{O,l},a2:a3:a4:0
0.8, if (CLQ == 1,&1 = a3 = Q4 = 0)

MK[A}(CM-@ + a9.7 + a3.5 + a4.7“s) =
OI'(CLI = Q9 = 17CL3 = Q4 :0)

\ 0.7, otherwise

and

0, ifa; €{0,1},ap=0a3=0a4=0

0.1, if (ag=1,a1 = a3 =a4=0)
VK[A](CH-G + az.r + as.s + a4.rs) =
or (ag =ay =1,a3 = a4 =0)

\ 0.2, otherwise

is an IFGA of A over the group algebra K[G].

Proposition 3.5. For any IFG A on a finite group G and field K, the IFGA K[A] on K|G)| is an
intuitionistic fuzzy algebra (IFA). In general, IFGAs are IFAs.
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Proof. Consider an IFG A on a finite group G. Then, for x = Z agg,y = Z byg € K[G] and

geG geG
a,b € K, we have

pra(ar +by) = pka aZagg—i-begg] = [LK[A] [Zaagg+2bbgg]

L geG geG geG geG

= k(A Z(aaﬁbbg)gl

LgeG

min{pa(g) : aa, + bb, # 0}

min{sia(g) : ag # 0,by # 0}

min{min{si4(g) : ag # 0}, min{ra(g) : by # 0}}
= min{pxa) (), pra)(y)}-

AVARAY,

Similarly, we can show that v (az + by) < max{vka(z), vk (y)}-
Also, for x = Zagg,y = thh € K|G], we have

geG hea
pria(Ty) = pka <Z agg) (Z bhh>]
L \geG heG
= [UK[A] Z (Z(agbglt)> t]
LteG \geG
= HK[A] tht] , Where ¢; = Z(agbg_lt)
L teG QGG

= min{ua(t) : ¢; # 0}
min{pa(t) : Z(%bg*lt) # 0}

> [min{pa(g), nalg™'t)} : ag # 0,041, # 0]
= [min{pa(g), pa(h)} : ag # 0,by, # 0]
> i {min{jua(g) - ay # 0}, min{ua(h) by # 0})

min{ g a) (), pray(y)}-

Similarly, we can show that v (zy) < max{vga(x), vka(y)}-

This concludes the proof that IFGAs are IFAs. ]
Proposition 3.6. The IFGA K[A] is an intuitionistic fuzzy G-module on K|G], if K[G] is
considered as a G-module.

Proof. By Proposition 3.5, it is evident that for all a,b € K, z,y € K[G], we have
pxay(ax + by) = min{pgpa(@), pxa(y)}

and

vicia)(az + by) < max{vi(a)(z), vicia)(y) }-

Next, let m = Z a,r € K[G] and g € G, we have

zeG
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,UK[A](g'm) = HK[A] Q'Zaaﬂ)
z€G
= LKA (1'9)2(%%)]
L zeG
= /‘LK[A] Z(azglm')]
LzeG

= min{pa(x) : azg—1 # 0}
> min{pa(x) : a, # 0}
= pga(m).
Similarly, we can show that v (g - m) < vipa(m).
This shows that all IFGAs behave as an intuitionistic fuzzy G-module over K[G]|. O

Proposition 3.7. If A and B are two IFGs defined on a group G, then K|[AN B] = K[A|N K|[B]
as the IFGAs on K|G].

Proof. For IFGs A and B on group GG, AN B is also an IFG (see Proposition (3.5) of [6]). For
any x = Zagg € K|[G|, we have

geG
tianB) (T) = pklans) (Zagg>

9eG

= min{pans(9) : a4 # 0}

min{pa(g), pa(g)} : ay # 0]
= min{min{pa(g) : a5 # 0}, min{up(g) : a; # 0}}
= min{pua(2), prp ()}
= prank(B) (7).
Similarly, we can show that Vi anp)(2) = vkiank(s (2)-
Hence, K[AN B] = K[A]N K[B]. O
Proposition 3.8. If A and B two IFGs on a group G with A C B, then on the group algebra
K |G| the IFGAs satisfy, K[A] C K[B].

Proof. By Definition, A C B gives pa(g) < up(g) and v4(g) > vg(g) for every g € G.
For any x = Z aq,9 € K[G], we have

geG
MK[A](SU) = MK[A4] (Zagg>

g€
— min{ua(g) : a, # 0}
< min{up(g) : a4 # 0}
HEK[B) (z).
Similarly, we can show that vk 4)(2) > vikp /(). Hence, K[A] C K[B]. O
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Proposition 3.9. For a, 3 € [0, 1] such that o + 8 < 1. The («, B)-cut set of an IFGA K|[A] is
the group algebra of the corresponding (c, B)-cut set of IFG A, i.e., (K[A])(a.5) = K[A(a,p)-

Proof. Let o, B € [0,1] suchthata 4+ § < 1 and z = Zagg € K|G], we have:

geG
v € (K[A(ap) & pxia)(e) = a and v (z) < 8
< min{pa(g) 1 a, # 0} > a and max{va(g):a, #0} <
< pia(g) > a and va(g) < B, forall a, #0 in = = Zagg

geG
& g€ Awp), forall a; #0 in z = Zagg
geG
Sr= Z agg € K(A(ap))-
geG
Hence, (K[A])(a.5) = K[A(a)]- O

Definition 3.10. ([7]) Let ¢ : G; — G5 be a group homomorphism. The induced K -algebra
homomorphism f : K[G;] — K|[G,] is defined by
f(deGl agg> - ZgEGl agw(.@, ag E K

Theorem 3.11. Ler [ : K[G1]| — K|[G3] be a group algebra homomorphism induced by a group
homomorphism v : Gy — Go. Then the inverse image under f of an IFGA K|[B] of K |G| is an
IFGA of K |G|, where B is an IFG on G5.

Proof. Let 1 : G| — G5 be a group homomorphism. Then the induced K -algebra homomorphism
[+ K[G1] — K|[G,] is defined by:

F Q2 gec @99) = Xgeq, agt(g). forall 32 . agg € K[G].
Let K[B] = (ukp), Vk(p]) be an IFGA on K[G)] corresponding to the IFG B = (up, vg) on Gb.

Then:
[Lf-1(K[B)) (Z ag9> = IK[B] (f (Z aw))
9€G1 9€G1

= [K[B] (Z aﬂ/}(ﬂ))

geG1
= min{uz(¢(g)) : ag # 0}
= min{py-15)(9) : ¢y # 0}

= HEp=1(B)] (Z %9) :

9eGy

Similarly, we can show that Vi-1(K[B]) (deGl agg> = VK[y—1(B)] (ZgEGl agg) .

Therefore, f~'(K[B]) = K[¢~Y(B)]. Since ¢~ (B) is an IFG on G, (see Theorem (4.4)
of [16]), it follows that K[i)*(B)] is an IFGA on K|[G,]. Hence, f~!(K|[B]) is an IFGA on
KI[G,]. O
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Theorem 3.12. Let f : K[G1] — K|[G3] be a group algebra homomorphism induced by a group
homomorphism ¢ : G1 — G, and A = (jua,v4) be an IFG on G4. Then the image of the IFGA
K[A] under f is an IFGA K[¢(A)] of K|G3).

Proof. Let 1 :G1 — G5 be a group homomorphism. Then the induced K -algebra homomorphism
[+ K[G1] — K|[G,] is defined by:

f(degl agg) = deal agy(g), for all deal agg € K[G].
Let K[A] = (ux1a), Vk(a)) be an IFGA on K[G] corresponding to the IFG A = (p14,v4) of Gi.

Then:
F(K[A)) (Z Clgg> = sup {MK[A] (Z bhh> o f (Z bhh> = Z Clgg}
9€G> heG: heG: 9€G>
= sup {min{uA(h) tbp # 0} Z bpip(h) = Z agg}

heGy geGo

= sup { min{pa(h) : by # 0} : a, = Z by, Vg € G

heG1b(h)=g
= sup {min{ua(h) : a;, # 0}, where ¢(h) = g}
— min {sup{ua(h) : ¥(h) = g} : a, # 0}
= min {ya)(9) : ag # 0}

()

geGo

Similarly, we can show that v/s(x (4] (EgeGQ agg) = VK[p(A)] <29€G2 agg).
Therefore, f(K[A]) = K(¢(A)). Since ¢)(A) is an IFG on G, (see Theorem (4.2) of [16]), it
follows that K[1)(A)] is an IFGA on K[G3], i.e., f[K(A)] is an IFGA of K[G]. O

4 Intuitionistic fuzzy group algebra homomorphism

In this section, we introduce the concept of an intuitionistic fuzzy group algebra homomorphism
(IFGA-homomorphism), which serves as an analogue to the classical group algebra homomorphism
induced by a group homomorphism. Subsequently, we construct a category of intuitionistic fuzzy
group algebras based on this notion.

Definition 4.1. Let G; and G, be groups, and let K be a field. Suppose A is an IFG of GG} and
Bis an IFG of G;. Let K[A] and K[B] denote the corresponding IFGAs over K [G;] and K[Gs),
respectively. Then the map f : K[A] — K]|[B] is called an intuitionistic fuzzy group algebra
homomorphism (IFGA-homomorphism) if the following hold:

(i) f is an induced K -algebra homomorphism

(i) ) (F(0)) = pctay(0) and viciey (£(0)) < vicpay(a), Yo = 3, g9 € K[GA]
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To avoid confusion, we denote an IFGA-homomorphism by f : K[A] — K[B], while its
underlying K -algebra homomorphism is written as f : K[G;] — K[Gs).

Example 4.2. Let G; = Z, = {0,1} under addition modulo 2, and Gy = Z3 = {0,1,2}
under addition modulo 3 be finite groups. Let X = R. Define IFSs A = (ua,v4) of G and
B = (up, vp) of G, as follows:

1, ifz=0 0, ifz=0
pa(z) = , ;o va(r) =
0.7, ifx=1 0.2, ifx=1.
and
1, ifr=20 0, ifr=20
pe(x) =409, ifr=1; vp(zr)=1<005 ifz=1
0.6, ifx=2 0.3, ifzx=2

Consider the group homomorphism ¢ : Zy — Zg given by ¢(0) = 0, ¢)(1) = 1. This is clearly a
homomorphism since (z+y mod 2) = ¢(z)+1(y) (mod 3). Extend ¢ linearly to a /-algebra
homomorphism f : K[Z,] — K|[Zs] by

(5 ) - St

For example, if & = 2-0 4 3 1 € K[Z,], then
Fl@)=2-9(0)+3-(1)=2-0+3-1=3-1¢ K[Zs].
Now, since
pp((0)) = pp(0) =12 pa(0) =1, vp(1(0)) =0 <0,

pp(¥(1)) = pp(1) =0.9>0.7=pa(l), vp(¥(1)) =0.05<0.2 =w4(1),

the intuitionistic fuzzy inequalities hold for group elements.
By the linearity of f, these inequalities extend to all elements of K [Z], hence for any @ €
K|[Z,] we have

pxp)(f(@) = prpa(a),  vip (f(a)) < vi(a).
Thus, f : K[A] — K[B] is an IFGA-homomorphism according to Definition 4.1.
Theorem 4.3. Let K[A|, K[B], K[C| be IFGAs corresponding to IFGs A on G, B on Gy, and

C on G, respectively. If f : K[A] — K[B] and h : K|B] — K|[C] are IFGA-homomorphisms,
then the composition h o f : K[A] — K|[C| is also an IFGA-homomorphism.

Proof. Since f and h are intuitionistic fuzzy group algebra homomorphisms, they satisfy the
three conditions of Definition 4.1.
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(i) Algebra homomorphism property. Both [ : K[Gi] — K[Gs| and h : K[G,] — K|G3] are
K-algebra homomorphisms. The composition of two K-algebra homomorphisms is again a

K -algebra homomorphism; hence
hof: K[Gy] — K|[Gs]

satisfies

(hof)(z+y) = (hof)(x)+(hof)(y), (hof)(Ax) = A(hof)(x), (hof)(xy) = (hof)(x)(hof)(y)

forall z,y € K[Gy] and X € K.
(ii) Induced by a group homomorphism. By Definition 3.12, f is induced by a group homomorphism

¥ : Gy — G5 and h is induced by a group homomorphism ¢ : Gy — G3. That is, for every
=2 e 9 € KlG],
fla) = a,0(9) € K[Ga],

g€Gy

buu € K[Gg],

h(B) =) buod(u) € K[Gy].

uEGo

and for every § =)

uEGo

The composition ho f is therefore induced by the composition of the group maps ¢o) : G — Gi,

since

(hof) (Z agg) = h(Z ag@D(g)) = Z ag $(1(g)) = Z ag (¢ o¥)(g).

9€Gy 9€Gy 9€Gy geGy
As ¢ and 1 are group homomorphisms, so is ¢ o ; thus (h o f) is induced by a group
homomorphism.

(iii) Preservation of intuitionistic fuzzy structure. Because f and h are intuitionistic fuzzy
homomorphisms, they satisfy for all « € K[G] and all 5 € K[G5]:

HK[B] (f(Oé)) > NK[A](O‘)7 VKI[B] (f(Oé)) < VK[A](Q)a
and
e (h(B)) = i (8),  viie)(h(B)) < vis/(B).
Taking 8 = f(«) and composing these inequalities yields, for every o € K[G4],
pxiel((ho f)(a)) = uxiey(h(f(@))) = pxp (f(@) = prpa(e),

and similarly

viiey ((ho f)(@)) = vrie)(R(f(@)) < vk (f(@)) < vipa(a).

Thus h o f preserves the intuitionistic fuzzy membership and non-membership inequalities.

Combining (i)—(iii), we conclude that h o f = Eo? satisfies all the conditions of Definition 4.1
and therefore is an intuitionistic fuzzy group algebra homomorphism. [
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Proposition 4.4. The collection of all intuitionistic fuzzy group algebras over group algebras,
together with intuitionistic fuzzy group algebra homomorphisms as morphisms, forms a category.

Proof. From Theorem 4.3, the composition of two IFGA-homomorphisms is again an IFGA-
homomorphism. Moreover, for every IFGA K[A], the identity map idgs : K[A] — K[A] is
trivially an IFGA-homomorphism, since it satisfies all three conditions of Definition 4.1.

Thus, the class of IFGAs together with these IFGA-homomorphisms satisfies the axioms of a
category: associativity of morphism composition and the existence of identity morphisms. [

Remark 4.5. The above category of IFGAs generalizes the usual category of group algebras.
Indeed, if the IFG A = (4, 4) on a group G is taken to be crisp, i.e.,

1, ifgea,
palg) = , va(g) =1 - palg),
0, otherwise,

then the IFGA K[A] coincides with the classical group algebra K’[G]. In this case, the notion of
an IFGA-homomorphism reduces to the ordinary K -algebra homomorphism induced by a group
homomorphism.

5 Conclusions

This work develops the theory of intuitionistic fuzzy group algebras, establishing their dual role as
intuitionistic fuzzy algebras and intuitionistic fuzzy GG-modules. The properties of these algebras
as intuitionistic fuzzy G-modules provide a foundation for studying their semi-simplicity, marking
an important step toward the intuitionistic fuzzification of Maschke’s Theorem on the semi-
simplic ty of group algebras. By further examining intersections, («, 3)-cuts, and homomorphic
images, as well as introducing intuitionistic fuzzy group algebra homomorphisms, the study
situates these structures within a categorical framework. Overall, these results open new directions
for exploring the interplay between intuitionistic fuzzy algebra, module theory, and categorical
structures.
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