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Abstract: In this paper, we introduce generalized intuitionistic fuzzy (T, ST ) anti-ideals on
semigroups. We first define intuitionistic fuzzy left anti-ideals, right anti-ideals, anti-ideals,
and bi-anti-ideals in this setting. Then we study their basic properties and show how classical
anti-ideals can be obtained via characteristic functions. We also give characterizations in terms
of level subsets and examine the behavior of these structures under homomorphisms and
isomorphisms. The results obtained show that the proposed approach extends known anti-ideal
concepts and gives a useful framework for studying semigroups with uncertainty.
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1 Introduction

Semigroup theory, which studies nonempty sets equipped with an associative binary operation,
occupies an important place in abstract algebra. The structure of a semigroup is often studied
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through its special subsets, such as left ideals, right ideals, bi-ideals, and their generalizations.
The connections between semigroups and formal language theory, automata, combinatorics, and
coding theory give this area both theoretical and practical importance [16].

The concept of fuzzy sets, introduced by Zadeh [19] in 1965, provided a mathematical
framework for dealing with situations in which classical set theory based on strict membership
is insufficient. Soon after, Rosenfeld [17] applied fuzzy set theory to groups, initiating the study
of fuzzy algebraic structures. Since then, many semigroup-theoretic notions such as fuzzy ideals,
fuzzy bi-ideals, fuzzy generalized bi-ideals, and their ordered or hyperstructured versions have
been widely investigated [11, 12, 15].

Another important direction of research concerns anti-ideals. The notion of an anti-ideal in a
semigroup was introduced by Schwarz [18] in 1953 in the study of maximal ideal theory. These
subsets, which are disjoint from their own left or right translates, were shown to have important
structural properties. Later, Iseki [8] generalized this concept by introducing (m,n)-anti-ideals,
where the disjointness condition is defined using powers of the underlying set. These structures
can be viewed as dual objects to ideals and naturally arise in the study of complements of ideals
in semigroups.

More recently, anti-ideal theory has been extended to the fuzzy setting. Al Tahan et al. [4]
introduced fuzzy left (right) anti-ideals and fuzzy bi-anti-ideals of semigroups, studied their basic
properties, and connected them with classical anti-ideals through level sets. Later, Al Tahan and
Hoskova-Mayerova [2] investigated interior anti-ideals and their fuzzy counterparts, proving that
regular and intra-regular semigroups do not admit such structures.

The intuitionistic fuzzy framework introduced by Atanassov [5] provides a richer setting by
assigning to each element both a membership degree and a non-membership degree. This allows
uncertainty and hesitation to be modeled more effectively than ordinary fuzzy sets. Ahn et al.
[1] initiated the study of intuitionistic fuzzy ideals in semigroups, and later studies extended
these ideas to interior ideals, bi-ideals, and several generalized ideal structures [13]. However,
anti-ideals within the intuitionistic fuzzy framework based on a t-norm and its dual t-conorm
have not yet been studied systematically.

In this paper, we introduce generalized intuitionistic fuzzy (T, ST ) anti-ideals of semigroups.
This notion generalizes the classical anti-ideal introduced by Schwarz [18], and the fuzzy anti-ideal
framework studied in [4]. In particular, ordinary fuzzy anti-ideals appear as a special case of our
approach. We establish several basic properties of these structures, characterize certain classes of
semigroups using them, and study their behavior under semigroup homomorphisms.

2 Preliminaries

Throughout this paper, (L,≤, 0, 1) denotes a complete lattice with the bottom element 0 and the
top element 1. For u, v ∈ L and every family {bα | α ∈ Λ}, we use the following notation such
as

u ∨ v = sup{u, v}, u ∧ v = inf{u, v},∨
α∈Λ

bα = sup{bα | α ∈ Λ},
∧
α∈Λ

bα = inf{bα | α ∈ Λ}.
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Definition 1. [7] Let L be a complete lattice. Then L is called an infinitely ∨-distributive lattice
if

a ∧ (
∨

α∈Λ bα) =
∨

α∈Λ(a ∧ bα)

for every a ∈ L and every family {bα | α ∈ Λ} ⊆ L.

Unless otherwise stated, L is a complete infinitely ∨-distributive lattice. The closed interval
[0, 1] equipped with the usual order “≤” , is a complete infinitely ∨-distributive lattice.

Definition 2. [14] A triangular norm, or t-norm, on L is a binary operation that is monotone,
commutative, and associative and has 1 as a neutral element.

Basic examples of t-norms on L are TM , TD, are defined by

TM(u, v) = u ∧ v,

TD(u, v) =

v ∧ u, if u = 1 or v = 1,

0, otherwise.

Definition 3. [14] Let T be a t-norm on L. Then T is called infinitely ∨-distributive if

aT (
∨

i∈I bα) =
∨

i∈I(aTbi),

for every a ∈ L and every family {bα | α ∈ Λ} ⊆ L.

Proposition 1. [14] Let T be any t-norm on L. Then the following hold:

(i) uTv ≤ u ∧ v for all u, v ∈ L,

(ii) uT0 = 0Tu = 0 for all u ∈ L,

(iii) (
∧

α∈Λ aα)T (
∧

β∈℧ bβ) ≤
∧

α∈Λ,β∈℧ aαTbβ .

Definition 4. [14] A binary operation

S : [0, 1]× [0, 1] → [0, 1]

is said to be a t-conorm provided that it is commutative, associative, and monotone, with the
boundary condition

S(u, 0) = u

for every u ∈ [0, 1].

If T is a t-norm on [0, 1], then clearly S(u, v) = 1− T (1− u, 1− v) is a t-conorm on [0, 1].
The t-conorm S is called the dual of the t-norm T and is denoted by S = ST .
Typical examples of t-conorms are given as follows:

SM(u, v) = max{u, v},

SL(u, v) = min{1, u+ v},

and the drastic t-conorm

SD(u, v) =


u, if v = 0,

v, if u = 0,

1, otherwise.
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Definition 5. [10, 14]A t-conorm S is said to be infinitely ∨-distributive if, for every family
{bi}i∈I ⊆ [0, 1] and every a ∈ [0, 1],

S

(
a,
∨
i∈I

bi

)
=
∨
i∈I

S(a, bi).

Similarly, S is called infinitely ∧-distributive if

S

(
a,
∧
i∈I

bi

)
=
∧
i∈I

S(a, bi).

Theorem 1. [14] Let S be a t-conorm on lattice L. Then

(
∨
α∈Λ

aα)S(
∨
β∈℧

bβ) ≥
∨

α∈Λ,β∈℧

aαSbβ.

A semigroup is a nonempty set S equipped with an associative binary operation. Unless
otherwise stated, S denotes a semigroup throughout this paper. The product of two subsets A and
B of a semigroup S is defined as

AB = { ab | a ∈ A, b ∈ B }.

Definition 6. [3, 4, 8] Let A be any nonempty subset of S. Then

(i) A is called a left anti-ideal of S if SA ∩ A = ∅,

(ii) A is called a right anti-ideal of S if AS ∩ A = ∅,

(iii) A is called an anti-ideal of S if it is both a left anti-ideal and a right anti-ideal of S,

(iv) A is called a bi-anti-ideal of S if ASA ∩ A = ∅,

The sets of all left anti-ideals, right anti-ideals, anti-ideals, and bi-anti-ideals of S are denoted
by LAI(S), RAI(S), AI(S), and BAI(S), respectively.

Definition 7. [19] Let X be a nonempty set. A fuzzy set P on X is characterized by a membership
function αP : X → [0, 1] and can be represented as

P = {(p, αP(p)) : p ∈ X}

Definition 8. [5] Let X be a nonempty set. An intuitionistic fuzzy set P on X is defined by

P = {(p, αP(p), βP(p)) : p ∈ X},

where αP , βP : X → [0, 1] are mappings known as the membership function and non-membership
function, respectively, and

0 ≤ αP(p) + βP(p) ≤ 1

for all p ∈ X .
The hesitation function of P is defined by

πP(p) = 1− αP(p)− βP(p), p ∈ X.

The value πP(p) represents the degree of hesitation associated with p.
The family of all intuitionistic fuzzy sets on X is denoted by IFS(X).
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Definition 9. [5] Let A be a nonempty subset of S. The intuitionistic fuzzy characteristic function
of A, denoted by CA, is defined by CA = (αCA , βCA), where

αCA(p) =

1, p ∈ A,

0, p /∈ A,
βCA(p) =

0, p ∈ A,

1, p /∈ A.

Definition 10. [5] Let X be a nonempty set and P = (αP , βP), R = (αR, βR) be intuitionistic
fuzzy sets on X . Then, for P and R, some relations and operations can be defined as follows:

(i) P ⊆ R if and only if, for all p ∈ X , αP(p) ≤ αR(p) and βP(p) ≥ βR(p).

(ii) P ∪ R = {⟨p, ((αP ∪ αR)(p), (βP ∩ βR)(p))⟩ | p ∈ X}, where (αP ∪ αR)(p) = αP(p) ∨
αR(p) and (βP ∩ βR)(p) = βP(p) ∧ βR(p).

(iii) P ∩ R = {⟨p, ((αP ∩ αR)(p), (βP ∪ βR)(p))⟩ | p ∈ X}, where (αP ∩ αR)(p) = αP(p) ∧
αR(p) and (βP ∪ βR)(p) = βP(p) ∨ βR(p).

(iv) PC(p) = (βP(p), αP(p)), for all p ∈ X .

(v) (□P)(p) = (αP(p), 1− αP(p)) = (αP(p), αP(p)), for all p ∈ X .

(vi) (⋄P)(p) = (1− βP(p), βP(p)) = (βP(p), βP(p)), for all p ∈ X .

Definition 11. [5] Let P = (αP , βP) be an intuitionistic fuzzy set on X and let λ ∈ [0, 1]. Then
the sets

U(αP , λ) = {p ∈ X : αP(p) ≥ λ},
L(βP , λ) = {p ∈ X : βP(p) ≤ λ}

are called an α-level λ-cut and a β-level λ-cut of P , respectively.

Definition 12. [5] P = (αP , βP) ∈ IFS(X) and t, s ∈ [0, 1]. The (t, s)-level set of P is

A(t,s) = {p ∈ X : αP(p) ≥ t and βP(p) ≤ s} = U(αP , t) ∩ L(βP , s).

Definition 13. [9] For a t-norm T and a t-conorm S, we use the symbols ∆T and ∆S as the sets:

∆T = {a ∈ [0, 1]|T (a, a) = a},
∆S = {a ∈ [0, 1]|S(a, a) = a},

respectively.

Definition 14. [9] We say that the intuitionistic fuzzy set P = (αP , βP) on X satisfies the
imaginable property if

ℑ(αP) ⊆ ∆T and ℑ(βP) ⊆ ∆S.
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Definition 15. [9] Let X and Y be nonempty sets, and let f : X → Y be a mapping. Let
P = (αP , βP) be an intuitionistic fuzzy set on X .

The image of P under f , denoted by f(P) = (αf(P), βf(P)), is an intuitionistic fuzzy set on Y

defined by

αf(P)(y) =


∨
{αP(x) | x ∈ X, f(x) = y}, if f−1(y) ̸= ∅,

0, otherwise,

βf(P)(y) =


∧
{βP(x) | x ∈ X, f(x) = y}, if f−1(y) ̸= ∅,

1, otherwise.

Definition 16. Let X and Y be nonempty sets, and let f : X → Y be a mapping. Let R =

(αR, βR) be an intuitionistic fuzzy set on Y .
The inverse image of R under f , denoted by f−1(R) = (αf−1(R), βf−1(R)), is an intuitionistic

fuzzy set on X defined by

αf−1(R)(x) = αR(f(x)),

βf−1(R)(x) = βR(f(x)),

for all x ∈ X .

3 Intuitionistic fuzzy (T, ST ) anti-ideals

In this section, we introduce the notions of intuitionistic fuzzy (T, ST ) left (right) anti-ideals and
explore their fundamental algebraic properties. In addition, the connections between intuitionistic
fuzzy anti-ideals and their corresponding characteristic functions and level subsets are analyzed,
and their relationships with classical anti-ideals are discussed in detail. Unless stated otherwise,
S denotes a semigroup under the operation ′·′.

Definition 17. Let P = (αP , βP) ∈ IFS(S).

(i) P is called an intuitionistic fuzzy (T, ST ) left anti-ideal of S if

αP(p2)TαP(p1p2) = 0,

βP(p2)STβP(p1p2) = 1,

(ii) P is called an intuitionistic fuzzy (T, ST ) right anti-ideal of S if

αP(p1)TαP(p1p2) = 0,

βP(p1)STβP(p1p2) = 1,

for all p1, p2 ∈ S.

An intuitionistic fuzzy set P on S is called an intuitionistic fuzzy (T, ST ) anti-ideal if it is both an
intuitionistic fuzzy (T, ST ) left anti-ideal of S and an intuitionistic fuzzy (T, ST ) right anti-ideal
of S.
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All intuitionistic fuzzy (T, ST ) left anti-ideals, intuitionistic fuzzy (T, ST ) right anti-ideals,
and intuitionistic fuzzy (T, ST ) anti-ideals of S are denoted by IFSLAI(S), IFSRAI(S), and
IFSAI(S), respectively.

Example 1. Let T = ∧ and ST = ∨. Let S = {0, a, b}, with multiplication defined by

· 0 a b

0 0 0 0

a 0 0 a

b 0 0 b

P = (αP , βP) by
x 0 a b

αP(x) 0 1
2

0

βP(x) 1 1
4

1

For p1, p2 ∈ S, if p2 ∈ {0, b}, then αP(p2) = 0 and βP(p2) = 1. If p2 = a, then p1a = 0 for all
p1 ∈ S. Thus

αP(p2)TαP(p1p2) = 0, βP(p2)STβP(p1p2) = 1.

Therefore, P is an intuitionistic fuzzy (T, ST ) left anti-ideal of S.
However, P is not an intuitionistic fuzzy (T, ST ) right anti-ideal. Indeed, for p1 = a and

p2 = b, we have ab = a, and so

αP(a)TαP(ab) =
1

2
̸= 0, βP(a)STβP(ab) =

1

4
̸= 1.

Example 2. Let S = {0, a, b} and define a multiplication on S by

· 0 a b

0 0 0 0

a 0 0 0

b 0 a b

This operation is associative, so S is a semigroup.
Define P = (αP , βP) by the same functions:

x 0 a b

αP(x) 0 1
2

0

βP(x) 1 1
4

1

Again, P ∈ IFS(S).
For p1, p2 ∈ S, if p1 ∈ {0, b}, then αP(p1) = 0 and βP(p1) = 1. If p1 = a, then ap2 = 0 for

all p2 ∈ S. Thus
αP(p1)TαP(p1p2) = 0, βP(p1)STβP(p1p2) = 1.

Therefore, P is an intuitionistic fuzzy (T, ST ) right anti-ideal of S.
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However, P is not an intuitionistic fuzzy (T, ST ) left anti-ideal. Indeed, for p1 = b and p2 = a,
we have ba = a, and so

αP(a)TαP(ba) =
1

2
̸= 0, βP(a)STβP(ba) =

1

4
̸= 1.

Classical anti-ideals of S can be characterized by intuitionistic fuzzy (T, ST ) anti-ideals of S
by the following proposition.

Proposition 2. Let A ⊆ S and A ̸= ∅. Then the following statements hold:

(i) A ∈ LAI(S) if and only if CA ∈ IFSLAI(S),

(ii) A ∈ RAI(S) if and only if CA ∈ IFSRAI(S),

(iii) A ∈ AI(S) if and only if CA ∈ IFSAI(S).

Proof. (i) Let A ∈ LAI(S) and p1 ∈ S, p2 ∈ A. Since A ∈ LAI(S), we have p1p2 /∈ A. Thus,

αCA(p1p2)TαCA(p2) = 0T1

= 0,

βCA(p1p2)STβCA(p2) = 1ST0

= 1.

Clearly, if p2 /∈ A,

αCA(p1p2)TαCA(p2) = 0,

βCA(p1p2)STβCA(p2) = 1.

Therefore CA ∈ IFSLAI(S).
Conversely, suppose that CA ∈ IFSLAI(S). Suppose that SA ∩ A ̸= ∅. Then there exist
p1 ∈ S, p2 ∈ A with a = p1p2 ∈ SA ∩ A.

αCA(p1p2)TαCA(p2) = 1 ̸= 0

Therefore A ∈ LAI(S). The proofs of the remaining assertions are similar.

Proposition 3. Let T be a t-norm and ST be its dual t-conorm, P = (αP , βP) ∈ IFS(S). Then

(i) If P ∈ IFSLAI(S), then so is □P ,

(ii) If P ∈ IFSRAI(S), then so is □P ,

(iii) If P ∈ IFSAI(S), then so is □P .

Proof. For all p1, p2 ∈ S, we have αP(p2)TαP(p1p2) = 0. Hence

αP(p2)STαP(p1p2) = (1− αP(p2))ST (1− αP(p1p2)) = 1− (αP(p2)TαP(p1p2))

= 1.

Therefore □P = (αP , αP) ∈ IFSLAI(S).

Statements (ii) and (iii) are obtained similarly to (i).
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Proposition 4. Let T and ST be dual norms, P = (αP , βP) ∈ IFS(S). Then

(i) If P ∈ IFSLAI(S), then so is ⋄P ,

(ii) If P ∈ IFSRAI(S), then so is ⋄P ,

(iii) If P ∈ IFSAI(S), then so is ⋄P .

Proof. For all p1, p2 ∈ S, we have βP(p2)STβP(p1p2) = 1. And so

βP(p2)TβP(p1p2) = (1− βP(p2))T (1− βP(p1p2)) = 1− (βP(p2)STβP(p1p2))

= 0.

Therefore ⋄P = (βP , βP) ∈ IFSLAI(S).

Statements (ii) and (iii) are obtained similarly to (i).

The following corollary can be readily established using the above two propositions.

Corollary 1. Let T and ST be dual norms, P = (αP , βP) ∈ IFSLAI(S) (
IFSRAI(S), IFSAI(S)) if and only if □P and ⋄P are intuitionistic fuzzy (T, ST ) left (right)
anti-ideal of S.

Remark 1. For the intuitionistic fuzzy set P ∈ IFSLAI(S) of Example 1 one has αP(a) = 1/2

and βP(a) = 1/4, hence πP(a) = 1−1/2−1/4 = 1/4 > 0. Therefore P ̸= □P = (αP , 1−αP)

and P ̸= ⋄P = (1 − βP , βP), i.e., P is a genuinely intuitionistic fuzzy object that cannot be
obtained from any fuzzy anti-ideal by the □ or ⋄ operator.

Theorem 2. Let {Pt | t ∈ T} ⊂ IFS(S). Then, the following statements hold:

(i) If {Pt | t ∈ T} ⊆ IFSLAI(S), then
⋂

t∈T Pt ∈ IFSLAI(S),

(ii) If {Pt | t ∈ T} ⊆ IFSRAI(S), then
⋂

t∈T Pt ∈ IFSRAI(S),

(iii) If {Pt | t ∈ T} ⊆ IFSAI(S), then
⋂

t∈T Pt ∈ IFSAI(S).

Proof. (i) Let Pt ∈ IFSLAI(S) and p1, p2 ∈ S.

α⋂
t∈T Pt(p1p2)Tα

⋂
t∈T Pt(p2) =

∧
t∈T

αPt(p1p2)T
∧
t∈T

αPt(p2)

≤
∧
t∈T

(αPt(p1p2)TαPt(p2))

= 0

β⋂
t∈T Pt(p1p2)STβ⋂

t∈T Pt(p2) =
∨
t∈T

βPt(p1p2)ST

∨
t∈T

βPt(p2)

≥
∨
t∈T

(βPt(p1p2)STβPt(p2))

= 1

Therefore,
⋂

t∈T Pt ∈ IFSLAI(S).

Statements (ii) and (iii) are obtained similarly to (i).
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Remark 2. The union of intuitionistic fuzzy (T, ST ) anti-ideals may not be an intuitionistic fuzzy
(T, ST ) anti-ideal in general. We can illustrate this with the following example.

Example 3. Let S = {0, 1, 2} be a semigroup according to the following operation, T = ∧,
ST = ∨, and P = (αP , βP), R = (αR, βR) be intuitionistic fuzzy sets on S with the following
tables:

· 0 1 2

0 0 0 0

1 0 0 0

2 0 0 1

P 0 1 2

αP 0 1 0

βP 1 0 1

R 0 1 2

αR 0 0 1

βR 1 1 0

It is easily seen that P ,R ∈ IFSLAI(S). Since

αP∪R(2 · 2) ∧ αP∪R(2) = (αP(1) ∨ αR(1)) ∧ (αP(2) ∨ αR(2))

= 1

̸= 0

we have that P ∪R /∈ IFSLAI(S).

Definition 18. [14] Let P = (αP , βP) and R = (αR, βR) ∈ IFS(S). The (T, ST )intersection of
P and R is defined, for every x ∈ S, by

αP∩(T,ST )R(x) = αP(x)TαR(x),

βP∩(T,ST )R(x) = βP(x)STβR(x).

Equivalently,
P ∩(T,ST ) R = (αPTαR, βPSTβR).

Remark 3. Since P ,R ∈ IFS(S), we have αP(x) ≤ 1− βP(x) and αR(x) ≤ 1− βR(x) for all
x ∈ S. By the monotonicity of T and the De Morgan duality

ST (u, v) = 1− T (1− u, 1− v),

we obtain

T (αP(x), αR(x)) ≤ T (1− βP(x), 1− βR(x)) = 1− ST (βP(x), βR(x)),

for all x ∈ S. Hence,
αP∩(T,ST )R(x) + βP∩(T,ST )R(x) ≤ 1

for all x ∈ S. Thus, P ∩(T,ST ) R ∈ IFS(S).

Theorem 3. Let P = (αP , βP) and R = (αR, βR) ∈ IFS(S). Then

(i) If P ,R ∈ IFSLAI(S), then P ∩(T,ST ) R ∈ IFSLAI(S);

(ii) If P ,R ∈ IFSRAI(S), then P ∩(T,ST ) R ∈ IFSRAI(S);

(iii) If P ,R ∈ IFSAI(S), then P ∩(T,ST ) R ∈ IFSAI(S).

222



Proof. (i) Let p1, p2 ∈ S. Since P ,R ∈ IFSLAI(S), we have

αP(p1p2)TαP(p2) = 0

and
αR(p1p2)TαR(p2) = 0.

Therefore, by the associativity and commutativity of T ,

αP∩(T,ST )R(p1p2)TαP∩(T,ST )R(p2) =
((

αP(p1p2)TαP(p2)
)
T
(
αR(p1p2)TαR(p2)

))
= 0T0 = 0.

Similarly,
βP(p1p2)STβP(p2) = 1

and
βR(p1p2)STβR(p2) = 1.

Hence, by the associativity and commutativity of ST ,

βP∩(T,ST )R(p1p2)STβP∩(T,ST )R(p2) =
((

βP(p1p2)STβP(p2)
)
ST

(
βR(p1p2)STβR(p2)

))
= 1ST1 = 1.

Therefore, P ∩(T,ST ) R ∈ IFSLAI(S).

Statements (ii) and (iii) are obtained similarly to (i).

Intuitionistic fuzzy anti-ideals can be characterized by their level subsets, as stated in the
following theorem.

Definition 19. An intuitionistic fuzzy (T, ST ) set of S is called an imaginable intuitionistic fuzzy
(T, ST ) set on S if it satisfies the imaginable property.

Theorem 4. P = (αP , βP) is an imaginable intuitionistic fuzzy (T, ST ) set on S. Then, the
following statements hold:

(i) P ∈ IFSLAI(S) if and only if for every t ∈ ∆T and s ∈ ∆ST
with t + s ≤ 1 and

(t, s) ̸= (0, 1), the nonempty level set A(t,s) is a left anti-ideal on S,

(ii) P ∈ IFSRAI(S) if and only if for every t ∈ ∆T and s ∈ ∆ST
with t + s ≤ 1 and

(t, s) ̸= (0, 1), the nonempty level set A(t,s) is a right anti-ideal on S,

(iii) P ∈ IFSAI(S) if and only if for every t ∈ ∆T and s ∈ ∆ST
with t + s ≤ 1 and

(t, s) ̸= (0, 1), the nonempty level set A(t,s) is an anti-ideal on S.

Proof. (i) Let t ∈ ∆T , s ∈ ∆ST
, t + s ≤ 1, (t, s) ̸= (0, 1), and suppose that A(t,s) ̸= ∅ contains

elements p2, p1p2 with p2 ∈ A(t,s), p1 ∈ S. Since P ∈ IFSLAI(S), αP(p2)TαP(p1p2) = 0 and
βP(p2)STβP(p1p2) = 1. On the other hand, αP(p2), αP(p1p2) ≥ t gives, by monotonicity of T
and t ∈ ∆T ,

0 = αP(p2)TαP(p1p2) ≥ tT t = t,

so t = 0; and βP(p2), βP(p1p2) ≤ s gives, by monotonicity of ST and s ∈ ∆ST
,

1 = βP(p2)STβP(p1p2) ≤ sST s = s,
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so s = 1. Hence (t, s) = (0, 1), contradicting the assumption. Thus no such pair exists, i.e.,
s · A(t,s) ∩ A{t,s} = ∅ and A{t,s} ∈ LAI(S).

Conversely, let p1, p2 ∈ s and put t0 := αP(p2)TαP(p1p2). Since P is imaginable and ∆T

is closed under T , t0 ∈ ∆T . Suppose t0 > 0, and set s0 := 1 − t0 ∈ ∆ST
. Then t0 + s0 = 1

and (t0, s0) ̸= (0, 1). Moreover t0 ≤ αP(p2) ∧ αP(p1p2) and, since βP(x) ≤ 1 − αP(x), we
have βP(p2), βP(p1p2) ≤ 1 − t0 = s0. Hence p2, p1p2 ∈ A(t0,s0), so by (ii) A(t0,s0) is a left
anti-ideal; but p1p2 = p1 · p2 ∈ s · A(t0,s0) ∩ A(t0,s0), a contradiction. Therefore t0 = 0. Next put
s′0 := βP(p2)STβP(p1p2)∈∆ST

. Suppose s′0 < 1. Then (0, s′0) is admissible t+ s = s′0 ≤ 1 and
(0, s′0) ̸= (0, 1)), and since s′0 ≥ βP(p2) ∨ βP(p1p2), we have p2, p1p2 ∈ A{0,s′0}. By (ii), A{0,s′0}

is a left anti-ideal, contradicting p1p2 ∈ s · A{0,s′0} ∩ A{0,s′0}. Hence s′0 = 1.
Thus αP(p2)TαP(p1p2) = 0 and βP(p2)STβP(p1p2) = 1 for all p1, p2 ∈ S, i.e.,

P ∈ IFSLAI(S).

The proofs of (ii) and (iii) are similar.

Corollary 2. Let P = (αP , βP) be an imaginable intuitionistic fuzzy (T, ST ) set of S. Then, the
following statements hold:

(i) P ∈ IFSLAI(S) if and only if the non- empty sets U(αP , λ) and L(βP , λ) are left anti-ideals
on S for every λ ∈ (0, 1) and λ ∈ ∆T ∩∆ST

,

(ii) P ∈ IFSRAI(S) if and only if the non- empty sets U(αP , λ) and L(βP , λ) are right
anti-ideals on S for every λ ∈ (0, 1) and λ ∈ ∆T ∩∆ST

,

(iii) P ∈ IFSAI(S) if and only if the non- empty sets U(αP , λ) and L(βP , λ) are anti-ideals
on S for every λ ∈ (0, 1) and λ ∈ ∆T ∩∆ST

.

Theorem 5. Let f : S → S ′ be a semigroup homomorphism, T is infinitely ∨-distributive, and
ST is an infinitely ∧-distributive. P = (αP , βP) ∈ IFS(S). Then

(i) If P ∈ IFSLAI(S), then f(P) ∈ IFSLAI(S ′),

(ii) If P ∈ IFSRAI(S), then f(P) ∈ IFSRAI(S ′),

(iii) If P ∈ IFSAI(S), then f(P) ∈ IFSAI(S ′).

Proof. (i) Let P ∈ IFSLAI(S) and p′1, p
′
2 ∈ S ′. Then there exist p1, p2 ∈ S with f(p1) = p′1,

f(p2) = p′2.

αf(P)(p
′
1p

′
2)Tαf(P)(p

′
2) =

∨
f(p1p2)=p′1p

′
2

αP(p1p2)T
∨

f(p2)=p′2

αP(p2)

=
∨

f(p1p2)=p′1p
′
2,f(p2)=p′2

αP(p1p2)TαP(p2)

= 0

Similarly, we can prove that βf(P)(p
′
1p

′
2)STβf(P)(p

′
2) = 1. Hence, f(P) ∈ IFSLAI(S ′).

The proof of (ii) and (iii) is obtained similarly to (i).
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Theorem 6. Let f : S → S ′ be a semigroup homomorphism, and let R = (αR, βR) ∈ IFS(S ′).
Then, the following statements hold:

(i) If R ∈ IFSLAI(S ′), then f−1(R) ∈ IFSLAI(S),

(ii) If R ∈ IFSRAI(S ′), then f−1(R) ∈ IFSRAI(S),

(iii) If R ∈ IFSAI(S ′), then f−1(R) ∈ IFSAI(S).

Proof. (i) Let R ∈ IFSLAI(S ′) and p1, p2 ∈ S.

αf−1(R)(p1p2)Tαf−1(R)(p2) = αR(f(p1p2))TαR(f(p2))

= αR(f(p1)f(p2))TαR(f(p2))

= 0.

Also, βf−1(R)(p1p2)STβf−1(R)(p2) = βR(f(p1p2))STβR(f(p2)) = 1.

Thus, f−1(R) ∈ IFSLAI(S).

The proofs of the remaining assertions are similar.

Definition 20. Let P = (αP , βP) ∈ IFS(S). P is called an intuitionistic fuzzy (T, ST ) bi-anti-
ideal of S if

αP(p1p2p3)TαP(p1)TαP(p3) = 0,

βP(p1p2p3)STβP(p1)STβP(p3) = 1,

for all p1, p2, p3 ∈ S.

The set of all intuitionistic fuzzy (T, ST ) bi-anti-ideals is denoted by IFSBAI(S).

Example 4. Let (N∗,+) be the semigroup, T = ∧, ST = ∨ and P = (αP , βP) defined by:

αP(p) =

1
3
, p ≤ 2

0, otherwise.

βP(p) =

0, p ≤ 2

1, otherwise.

Since αP(p1 + p2 + p3) = 0, βP(p1 + p2 + p3) = 1 for all p1, p2, p3 ∈ N∗ and hence P ∈
IFSBAI(N∗).

Proposition 5. Let A ⊂ S and A ̸= ∅. A ∈ BAI(S) if and only if CA ∈ IFSBAI(S).

Proof. Let A ∈ BAI(S) and p1, p3 ∈ A, p2 ∈ S. p1p2p3 /∈ A since A ∈ BAI(S). Thus,

αCA(p1p2p3)TαCA(p1)TαCA(p3) = 0

βCA(p1p2p3)STβCA(p1)STβCA(p3) = 1.
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Clearly, if p1 /∈ A or p3 /∈ A,

αCA(p1p2p3)TαCA(p1)TαCA(p3) = 0T1T1 = 0,

βCA(p1p2p3)STβCA(p1)STβCA(p3) = 1ST0ST0 = 1.

Therefore CA ∈ IFSBAI(S).

Conversely CA ∈ IFSBAI(S). Suppose that ASA ∩ A ̸= ∅. Then there exist p2 ∈ S,

p1, p3 ∈ A with a = p1p2p3 ∈ ASA ∩ A.

αCA(p1p2p3)TαCA(p1)TαCA(p3) = 1 ̸= 0

Therefore A ∈ BAI(S).

Proposition 6. Let T and ST be dual norms, P = (αP , βP) ∈ IFS(S). If P ∈ IFSBAI(S), then
so is □P = (αP , αP).

Proof. The proof is similar to that of Proposition 3.

Proposition 7. Let T and ST be dual norms, P = (αP , βP) ∈ IFS(S). If P ∈ IFSBAI(S), then
so is ⋄P = (βP , βP).

Proof. The proof is similar to that of Proposition 4.

Theorem 7. Let {Pt | t ∈ T} ⊂ IFS(S). If {Pt | t ∈ T} ⊆ IFSBAI(S), then
⋂

t∈T Pt ∈
IFSBAI(S).

Proof. Let Pt ∈ IFSBAI(S) and p1, p2, p3 ∈ S.

α⋂
t∈T Pt(p1p2p3)Tα

⋂
t∈T Pt(p1)Tα

⋂
t∈T Pt(p3) =

∧
t∈T

αPt(p1p2p3)T
∧
t∈T

αPt(p1)T
∧
t∈T

αPt(p3)

≤
∧
t∈T

(αPt(p1p2p3)TαPt(p1)TαPt(p3))

= 0

β⋂
t∈T Pt(p1p2p3)STβ⋂

t∈T Pt(p1)STβ⋂
t∈T Pt(p3) =

∨
t∈T

βPt(p1p2p3)ST

∨
t∈T

βPt(p1)ST

∨
t∈T

βPt(p3)

=
∨
t∈T

(
βPt(p1p2p3)STβPt(p1)STβPt(p3)

)
= 1

Therefore,
⋂

t∈T Pt ∈ IFSBAI(S).

Remark 4. The union intuitionistic fuzzy (T, ST ) bi-anti-ideals may not be intuitionistic fuzzy
(T, ST ) bi-anti-ideal in general.
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Example 5. Let S = {0, 1, 2, 3}, x · y = min(x+ y, 3), T = ∧, and ST = ∨. Let P = (αP , βP),
R = (αR, βR) be intuitionistic fuzzy sets on S with the following tables:

P 0 1 2 3

αP 0 1 0 0

βP 1 0 1 1

R 0 1 2 3

αR 0 0 1 0

βR 1 1 0 1

It is easily seen that P ,R ∈ IFSBAI(S). Since

αP∪R(1 · 0 · 1)TαP∪R(1)TαP∪R(1) = (αP(2) ∨ αR(2))T (αP(1) ∨ αR(1))T (αP(1) ∨ αR(1))

= (0 ∨ 1)T (1 ∨ 0)T (1 ∨ 0)

= 1

̸= 0,

we have that P ∪R /∈ IFSBAI(S).

Theorem 8. Let P = (αP , βP) and R = (αR, βR) be intuitionistic fuzzy sets on S. If P ,R ∈
IFSBAI(S), then

P ∩(T,ST ) R ∈ IFSBAI(S).

Proof. Let p1, p2, p3 ∈ S. Since P ,R ∈ IFSBAI(S), we have

αP(p1p2p3)TαP(p1)TαP(p3) = 0,

αR(p1p2p3)TαR(p1)TαR(p3) = 0.

Therefore, by the associativity and commutativity of T ,

αP∩(T,ST )R(p1p2p3)TαP∩(T,ST )R(p1)TαP∩(T,ST )R(p3)

=
(
αP(p1p2p3)TαR(p1p2p3)

)
T
(
αP(p1)TαR(p1)

)
T
(
αP(p3)TαR(p3)

)
=
(
αP(p1p2p3)TαP(p1)TαP(p3)

)
T
(
αR(p1p2p3)TαR(p1)TαR(p3)

)
= 0T0 = 0.

Similarly,

βP(p1p2p3)STβP(p1)STβP(p3) = 1,

βR(p1p2p3)STβR(p1)STβR(p3) = 1.

Hence, by the associativity and commutativity of ST ,

βP∩(T,ST )R(p1p2p3)STβP∩(T,ST )R(p1)STβP∩(T,ST )R(p3)

=
(
βP(p1p2p3)STβP(p1)STβP(p3)

)
ST

(
βR(p1p2p3)STβR(p1)STβR(p3)

)
= 1ST1 = 1.

Therefore, P ∩(T,ST ) R ∈ IFSBAI(S).
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Theorem 9. Let P = (αP , βP) be an imaginable intuitionistic fuzzy (T, ST ) set on S.
P ∈ IFSBAI(S) if and only if for every t ∈ ∆T and s ∈ ∆ST

satisfying t + s ≤ 1 and
(t, s) ̸= (0, 1) the level set A(t,s), whenever nonempty, is a bi-anti-ideal of S.

Proof. Suppose first that P ∈ IFSBAI(S). Let A(t,s) be nonempty and assume that it is not a
bi-anti-ideal. Then there exist p1, p3 ∈ A(t,s) and p2 ∈ S such that p1p2p3 ∈ A(t,s). Hence,

0 = αP(p1p2p3)TαP(p1)TαP(p3) ≥ tT tT t = t,

1 = βP(p1p2p3)STβP(p1)STβP(p3) ≤ sST sST s = s.

Thus, t = 0 and s = 1, contradicting (t, s) ̸= (0, 1). Therefore, A(t,s) is a bi-anti-ideal of S.
Conversely, suppose that every nonempty admissible level set A(t,s) is a bi-anti-ideal. For

p1, p2, p3 ∈ S, put

t = min{αP(p1p2p3), αP(p1), αP(p3)},
s = max{βP(p1p2p3), βP(p1), βP(p3)}.

Since P is imaginable, t ∈ ∆T and s ∈ ∆ST
. Moreover, t+ s ≤ 1.

If (t, s) ̸= (0, 1), then
p1, p3, p1p2p3 ∈ A(t,s),

which contradicts the assumption that A(t,s) is a bi-anti-ideal. Hence, (t, s) = (0, 1). Therefore,

αP(p1p2p3)TαP(p1)TαP(p3) = 0

and
βP(p1p2p3)STβP(p1)STβP(p3) = 1.

Thus, P ∈ IFSBAI(S).

Corollary 3. Let P = (αP , βP) be an imaginable intuitionistic fuzzy (T, ST ) set on S.
P ∈ IFSBAI(S) if and only if the nonempty sets U(αP , λ) and L(βP , λ) are bi-anti-ideals
of S for every λ ∈ (0, 1) and λ ∈ ∆T ∩∆ST

.

Theorem 10. Suppose that f : S → S ′ is a semigroup isomorphism, and let P = (αP , βP) ∈
IFS(S). If P ∈ IFSBAI(S), then f(P) ∈ IFSBAI(S ′).

Proof. Let P ∈ IFSBAI(S) and p′1, p
′
2, p

′
3 ∈ S ′. Then there exist p1, p2, p3 ∈ S with f(p1) =

p′1, f(p2) = p′2, f(p3) = p′3.

αf(P)(p
′
1p

′
2p

′
3)Tαf(P)(p

′
1)Tαf(P)(p

′
3) =

∨
f(p1p2p3)=p′1p

′
2p

′
3

αP(p1p2p3)T
∨

f(p1)=p′1

αP(p1)T
∨

f(p3)=p′3

αP(p3)

=
∨

f(p1p2p3)=p′1p
′
2p

′
3,f(p1)=p′1,f(p3)=p′3

αP(p1p2p3)TαP(p1)TαP(p3)

= 0

Similarly, we can prove that βf(P)(p
′
1p

′
2p

′
3)STβf(P)(p

′
1)STβf(P)(p

′
3) = 1.

Hence, f(P) ∈ IFSBAI(S ′).
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Theorem 11. Suppose that f :S → S ′ is a semigroup homomorphism. R=(αR, βR)∈IFS(S ′).
If R ∈ IFSBAI(S ′), then f−1(R) ∈ IFSBAI(S).

Proof. Let R ∈ IFSBAI(S ′) and p1, p2, p3 ∈ S.

αf−1(R)(p1p2p3)Tαf−1(R)(p1)Tαf−1(R)(p3) = αR(f(p1p2p3))TαR(f(p1))TαR(f(p3))

= αR(f(p1)f(p2)f(p3))TαR(f(p1))TαR(f(p3))

= 0.

Similarly, it can be seen that βf−1(R)(p1p2p3)STβf−1(R)(p1)STβf−1(R)(p3) = 1. Thus,
f−1(R) ∈ IFSBAI(S).

Theorem 12. Every intuitionistic fuzzy (T, ST ) left or right anti-ideal of S is an intuitionistic
fuzzy (T, ST ) bi-anti-ideal.

Proof. Let P ∈ IFSLAI(S). For p1, p2, p3 ∈ S,

0 ≤ αP(p1p2p3)TαP(p1)TαP(p3) ≤ αP((p1p2)p3)TαP(p3) = 0

Similarly, it can be seen that 1 ≥ βP((p1p2)p3)STβP(p1)STβP(p3) = 1. Thus, P ∈ IFSBAI(S).
The proof for a right anti-ideal is analogous.

4 Conclusion

The definitions of intuitionistic fuzzy (T, ST ) left anti-ideals, right anti-ideals, anti-ideals, and
bi-anti-ideals were given by using a t-norm together with its dual t-conorm. In this way, anti-ideal
type structures were described by both membership and non-membership functions. The main
properties of these structures were investigated. In particular, the connection between classical
anti-ideals and intuitionistic fuzzy anti-ideals was obtained by means of characteristic functions.
Moreover, characterizations based on level subsets were given, and the behavior of these structures
under homomorphisms, inverse images, and isomorphisms was examined. It was also shown
that every intuitionistic fuzzy (T, ST ) left or right anti-ideal is an intuitionistic fuzzy (T, ST )

bi-anti-ideal.
These results show that the proposed approach gives a natural extension of anti-ideal theory in

semigroups. The framework may be useful for further studies on generalized anti-ideals, ordered
semigroups, and other algebraic structures involving uncertainty.
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