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Abstract: Intuitionistic fuzzy modal operators has been studied by many researchers. The char-
acteristics of modal operators have been examined and their applications in different fields have
been studied. Atanassov introduced new modal operators with intuitionistic fuzzy sets and he
examined some properties of these generalized modal operators. In this paper, we defined new
modal operators over the intuitionistic fuzzy sets which undefined over intuitionistic fuzzy sets
by Atanasov and we obtained some characteristics of them.
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1 Introduction

Fuzzy Set Theory was introduced by Zadeh as an extension of crisp sets [12]. Several extension
of fuzzy sets were defined. L-fuzzy sets, interval-valued fuzzy sets, rough sets and intuitionistic
fuzzy sets are the importance extensions. The concept of Intuitionistic fuzzy sets was introduced
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by Atanassov [1], form an extension of fuzzy sets by expanding the truth value set to the lattice
[0, 1] x [0, 1] is defined as following.

Definition 1. Let L = [0, 1] then
L* = {(z1,79) € [0,1]* : z1 + 2o < 1}
is a lattice with (x1,x5) < (y1,92) <= "x1 < y; and x9 > ys".
For (xz1,11), (z2,y2) € L*, the operators \ and V on (L*, <) are defined as following;
(@1,91) A (22,92) = (min(z1, 22), max(ys, y2))
(@1,41) V (%2, 92) = (max(z1, z2), min(ys, y2))
Foreach J C L*

sup J = (supfa : (¢,y € [0,1]), (x.y) € I)},inf{y :( 2,y € [0, 1)((x,y) € J)}) and
inf J = (inf{z: (x.y € [0,1)((,y) € )}, suply : (2,y € [0, 1))((x,y) € I)}).

Definition 2 ([1]). An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form
A= {{z,pa(x),va(z)) |z € X}

where pia(x), (ua @ X — [0,1]) is called the “degree of membership of x in A 7, va(x),
(va : X — [0,1]) is called the “degree of non-membership of x in A”, and where 114 and
v 4 satisfy the following condition:

pa(z) +va(z) <1, forall x € X.

The class of intuitionistic fuzzy sets on X is denoted by I F'S(X).
The hesitation degree of x is defined by ma(z) = 1 — pa(z) — va(x)

Definition 3 ([1]). An IFS A is said to be contained in an IFS B (notation A C B) if and only if,
forallz € X : pa(z) < pp(x) and va(z) > vp(x).

Itis clear that A = Bifandonly if AC Band B C A.

Definition 4 ([1]). Let A € IFS and let A = {{x, pua(z),va(x)) : * € X} then the above set is
called the complement of A

A= {(z,va(2), pa()) | € X}
The intersection and the union of two IFSs A and B on X is defined by
AN B = {{z,ua(x) A ug(z),va(z) Vuvpe(z))|lr e X}

AU B = {{2, pa(2) V jp(x), va(2) Avp()) o € X}

Intuitionistic fuzzy modal operators has been mentioned by Atanassov, firstly in 1999.

Definition 5 ([1]). Let X be universal and A € 1FS(X) then
L 0(A) = {(z, pa(2), 1 = pa(z)) - x € X}
2. O(A) = {(z,1 —va(x),va(x)) : 2 € X}
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New modal operators were defined and some properties were examined by several authors.
Atanassov defined some intuitionistic fuzzy modal operators over intuitionistic fuzzy sets in [3].
In this study, we will define other modal operators with intuitionistic fuzzy sets and we will
examine some characteristics of them.

First, let’s define the operators we will deal with. Cuvalcioglu has introduced E, 3 operator
in 2007. Then the operator Z, ; and Z;":g were defined as an extension of £, 3 by same author.

Definition 6 ([6]). Let X be asetand A = {(x, pa(x),va(z)) |z € X} € IFS(X), o, 5 € [0, 1].
We define the following operator:

Eap(A) = {{z, Blapa(z) + 1 - a),a(fra(z) +1 - p)) [r € X}

Definition 7 ([7]). Let X be a set and A = {{x, uas(z),va(x)) |z € X} € IFS(X), o, B,w €
0, 1] then

Zg5(A) = {(z, Blapa(r) + w — w.a),a(fra(r) + w —w.B)) |r € X}

Definition 8 ([7]). Let X be a setand A = {{(x, pua(z),va(x)) :x € X} € IFS(X), o, B,w,0 €
0, 1] then

Z2%(A) = {(z, Blopa(z) + w — w.a), aBra(x) + 0 — 0.8)) | € X}

The concept of intuitionistic fuzzy uni-type operators was defined by Cuvalcioglu. Some of
them are as follows.

Definition 9 ([8]). Let X be a universal, A € IFS(X) and o, ,w € [0, 1] then
LB 5(A) = {(2, B(pa(z) + (1 — a)va(2)), a(Bra(z) + w —wph)) |z € X}
2. & 5(A) = {(z, Blapa(z) + w — wa), a((1 = Bpa(z) + va(z))) [z € X}
Definition 10 ([8]). Let X be a set, A € IFS(X) and o, 3 € [0,1] then
1. Bas(A) = {{z, B(pa(z) + (1 — a)ra(z)), a((1 — B)pa(@) + va())) [ € X}
2. Bap(A) = {(z, B(pa(z) + (1 = B)ra(z)), a((1 — a)pa(z) + va())) [z € X}
In 2014, ®q, 4.5 was introduced by Atanassov and his friends.
Definition 11 ([4]). Let X be a universal and A € IFS(X).
Raprs(A) = {(2, apa(@) +yva(@), Bpa(@) + dva(@))},
where ., B,7,6 € [0,1] and o+ B < 1,y + 6 < 1.

The one type modal operators L, ; and K7, 5 were studied by Yilmaz and Bal in 2014. After
then, the second type modal operators 7, g and S, 3 were defined by Yilmaz and Cuvalcioglu.

Definition 12 ([11]). Let X be a setand A € IFS(X), o, B,w € [0,1] and o+ f < 1
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1.

2.

L2 5(A) = {7, apa(r) + w(l — a),a(l = Bjra(z) + af(l —w))z € X}

K¢ 5(A) = {{z,a(l = B)pa(r) + af(l —w),ava(r) + w(l —a))z € X}

Definition 13 ([10]). Let X be a setand A € IFS(X), o, B, a+ 5 € [0, 1].

1.

Tap(A) = {(2, B(palz) + (1 — pa(z) + @), a(va(z) + (1 = B)pa(z)))|x € X} where
a+ 8 e€]0,1].

Sap(A) = {(z, a(pa(z) + (1 = B)va(z)), Bva(z) + (1 — a)pa(z) + a))|z € X} where
a+ 8 e€|0,1].

2 Main results

Definition 14. Let X be a set and A € [FS(X). The generalized modal operators are defined

as follows:

1.

2.

10.

Ep (4) = {< 7. (1) (1 () pa (2) + 1 = i () >,x€X}

pp () (vp (2)va(r) +1 = vp (2))

z,vp (z) (pp () pa (z) + w — wpp (2)) >]m€X}

ps () (vp (z) va(z) +w —wrp ()

,vp () (1B (2) pa (2) + po (2) = po (x) pp (7)), v e X
ps () (v (2) va (2) +veo () — vo (2) vg (1))

z,vp (%) (pa () + (1 —vp () va (2)), > |z € X}

s (2) (vs () va (&) + w — wip ()

z,vp () (pp (%) pa (2) +w — wpp (1)),
ps (2) (1 = vp (1) pa () +va(2))

<

(

(

( ;

< o126 @) (e &)+ (1o @) 2). > e x
( )

(

(

{

(z) (1 —ve () pa (z) +va (x))

z,vp () (pa (2) + (1 = vp (2) va (z)),
pp () (1= pp (2) pa () + va (2))

pp () (L= vp (x)) va (2) + pp (2) vp () (1 - w)

v, pp () (1= vp (2) pa+ ps (2) vp () (1 - w),
ps () pa (2) +w (1 = pp (1))

$’u3(x)uA($)+w(1—ﬂB($))7 >‘I€X}

S (A) = < # g () pa (2) + pic (1) va (). >,x€X}

vp (z) pa (z) + veo (v) va ()

23



11. T (A

| |
—

+ (1= ps () va(z) + ps (), .
x+(1—VB())MA(37)) >’ EX}

12, Suia :{< ) a4 (1 (2) v (1) >,$€X}

1-#3( ) pa (z) + pp (2))
Theorem 1. Ler X easetandABCE]FS( ).

1. Ep (A) = E5(A)
2. By (A) = By (A)
3. 7y (A) = 72 (A)
4. 72 (A) = 75 (A)
5. 75 (A) = Z5(A)
6. Be (A) = Bz (A)
7. Bz (A) = Bo (A)
8. Be (A) = By (A)
9. Bp (A) =B85 (A)
10. B (A) =B85 (A)

11. ®§75 (Z) = ®B,C (Z)

12. @5 (A) =®50(4)

13. @50 (A) =®p5(A)

Proof. (1)
— [ wm @ s @@ 1= @),
Bo(4) = {< i (2) (v (2) 1 (@) + 1 - v (2)) >' EX}
_ 2, (1) (vp (2) pa (2) + 1 —vp (2)), |
- {< o (@) (s (2)va (@) + 1 = pug (2)) >' EX}
= Ep(A)
&)
c _ z, g (z) (v (z) pa (x) + vo (2) — ve (z) vp (7)) .
75 {< v (@) (15 () va () + i () = i (@) (@) >' EX}
B 2, 1 (2) (v (x) pa (2) +ve (v) —ve () vp (2)), \
- {< e (2) (15 () va (&) + pic (2) — pic () s () >' EX}
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(10)

(11)

v (@) (04 ) + (1 u () (2)).
< v () (1 — v () va (@) + pa (1) >' EX}
< (( )

)

) >|xex}

— pp () pa (x) +va (2
ve (x) (pa (2) + (1 — v (2)) va ()

The other properties can be proved similarly.

Theorem 2. Let X be a setand A, B,C € [FS(X).

2. BCC= 7%(B)C 2% (C)

3. ACD=Z§(A) C Z§ (D)

4. ACC=L%(A) C L% (O)

5. ACC= K% (A) C K% (C)

Pro

and

of. (1)

ps ()

VB ([L’)

I A

L Y

pe (x) = pa(z) pp (z) < pa () pe ()

pa (@) pp (2) + 1 — pa(z) < pa () po (r) + 1 — pa (z)

va (@) [pp (@) pp (2) + 1 — pa (2)] < va (@) [pa (@) po () +1 = pa (2)]
H e (2) < g, o) (2)

vo (x) = va(z) v () > va (z) ve (x)
va(@)vpg(x)+1—va(z) >va(@)ve(z)+1—va(x)
pa (@) wa (@) vp (2) +1 = va () = pa(2) (va (2) ve (2) +1 - va(2))

(
I/EA(B)( ) < VE (©) (:L‘)

25



3)

pa ()

|V VN AV
S

and

VA (.CE)

b v 4 v § v
=
Sy

4)

fra ()

b 4 IA
=
%
=
=
h S
=
_.I_
&
—
|
=
s
S
VAN

and

~—

VA (Zlf

Theorem 3. Let X be a setand A, B,C,D € IFS(X).
1. Ep(A)NEc(A) T Epne (4)
2. Tg (A) NTe (A) E Tanc (A)
3. Sp(A)NSc (A) T Spne (A)
4. B (4) NBc (A) EBgne (4)

5. Bg(A)M Be (A) C Bpne (A)
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Proof. (1)
Epnc (A)
_J/ mmax (vg (z),ve (z)) (min (45 (z), po () pa () + 1 — min (up (2) pe (2))) e X
min (1 (2) , e () (max (v (2) , v (7)) va (2) + 1 — max (v (2) , v (x)))

and

mm{u3<x>u3<x>uA<x>+uB<> s (@) v (), }
EB(A)OEB<C):< (2) pc (2) pua (&) + v (x) = v (2) o () >|x€X
o J @ e @) va @) + s (@) = (2) v (2)
e (5) v 0) v ) i &) — i (o) 0

So, it can be seen easily that E5 (A) M Ex (A) C Epne (A).
3)
Sg ( ) N Sc (A

)
i ) 18 @) pa (@) + i (2) pa (2) (1= vp (2)),
| + pie (@) pa (2) (1= v (2) [
) va(x) (1 —pp(z)) +ve (z) us
vo (z)va(z) +ve (x) A (@) (1= pe (2) + ve () pe (x)
Sprc (A)

(@), pe (x)) pa () + \
min (pp (x), po () (1 — max (vg (2) , ve () va (z),
= < max (vg (x) ,vc (z)) va (z) + > lz e X
max (v (z), ve (x)) (1 —min (up (), po (2))) pa () +

), ve (z)min (up (x), pe (2))) J
We obtain that Sp (A) M Se (A) C Spac (A).
)

L max (vp (

o (z) pa () +ve (@) va (z) (1 — pe (2)) } >|x€X
(2) pa (@) (1 = v (2) + pip () v ()

mi { vp () pa (z) +vp (x) pa (z) (1 — pp (7)),
unB + uB
po () pa (z) (1 —ve (v) + pe (v) pa ()

and

Bores (A) = {< . max (v (2) v (7)) (ia (x) + (1 — min (s () , e (2)) va (2))) >}
min (pgp (), pe (2)) (1 — max (v (z) ,ve () pa (z) +va (2)))

Similarly, BB (A) Il BC (A) E BBﬂC (A) . [l
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3

Conclusion

The idea of defining modal operators over intuitionistic fuzzy sets, which was originally intro-

duced by Atanassov, was expanded for other operators. Some of the properties obtained there

were also obtained for new modal operators. In addition, new properties were obtained for the

intersection operation.
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