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Abstract

The concept of Intuitionistic Fuzzy Rough Sets (IFRS) is
introduced. Some operations involving IFRS are introduced and

their properties are studied.

Key Words. Fuzzy Set, Fuzzy Rough Set, Intuitionistic Fuzzy Rough
Sets

1. Introduction

The introduction of fuzzyness in rough sets has been done in
two directions. One of them is duec to Dubois and Prade ([2]), which
uses the definition of rough set due to Pawlak ([6]) and the oiher is
due to Nanda and Majumdar ([5]), in which the rough sct definition

given by Iwinski ([3]) is used.

The notion of intutionstic fuzzy sets has been introduced by
Attanasov ([1]) a more realistic extension of the notion of Crisp sets
than that of fuzzy sets. A similar extension of notion of fuzzy rough
sets to intuitionistic fuzzy rough scts is very much expected. In the
present article we introduce this concept, define several operations

involving them and study their propecrties.



We state below some definitions, which are to be used in this

article.

Definition 1.1. Let X be a set and (L, £) be a Boolean lattice. A L-
fuzzy sets (when L=[0, 1], it is called a fuzzy set) A in X is

characterised by the membership function uppz :X—->L, which

associates each point xeX its ‘grade’ or “degree of membership”

na (x) L.
Let A and B be L-fuzzy sets in X. Then we say
A = B if and only if pz(x) = pg(x). for all xeX.
A c B if and only if pa(x) < pg(x), for all xeX.

For a, b € L, we denote the supremum of a and b by avb or

sup (a, b) and infimum of a and b by aAab or inf (a, b).
C = AUB if and only if pc(x) = pa (x)v pg (%), for all xeX.
D=ANB if and only il pp(x) = pa (x)Apg(x), for all xeX.

Definition 1.2. Let X be a non ecmpty set and (L, <) be a lattice.
Then an intuitionistic L-fuzzy set A (ILFS) on X is an object of the

form
A= {<x,pp (x),va (x)>: xeX },

where the function pg: X - L and vg: X — L denote the degree of

membership and degree of non-membership functions which

associate with every xeX, two elements ppg(x) and vz(x) from L

such that 0 < pa(x) < v (x). where ' : L —» L is an involute order

reversing operation on (L, <).
Let A and B be ILFS in X. Then we say

A = B if and only if pa(x) = pg(x) and va(x) = vg(x), for all xeX



A c Bif and only if pa(x) < pp(x) and vp(x) < va(x), for all xeX
C=AuUB if and only if pc(x) = pa (x)v ug(x) and
vel(x) = va (x)Avg (x), for all xeX
D=AMB if and only if pup(x) = pa (x)App (x) and
vp(x) = va (x)v v (x), for all xeX.
Definition 1.3. Let U be any non empty set and let B be a

complete subalgebra of the Boolean algebra P(U) of subsets of U.

The pair (U, B) is called a rough universe.

Let V=(U, B) be a given rough universe. Let R be the relation
defined as
A =(Ap.Ay)eR if and only if Aj;,AyeBand A,cAy. The

elements of R are called rough sets and the elements of B are

called exact sets.

Let A = (A;,Ay) and B = (B;,.By) be any two rough sets on U.
Then we define

AUB = (A, UBy;, Ay UBy)

AnB = (A,nBy,AynBy)

A c B if and only if A, cB;, and Ay cBy.

A = B if and only if A, = B;, and Ay = By.
Definition 1.4. = Let U be a set and B a Boolean subalgebra of the
Boolean algebra of all subsets of U. Let (L, <) be a lattice and X be

a rough set on U. Then X=(X},.Xy)e B2 with X, <cXy. A fuzzy rough
set A=(AL.AU) in X is characterised by a pair of maps HAp, ‘X, —L
and ppy Xy —>L with the prbperty that p.AL(x)s HAy (x) for each

XEXL



Definition 1.8. For any two fuzzy rough sets A = (Ap,Ay) and
B = (By,,By) in X. We define
(i) A=B if and only if pp (x)= pp (x). for all xeX; and

uAU(x)z HBy (x), for all xeXy

(i) AcB if and only if pa (x)s pp,(x). for all xeX; and

pay () s upy (x). for all xeXy

(iii) C=AUB if and only if pc (x) = pag (x) v pg (x), for all xeXj, and
ey () = g GV by ). for all ey

(iv) D=AnB if and only if pup (x) = pay (x)Appy(x). for all xeX;, and
uDU(x) = MAy (x)A HBy (x). for all xeXy.

The definitions (iii) and (iv) can be extended to any index

set I, if L is a complete lattice and {Ai:iel} is a family of fuzzy

rough sets as:

E=.U1Ai if and only if uEL(x):supuAiL(x), for all xeXp and
le i€l

ey () = suppg, (x), for all xeXy.
iel u

F=nA; if and only if pp(x)=infpa, (x). for all xeX; and
iel - iel L
x)=infua. (x), for all xeXy.
upu( ) s UAIU( ) U
2. Modal Composition of Functions

The concept of modal compositions of functions is introduced
in our paper ([4]). We state thc compositions and some of the

results in that paper, which are to be used by us.

Let X and Y be any two sets, L. be a complete lattice and

f:X—>L, g:Y —> L Then we define
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f(x) . xeX
gx), xeY-X

(fog®x) = {
(fOog)(x) = g(x) , xeXnY
Clearly, fOf = fand fOf = f. It may be noted that
Domain (fO0g) = Domain (f) v Domain (g) and

Domain (f0 g) = Domain (f) » Domain (g).

IfXcYandf:Y - L, we definefl|y is a function from X to L

such that f[x (x) = f(x) for each xeX.

Lemma 2.1. ([4], Lemma 2.1) If X < Y, then
(a) ({0g)(x) =g(x) = (gOf)(x) for each xeX.
(b) (@ohH(x) =f(x) = (fOg)(x) for each xeX.

Lemma 2.2. ([4], Lemma 2.2) Forf: X > L, g: Y >Landh:Z > L
(a) fo(goh) = (fog) ¢ (fah)
(b) O (gOh) = (f¢g) O (fOh)

Lemma 2.3. ([4], Lemma 2.3) Forf: X > Landg:Y > L
(a) fodog) =fOg
(b) (f¢g)0g=10g

Lemma 2.4. ([4], Lemma 2.4) Forf: X > Landg:Y > L
(@) fOo(o¢eg)=t¢
(b) fo(foh) =t

3. Modal Operations on Fuzzy Rough Sets

The modal operations 00, ¢ and complement denoted as '—'

is defined ([4]) as follows:



Let A = (A;,,Ay) be a fuzzy rough set in X = (X, .Xy). Then A

is characterised by the maps HAp, and HAy - So, we can identify A as
<HAL KAy >
LetA = <Mpp . May > and B= <Hpy, . MBy > be two fuzzy

rough sets. We denote pp; by f, ua;by g, ug, by ¢ and pg; by v.
So,

A = <f, g> and B = <¢, y>.
Then we define
Definition 3.1.

(i) OA-=<f fog>

(i) OA=<f0g, g>

(iii) A =<1-(f0q), 1-(fOg)> = <l—gle. 1-(fog)>

(iv) Ac,Bifand only if OAcC OB

(v) AcpBif and only if OAcOB

(vi) ALB if and only if g(x)-f(x) < yw(x)-¢(x), for each xe Xy,
and g(x) < y(x), for each xe Xy -Xj,

(vii) AgB if and only if OAcOB and OBcOA

(viii) AQB if and only if OAcOB and OBcOA

(ix) ALB if and only if ACB and BCA

For any two functions f and g with domain X, we denote

(fvg)x) = sup(f(x).g(x)) and

(f Ag)x) = inf (£(x).g(x)). for all xeX.



4, Intuitionistic Fuzzy Rough Sets

In this section we introduce the notion of intuitionsticlfuzzy
rough sets introduce some operations on them. Also some results

have been established involving them.

Definition 4.1. Let U be a set and B be a Boolean subalgebra of the

Boolean algebra of all subsets of U. Then X = (X,.Xy) €B? with X|, < Xy.

For any Boolean lattice L, an intuitionistic L. -fuzzy rough set
A = (AL, Avy) is characterised by four functions, lower and upper

membership function as

uALIXL—-)L.uAUZXU - L

with the property that pga, (x) < pay(x), for all xeXp, lower and

upper non-membership functions asva; : X, > L, va;: Xy > L
with the property that vg, (x) > va(x). for all xeXy, and

0<pup (x)s va (x) for all xeX,
0 <pay(x) s viayx). for all xeXy.

Definition 4.2. For any two intuitionistic fuzzy rough sets
A = (AL, Av) and B = (Bu, Bu) in X, we say

A = B if and only if pp (x)= pp (x). va (x) = vp(x). for all
xeXy, and pay(x) = wpy(x). vay(x) = vey(x), for all xeXy.

A c B if and only if pa (x) < ppy(x). ve (X) s va(x), for all
xeXy, and pay(x) s wupy(x). vay(x) < vay(x). for all xeXy.

C = AUB if and only if
ey (%) =pay (1) v g (%) .vey (X)=va, (X)ave (x). for all xeX; and

ey (%) = way () v ey () vey (x) = vay (X)Aveg (x). for all xeXy.



D = AnB if and only if
kpy, (x) = nay (x) A ppy (x) vp, ()= va (x)vvp (x). for all xeX “and
oy () = Bay () A upy (X) .vpy (¥) = vay (¥)v vy (x). for all xeXy.

If L is a complete lattice then the operations of union and

intersection can be extended for any index set I. If {A; :iel } in a IFRS,

we have
E=U A, if and only if p.EL(x) = SUp Mg (x),vEL(x) = infva. (x), for all
el el 'L iel 'L

xeXy, and pgy(x) = ng) MAjy, (x). vgy(x) = 112{ VAiy (x). for all xeXy.

F=iemIAi if and only if pp (x) = 111611[ A, (x). vp, ()= sil;{'WAiL (x). for all

xeXj, and HEy (x) = 1121{ uAiU (X), VEg (x) = Sll;l;) vAiU (x), for all xeXy.

Let A=(A,.,Ay) be a IFRS in X =(X;,Xy) then A is

characterised by the maps pa; .ua; .va, and va;. So, we can identify
A =< pupp .MAy VAL VAY >-

Let A =<pp; WAy VAL .VAy > and B =<pp; .up;.Vp;, .VBy >, be
two IFRS.

We denote HA HAy VAL and VAyu by f, g, ¢ and ¥ respectively
and MBy, +MBy VB, and VBy by h, k, & and mn respectively. S_o.
A =<f,g,9,y> and B = <h k.. n>.
Lemma 4.1. For ansr two IFRS A and B, AuUB and AnB are also IFRS.
Proof. Let A =<f,g,po,y>and B = <h k., n>.
Where f<g,.y<9,0<f<¢,0<g<y and

h<k,n<s&.0<sh<f& ., 0<ksn

































