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1 Introduction

It is known that the classical theory of extreme values is used in statistics to analyze extreme
events or values. It is used in various fields, most often in finance, for example, to model extreme
returns from stock markets (see [5]). In papers [4, 8] we studied two theorems from extreme
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value theory in case of intuitionistic fuzzy sets. We proved a variation of Fisher-Tipett—-Gnedenko
theorem and a variation of Pickand—Balkema—de Haan theorem for intuitionistic fuzzy observables
in connection with an intuitionistic fuzzy state.

The theory of intuitionistic fuzzy sets is now more than 40 years old. It was founded by K. T.
Atanassov in 1983 (see [1]) and it is a generalization of Zadeh’s theory of fuzzy sets [20,21].

An intuitionistic fuzzy set A on (Q is a pair (114, 4) of mappings pa,v4 : Q — [0,1] such
that pg + va < 1lg. Namely if py : Q@ — [0, 1] is a fuzzy set, then A = (ua, 1 — pa) is the
corresponding intuitionistic fuzzy set.

In this paper we will work with intuitionistic fuzzy events. As an intuitionistic fuzzy event
we understand an intuitionistic fuzzy set A = (pa,v4) such that pa,vs @ Q@ — [0,1] are
S-measurable (see [2, 3, 16]). The family of all intuitionistic fuzzy events on (£2,S) will be
denoted by F.

We will also work with the notion of intuitionistic fuzzy probability. In the paper [13, 14]
B. RieCan formulated its axiomatic definition. By intuitionistic fuzzy probability he means a
mapping P : F — J, which is satisfying the following conditions:

@ P((1a,00)) = [1,1], P((0q, 1a)) = [0, 0];
(i) if A ® B = (0o, 1g), then P(A & B) = P(A) + P(B);
i) if A, /A, then P(A,) " P(A).

There [a,, B,] /' [«, §] means that «v,, * «, B, 7 B, but A, = (pa,,va,) A = (a,va)

means fia, /' fia, VA, VA
The Lukasiewicz binary operations &, ® on the family of intuitionistic fuzzy events JF are

given as follows

A®B = ((ua+ps)Alg,(va+vp—1q) V0q)),
AOB = ((pa+ps—1a0)VO0q, (va+vp)Alg))

for A = (pua,va), B = (up,vp) € F and the partial ordering is given by
A§B<:>,MA§,U,B,VAZVB.

A very important fact is that the intuitionistic fuzzy probability can be expressed using two
intuitionistic fuzzy states, see [15]. There B. Riecan proved that P : 7 — 7 is an intuitionistic
fuzzy probability if and only if P> : F — [0,1] and P* : F — [0,1] are intuitionistic fuzzy
states, where P(A) = [P°(A), P*(A)] for each A € F. Such [P’(A), P¥(A)] is an interval,
then P°(A) < P*(A) foreach A € F.

Recall that by an intuitionistic fuzzy state we understand a mapping m : F — [0, 1] which is
satisfying the following three conditions:

(i) m((1g,00)) =1, m((0q, 1q)) = 0;
(i) if A® B = (0g, 1) and A,B € F, then m(A & B) = m(A) + m(B);
(iii) if A, 7 A (.e., pra, / pra, va, \Va), thenm(A,) ~m(A),
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see [18]. In this article, we will try to use the results from extreme value theory proven for
intuitionistic fuzzy states in [4, 8] and apply them to intuitionistic fuzzy probability.

The article is organized as follows. In the first part, we explain the basic notions from
intuitionistic fuzzy theory connected with intuitionistic fuzzy probability. In the second part,
we recall the basic notions from extreme value theory valid for intuitionistic fuzzy observables
and for intuitionistic fuzzy states. We will prove a variation of Fisher—Tipett—-Gnedenko theorem
and a variation of Pickand—-Balkema—de Haan theorem for intuitionistic fuzzy observables using
an intuitionistic fuzzy probability.

Throughout the text we will use the abbreviation “IF” for “intuitionistic fuzzy”.

2 Basic notions

In this section we will explain some basic notions like IF-observable, IF-mean value, IF-dispersion
and IF-distribution function in relation to the IF-probability. In the next section, we will work with
independent IF-observables, so we will also explain independence there.

By the notion of n-dimensional IF-observable in IF-space (F,P) we mean each mapping
x : B(R") — F satisfying the following conditions:

() if ANB = @ and A, B € B(R"), then z(A) ® z(B) = (0q,1q) and z(A U B) =
2(A) © 2(B);
(iii) if A,  Aand A,, A € B(R"),n € N, thenz(A,) /~ z(A).
For n = 1 we say simply about IF-observable, see [18]. There B(R) is the o-algebra of the

family of all intervals in R of the form [a,b) = {x € R : a < x < b}, (see [19]).
In [12] we were defined the moments for IF-observable in the sense of IF-probability.

Definition 2.1. Let P : F — J be an IF-probability, P’, Pt be the corresponding IF-states and
x : B(R) — F be an IF-observable. We say that IF-observable x is integrable, if the integrals
[t dP.(t), [t dPEi(t) exist. Then the IF-mean values are defined by

Eb(x):/tdpz(t) , Eﬁ(x):/tdpg(t).

We say that IF-observable x is square integrable, if the integrals [, t* dP(t), [, t* dPL(t) exist.
Then the IF-dispersions are defined by

D2(x) = /R (t — E(2))? dP2(t) = / 2 P2 (t) — (B (x))*,

R
Die) = [ (-F@)?apin) = [ £ apin) - (B )"

We can see that by Definition 2.1 the IF-mean value (or IF-dispersion) of IF-observable

x induced by IF-probability P consists of two IF-mean values (or IF-dispersions) induced by
IF-state, i.e., E(z) = [E’(z), E*(z)] and D?(x) = [D (), D}(z)].

129



Now we recall the definition of an IF-distribution function in the sense of IF-probability,
see [10].

Definition 2.2. Let P : F — J be an IF-probability and x : B(R) — F be an IF-observable.
Then a mapping ¥ : R — J defined by formula

F(t) = Pou((—o0,t)) = [P’ ((z(—00,1))), P*((x(—o00,1)))] = [F’(t), F¥(1)]
for each t € R is called IF- distribution function related to the IF-probability P, where F° F*
R — [0, 1] are the corresponding IF-distribution functions related to the IF-states P, P*.
Remark 2.1. Such [F°(t), F*(t)] is an interval, then F°(t) < F¥(t) for each t € R.

In [18] B. Riecan defined IF-distribution function related to the IF-state as the function
F : R — [0,1] given by the formula F(¢t) = m(z((—o0,t))) for each ¢ € R. There
x : B(R) — F is an IF-observable and m : 7 — [0, 1] is an IF-state.

In the next section, we will work with independent IF-observables, so we will explain what
independence is in relation to IF-probability, see [17].

Definition 2.3. Let P be an IF-probability, P°, P* be the corresponding IF-states. Then the
IF-observables x1,xs,...,x, : B(R) — JF are independent with respect to P if for the
n-dimensional IF-observable h,, : B(R") — F there holds

P (A1 x Ay X o x Ag)) = [P (21(A1) o P (wa(An), PH@a (A1) - P (a(An)
for each Ay, As, ..., A, € B(R), n € N. The map h, is called the joint IF-observable of
T1,L2,...,Tnp.

By a joint IF-observable of two IF-observables x,y we understand a two-dimensional IF-
observable h : B(R*) — F, which satisfies the following condition:

h(C x D) =x(C) xy(D)
for each C, D € B(R), see [16]. There * is the product operation on the family of IF-events F
givenby A x B = (,uA cpp, L — (1 —wa)- (1 — I/B)) = (,LLA B, VA + VB — Uy - I/B) for each
A = (pa,va) € F,B = (up,vp) € F and - is a multiplication, see [11].
There is the following relationship between the independence of IF-observables related to
IF-probability and the independence of IF-observables related to IF-states.

Theorem 2.1. Let P be an IF-probability, P°,P* be the corresponding IF-states. The IF-
observables x1,xs,...,x, : B(R) — F are independent with respect to IF-probability P

if and only if the IF-observables x1,xs, ..., x, : B(R) — F are independent with respect to
[F-states P, P*.

Proof. Proof is straightforward. []

Recall that the IF-observables x1, s, . .., z, : B(R) — F are independent with respect to
IF-state m if for the n-dimensional IF-observable h,, : B(R") — F there holds

m(hn(Al X Ay X ... X An)) = m(:vl(Al)) 'm(xg(Ag)) Ce m(mn(An))
for each Ay, As, ..., A, € B(R), see [9].
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3 Two theorems from extreme value theory

In this section, we will discuss variations of Fisher—Tippett—-Gnedenko theorem and Pickands—
Balkema—de Haan theorem in relation to IF-observables. In the first subsection, we will present
these two theorems in relation to IF-state, and in the second subsection, we will show the
formulations of these theorems for IF-probability. In both subsections, we will work with functions
of several IF-observables, so we will explain what we mean by this term, see [6].

Definition 3.1. Let x1, ..., x, : B(R)— F be IF-observables, h,, be their joint IF-observable and
gn: R" — R be a Borel measurable function. Then we define the IF-observable g, (x4, ..., x,) :
B(R) — F by the formula

In(21, .. 20)(A) = hy (951(14))
foreach A € B(R).

Example 3.1. Let 4, ...,x, : B(R) — F be the IF-observables and h,, : B(R") — F be their
joint IF-observable. Then the IF-observable y,, = g,(z1,...,x,) = i ( max(zy,...,T,) — bn)
is defined by the equality y,, = h, o g, ', where g, (u1, ..., u,) = a%(max(ul, Cey Up) — bn) for

all real numbers uy, . .., U,.

To conclude this section, let us repeat what we mean by convergence in distribution in relation
to [F-probability, see [7].

Definition 3.2. Let (y,), be a sequence of IF-observables in the IF-space (F,P), P be an
IF-probability. We say that (y,), converges in distribution to a function ¥ : R — [0,1], if
foreacht € R

lim P (yn((—00, 1)) = [T(t), T(t)] = {¥(t)}.

n—oo

Of course there is a relation between a convergence in distribution with respect to the
IF-probability P and a convergence in distribution with respect to the corresponding IF-states
P, P, see [7].

Theorem 3.1. A sequence (y,), of an IF-observables converges in distribution to a function
U : R — [0, 1] with respect to the IF-probability P if and only if it converges in distribution to
a function V with respect to the IF-states P°, P*.

Recall that we say that a sequence of IF-observables (y,), converges in distribution with
respect to the IF-state to a function ¥ : R — [0, 1], if

lim m(y,((—o0,t))) = ¥(t)

n—oo

foreacht € R, see [9].
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3.1 Two theorems from extreme value theory in the sense of IF-state

In this subsection we will recall the variations of Fisher—Tippett—Gnedenko theorem and Pickands—
Balkema—de Haan theorem for IF-states. The results can be found in the papers [4, 8]. We will
use them in the next subsection.

Let x1, 9, ... be independent, equally distributed IF-observables on F. Denote by M,, the
maximum of n IF-observables: M; = x1, M, = max(x,...,z,) forn > 2.

Theorem 3.2. (Variation of Fisher-Tippett—-Gnedenko theorem for an IF-state). Let 1, xo, . ..
be a sequence of independent, equally distributed IF-observables such that D*(z,) = o2,
E(x,) = p,(n = 1,2,...). If there exist two sequences of real constants a,, > 0 and b,, and

a non-degenerate distribution function H, such that

n—o0 an

lim m(i(Mn —by) ((—oo,t))) = H(t),

then the distribution function H is one of the following three types of distributions:

1. Gumbel
H,,(t) =exp (—ef(t%“)) , teR,
2. Fréchet
0, fort < p,
Hu,tf,@z(t) = t—p —
exp _(T) , fort> pu,a >0,
3. Weibull

exp (— (—%)a) , fort < p,a>0,
1, fort > p.

There a parameter |1 € R is the location parameter and a parameter o > ( is the scale parameter.

Let = be an IF-observable on F and F be an IF-distribution function of z connected with
IF-state m. We denote by
trp =sup{t € R: F(t) <1}

the right endpoint of IF-distribution function F connected with IF-state m.

Definition 3.3. (Maximum domain of attraction for IF-state). We say that the IF-distribution
function F connected with an IF-state m of IF-observable x; belongs to the maximum domain
of attraction of the extreme value distributions H if there exist two sequences of real constants
a, > 0and b, such that

i m (- (M, = ,) ((-o0.0)) ) = H(0

n—00 an,

holds. We write ¥ € MDA (H).
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Definition 3.4. (Excess IF-distribution function for IF-state). Ler ¥ be an IF-distribution
function of IF-observable x connected with IF-state m with right endpoint tg. For fixed u < i,

u > 0,
F(t +u) — F(u)

1 —F(u)

is the excess IF-distribution function of the IF-observable x connected with IF-state m (of the

FU(t) =

IF-distribution function F connected with IF-state m) over the threshold w.

Theorem 3.3. (Variation of Pickands-Balkema—de Haan theorem for IF-state). For every
ceR,
FeMDA(H.) <= lim sup [|Fu(t)—G.pw(t)|=0

U=tF 0<i<tp—u

for some positive function f3.

Remark 3.1. The previous theorem says that for some function (3 to be estimated from the data,
the excess IF-distribution ¥, connected with IF-state m converges to the generalised Pareto
distribution G g for large .

Recall that by generalized Pareto distribution (GPD) we understand the distribution function
G, g defined by

l—e 5, ife =0,

where

ngg—é ife <0
€

and 8 > 0 is the scale parameter and ¢ is called the shape parameter, see [5].

3.2 Two theorems from extreme value theory in the sense of IF-probability

In this subsection we will study two theorems from extreme value theory, i.e., the variations
of Fisher-Tippett—Gnedenko theorem and Pickands—Balkema—de Haan theorem in the sense of
IF-probability. Since the IF-probability P can be decomposed into two IF-states P°, P!, we
will try to use the results from the extreme value theory for IF-states presented in the previous
subsection.

Let (z,)}° be a sequence of independent, equally distributed IF-observables on (F,P),
where P is an IF-probability. Denote M,, maximum of n IF-observables such that M; = zq,
M,, = max(xq,...,z,) forn > 2.

Theorem 3.4. (Variation of Fisher-Tippett—-Gnedenko theorem for IF-probability). Let
(F,P) be an IF-space with IF-probability P, (z,)° be a sequence of independent, equally
distributed IF-observables such that D*(x,) = [Dj(z,),Di(z,)] = [0% 0% = {o°},
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E(z,) = [E’(z,), E¥(z,)] = [, 1] = {u}, n € N. If there exist two sequences of real constants
a,, > 0 and b,, and a non-degenerate distribution function H, such that

i P (- (M, ~ 8) ((-00.)) ) = [#(0) H()) = (H O,

n—0o00 Ay,

then the distribution function H is one of the following three types of distributions:

1. Gumbel
H, ,(t) = exp <—e_(%>) , teR,
2. Fréchet
0, Jort < p,
Hyll) = e
exp —(U) , fort>p,a >0,
3. Weibull

HWAw:{“”—F%ﬁﬂaﬁms%a>m

1, fort > p.
There a parameter |1 € R is the location parameter and a parameter o > ( is the scale parameter.

Proof. Let P be an IF-probability. It can be expressed using two IF-states P°, P! such that
P(A) = [P"(A), P*(A)] for each A € F. Denote y, = (M, —by),n € N. Then

P(yn((—oo, t))) = [Pb (yn((—OO, t))) ) ,Pti (yn((—OO, t)))] (1)

forallt € R.

Since a sequence (z,), is the sequence of independent IF-observables in IF-space (F,P),
then by Theorem 2.1, the sequence (x,,),, is independent in IF-spaces (F, P’), (F, P*). Moreover
the sequence (z,,), of independent IF-observables is equally distributed in IF-spaces (F,P°),
(F,P*) and

Eb(xn) = E¥(z,) = a, DZ(x,) = Dﬁ(wn) = g2,
Hence using Theorem 3.2 (i.e., the variation of Fisher-Tippett—Gnedenko theorem for IF-state),

we obtain that if there exist two sequences of real constants a,, > 0 and b,, and a non-degenerate
distribution function H, such that

nlggopb (yn((_oovt))) = nlgrolo P’ (ai (M” B bn) ((—OO,t))) = H(t), (2)
lim P (yn((—o0,1)) = lim pﬁ(ai(mn _ bn)((—oqt))) —HEY, G

then the distribution function / is one of the following three types of distributions: Gumbel,
Fréchet and Weibull.
Therefore, using (1), (2) and (3), we have that

lim P (ya((—00,1))) = lim [P (ya((—00,1))), P*(ya((—00,1)))] = [H(t), H(t)] = {H(t)}

n—oo n—oo

forallt € R. ]
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Now we can define the notion of maximum domain of attraction for IF-probability.

Definition 3.5. (Maximum domain of attraction for IF-probability). We say that the IF-
distribution function ¥ connected with IF-probability P of IF-observable x; belongs to the
maximum domain of attraction of the extreme value distributions H if there exist two sequences
of real constants a,, > 0 and b,,, such that

i P (M, — ) (~o<.0) ) = (10,10 = {10)

n—o0 (07%
holds. We write ¥ € MDA (H) in IF-space (F,P).

Let = be an IF-observable on F and F be an IF-distribution function of x connected with the
IF-probability P. We denote by

tp =sup{t € R:F’(t) < 1AF¥t) <1} (ie.,tp =sup{t € R: F(t) < [1,1]})

the right endpoint of IF-distribution function F connected with IF-probability 7. There F°, F*
are the corresponding IF-distributions connected with IF-states P°, P,

Remark 3.2. If tg is the right endpoint of the IF-distribution function ¥ connected with IF-
probability P and tg, tg: be the right endpoints of IF-distribution functions ¥°, F* connected
with IF-states P°, P%, then ty = tp: and tp: < tg. This can be seen from the inequality
F’(t) < F¥(t) forallt € R.

Theorem 3.5. Let F be an IF-distribution function of the IF-observable x connected with the IF-
probability P and ¥°, F* are the IF-distribution functions of the IF-observable x connected with
IF-states P, P, respectively. Then F € MDA(H) in IF-space (F,P) if and only if F*, F! ¢
MDA (H) in IF-spaces (F,P°), (F,P*).

Proof. Let F be an [F-distribution function of the IF-observable x connected with IF-probability
P = [P°, P?] given by F(t) = [F°(t), F¥(t)] for all t € R, where F”, F* are the corresponding
[F-distribution function of the IF-observable x connected with IF-states P°, P*.

“=7":. If F € MDA(H) in IF-space (F,P), then there there exists constants a,, > 0, b, € R
such that

i P (M 0) ((00.0) ) = (10, H0) = {10

But T
P( ) (0) ) = [P (-0 (o0.) )P (- () (o) )|
Therefore,

i P (- (M, ) (~oe.0) ) = H(0)

n—oo Ay,

i P (L (M, =) (-00.0) ) = H(0)

Qn
ie., F*, F¥ € MDA(H) in IF-spaces (F,P’), (F, P*%), respectively.

“ < " . The opposite direction can be proved in a similar way. O
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Now we formulate excess IF-distribution function for IF-probability.

Definition 3.6. (Excess IF-distribution function for IF-probability). Let ¥ be an IF-distribution
function of an IF-observable x connected with IF-probability ‘P with right endpoint tg. For fixed

u < tg, u>0,
F(t +u) — F(u)

[1,1] = F(u)
is the excess IF-distribution function of the IF-observable x connected with IF-probability P over
the threshold .

F,(t) = L, 0<t<tp—u

Remark 3.3. The excess IF-distribution function ¥, connected with IF-probability P can be

expressed in the following form

F u) — F(u | O uw) — F°(u) F! u) — Fi(u
Fu(t) = <[i+1} EF(U() - (t1+— ]Z‘b(u) = (t1+_ ])E‘ﬁ(u) ] - (1), Fu(0)]

for 0 <t < tg — u. There FZ, F?J are the excess IF-distribution functions connected with
IF-states P, P*.

Next we formulate a variation of Pickands—Balkema—de Haan theorem for IF-probability.

Theorem 3.6. (Variation of Pickands—-Balkema-de Haan theorem for IF-probability). Let F
be an IF-distribution function of an IF-observable x connected with IF-probability P with right
endpoint tg. Let ¥, be an excess IF-distribution function of the IF-observable x connected with
the IF-probability ‘P over the threshold u for fixed u < tg, u > 0. For every € € R,
FeMDA(H.) <= lim sup [|F,(t)—{G-pw ()} =10,0]

UE O<t<tp—u
for some positive function . There {G. g ()} = [Gepu)(t), Gep(t)):

Proof. Let (F,P) be an IF-space with an IF-probability P = [P”, P*]. Then by Theorem 3.5, we
have that
F € MDA(H,) <= F° F*<c MDA(H.)

for every ¢ € R. There F’, F? are the IF-distribution functions connected with IF-states P°, Pﬁ,
respectively.

Using a variation of Pickands—Balkema—de Haan theorem for IF-state (see Theorem 3.3), we
obtain

F’c MDA(H.) <= lim sup [F)(t) — G (t)] =0,

U=ty 0<t<tp,—u
F' e MDA(H.) <= lim sup |Fi(t) — G.pw)()] =0

Utpy 0<t<tpy—u

for some positive function 5. But tg = tp: and tg: < tp»(see Remark 3.2), hence

lim  sup |F|;(t) - Ge,b’(u)(t)| =0,

U= O<i<tp—u

lim  sup ’Fi(t) - Gs,ﬂ(u) (t)‘ = 0.

U=F O<t<tp—u
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Finally, we have

lim  sup ‘Fu@) - {Ga,ﬁ(u) (t)}‘ = lim  sup |:|Fz(t) _GE,B(U)(t) }a

U—F O<t<tp—u U=HE O<t<tp—u

= [O’ O]

F! (1) — Ge gy (t) ﬂ

for some positive function f. ]

Remark 3.4. The previous theorem says that for some function (3 to be estimated from the data,
the excess IF-distribution ¥, connected with IF-probability P converges to the generalised
Pareto distribution G, g for large .
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