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Abstract: Group actions serve as a powerful tool for exploring the symmetry and automorphism
properties of rings. In this paper, we examine group actions on intuitionistic fuzzy ideals (IFIs)
within a ['-ring M. We introduce the concept of the intrinsic product of IFIs in M and explore
various properties of intuitionistic fuzzy prime ideals under the influence of group actions. Further,
we propose the notion of an intuitionistic fuzzy G-prime ideal in M. We demonstrate that
for an IFI A of M, the ideal A9 = geg A? represents the largest G-invariant IFI contained
within A. Additionally, we establish that the G-primeness of AY is uniquely characterized by the
G-primeness of A. Lastly, we examine the behavior of intuitionistic fuzzy G-prime ideals of M
under a G-homomorphism.
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1 Introduction

Algebraic structures form a cornerstone of modern mathematics, with wide-ranging applications
in fields such as theoretical physics, computer science, control engineering, information theory,
and coding theory. Among these, the theory of I'-rings introduced by Nobusawa [10] as a natural
generalization of classical ring theory has emerged as a significant area of study. The class of
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['-rings includes all rings as well as Hestenes ternary rings, thereby offering a broader algebraic
framework. Barnes [3] later refined Nobusawa’s definition by slightly relaxing its conditions,
leading to a more flexible theoretical foundation. Since then, extensive research has been carried
out to develop and expand the theory of I'-rings in the senses of both Nobusawa and Barnes.
These efforts have led to meaningful generalizations of classical results in ring theory. Notable
contributions include structural investigations by Barnes [3] and Kyuno [5, 6], Warsi’s work on
the decomposition of primary ideals [20], and Paul’s study of various I'-ideal types and their
corresponding operator rings [15].

The study of group actions on rings led to the establishment of the Galois theory for rings.
Lorenz and Passman [8]. Montgomery [9], and others researched the skew grouping approach
in the context of the Galois theory, as well as the grouping and the fixed ring. The link between
the G-prime ideals of R and the prime ideals of skew grouping RG was identified by Lorenz and
Passman [8]. Montgomery [9] investigated the relationship between the prime ideals of R and
RY, leading him to broaden the scope of the action of a group to SpecR.

The idea of intuitionistic fuzzy sets was first published by Atanassov [1, 2], as a generalization
of the notion of fuzzy set given by Zadeh [21]. Kim et al. in [4] considered the intuitionistic
fuzzification of ideal of I'-ring which were further studied by Palaniappan at al. in [13, 14, 11].
The notion of intuitionistic fuzzy prime ideal and semiprime were studied by Palaniappan and
Ramachandran in [12]. Authors in [16] and [18] studied intuitionistic fuzzy characteristic ideals
and intuitionistic fuzzy primary ideals in I'-ring respectively.

Lee and Park [7] recently investigate the action of group on intuitionistic fuzzy ideal of a
ring R and found a relationship between the intuitionistic fuzzy G-prime ideals of R and the
intuitionistic fuzzy prime ideal of /R. We define the action of group on an intuitionistic fuzzy
ideal of I'-ring M and investigate the action of group on intuitionistic fuzzy ideals and G-invariant
intuitionistic fuzzy ideals of M. The homomorphic behaviour of group action on intuitionistic
fuzzy ideals of I'-ring M have also been analysed.

2 Preliminaries

Let us recall some definitions and results, which are necessary for the development of the paper.
Throughout this paper unless stated otherwise all I'-rings are commutative I'-ring with unity.

Definition 2.1. ([10, 3]) If (M, +) and (T", +) are additive Abelian groups, then M is called a
[-ring ( in the sense of Barnes [3]) if there exist mapping M x I' x M — M [image of (z, a, y)
is denoted by zay, x,y € M, € I'] satisfying the following conditions:

(1) zay € M.
) (z +y)az = zaz + yaz, x(a+ B)y = zay + xPy, xa(y + 2) = zay + raz.
(3) (zay)fz = za(ypz). forall x,y,z € M, and v € T

The I'-ring M is called commutative if vy = yvyx,Vae,y € M,y € I'. Anelement 1 € M
is said to be the unity of M if for each z € M there exists v € I" such that zy1l = 1yz = =.
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A subset N of a I'-ring M is a left (right) ideal of M if A/ is an additive subgroup of M and
MIN = {zaylz € M,a € T,y € N}, (“NTM = {zay|lr € N,a € T,y € M}") is
contained in N. If AV is both a left and a right ideal then N is a two-sided ideal, or simply an
ideal of M. A I'-ring M is said to be commutative if ayb = bvya for all a,b € M and v € T.
A mapping o : M — M’ of I'-rings is called a I'-homomorphism [3] if o(z + y) = o(z) + o (y)
and o(zay) = o(z)ao(y) forall z,y € M,a €T.

Definition 2.2. ([20]) A proper ideal Z of a I'-ring M is called a prime if for any ideal ¢,V of
MUTY C Zimpliesd CZorV CT.

Definition 2.3. ([1, 2]) An intuitionistic fuzzy set A in X can be represented as an object of the
form A = {(z,pa(x),va(z)) : © € X}, where the functions 4,4 : X — [0, 1] denote the
degree of membership (namely p4(z)) and the degree of non-membership (namely v4(z)) of
each element = € X to A, respectively and 0 < p4(z) + va(z) < 1foreachz € X.

Remark 2.4. ([1, 2]) When p4(x) + va(x) = 1,V € X, then A is called a fuzzy set.

If A,B € [FS(X), then A C B if and only if pa(x) < pup(x) and vy(z) > ve(z), Vo €
X. Also, A = B & A C Band B C A. For any subset ) of X, the intuitionistic fuzzy
characteristic function yy is an intuitionistic fuzzy set of X, defined by: xy(z) = (1,0),Vx €
and xy(z) = (0,1),Ve € X\)Y. Let o, B € [0,1] with o + 8 < 1. Then the crisp set A, 5 =
{r € X : pa(z) > aand va(z) < B} is called the («, 5)-level cut subset of A. Also, the IFS
T(a,) of X' defined as x(, 5)(y) = (o, B), if y = x, otherwise (0,1) is called the intuitionistic
fuzzy point (IFP) in X’ with support . By (30 € A we mean ji4(2x) > « and vu(z) < B.
Furthermore, if ¢ : X — ) is a mapping, and A and B are IFS of X and ), respectively, then
the image o(A), is an IFS of ), is defined as: i,(4)(y) = sup{pa(z) : 0(x) = y}, voay(y) =
inf{v4(z) : o(x) = y}, forall y € Y. The inverse image o~ *(B), is an IFS of X, is defined as:
to-1()(x) = pp(o(x)), vo-1(p)(x) = vp(o(x)), forallz € X, ie., o0 ' (B)(z) = B(o(z)), for
all x € X. Furthermore, the IFS A of X is said to be o-invariant if for any x,y € X, whenever
o(x) = o(y) implies A(x) = A(y).
Definition 2.5. ([4, 14]) Let A and B be two IFSs of a I'-ring M, and v € I'. Then the intrinsic
product AI'B is defined by:
(sup min{pa(y), pp(2)}, inf max{va(y),vs(2)}), ifz=yyz
(harp(z), varp(z)) = { *=0* o
(0,1), otherwise
Definition 2.6. ([4, 14]) Let A be an IFS of a ['-ring M. Then A is called an intuitionistic fuzzy
ideal of M, if for all z,y € M, ~ € T, the following are satisfied:
(i) pa(r —y) > min{pa(@), pa(y)};

(i) pra(zyy) 2 max{pa(z), pa(y)};

(iii) va(zr —y) < max{va(x),va(y)};

(iv) va(zyy) < min{va(z),va(y)}.

The set of all intuitionistic fuzzy ideals of a I'-ring M is denoted by I F'I(M). Note that if

A€ IFI(M), then pa(Op) > pa(z) > pa(lyg) and va(0p) < va(z) < va(lm), Vo € M
(see [21)).
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Definition 2.7. ([12, 18]) Let P be an IFI of a ['-ring M. Then P is said to be prime if it is
non-constant, and for any IFIs A and B of M, AI'B C P implies A C Por B C P.

Remark 2.8. ([12, 18]) Let (,.5), .5y € [ F P(M). Then

Tl Yits) = (@LY) pat.qvs)
Theorem 2.9. ([12, 18]) Let M be a commutative 1'-ring, and let A be an IFI of M. Then
following are equivalent:
(1) A is an intuitionistic fuzzy prime ideal of M.

(il) Forany x4, Y1,s) € 1FP(M) such that xq, pT'yus) € A= 24pq C Aoryus C A

Proposition 2.10. ([17]) Let M and M’ be I'-rings. If o : M — M’ is a surjective homomorphism,
then for all x € M and p,q € (0, 1] such that p + q < 1, we have

o(Z(p.g) = (0(2)) (pg)

Theorem 2.11. ([12, 17]) Let f : M — M/’ be a surjective I'-homomorphism, and let A be an
f-invariant IF prime ideal of M, and B be an IF prime ideal of M'. Then f(A) and f~*(B) are
IF prime ideal of M’ and M, respectively.

3 Group action on intuitionistic fuzzy ideals of I'-ring

In this section, we study the group action on the intuitionistic fuzzy ideals of the I'-ring. Using
this concept, we develop the notion of a G-invariant intuitionistic fuzzy ideal of the I'-ring, which
is further utilized to define the concept of intuitionistic fuzzy G-prime ideals. Various related
properties of these notions will also be analysed.

Definition 3.1. ([1]) Let G be a group and S a non-empty set. Then the mapping ¢ : G x S — S,
with ¢(g, z) written as g * x, is an action of G on S if and only if, for all g,h € G and x € S, the
following conditions hold:

l. g% (h*xx)=(gh)*x,

2. e* x = x, where e is the identity element of the group G.

We assume that M is a I'-ring and G = Aut(M) is the group of automorphism of M. Then
G acts on M, defined by ¢(g,x) = g(x),i.e.,g * x = g(x). In this section, we define the group
action of G on an intuitionistic fuzzy set (IFS) A of the I'-ring M.

Definition 3.2. The group action of G on an IFS A of a I'-ring M is denoted by AY and is defined
as A9 = {{(z, pas(2),va9(x)) : @ € M}, where pas(z) = pa(z?) and vas(z) = va(29) for
everyx € M, g € G.

Example 3.3. Consider M = Z, x Zy = {(0,0),(1,0),(0,1),(1,1)}, I" = {(0,0),(1,1)} and
K =7y x {0} = {(1,0),(0,0)} and H = {0} x Zy = {(0,0),(0,1)}, where Z, is the ring
of integers modulo 2. Clearly, M and I' are additive abelian groups, and that M is a I'-ring.
Moreover, IC and H are I'-ideals of M.
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Consider the IFS A on M defined as follows:

L if (r,y) € L L ((a _ 0, if(z,y) ek
Halle,y)) = 0.5, if (z,9) ¢ K al(z.9)) 0.3, if (z,y) ¢ K.

g1 =1(0,0) — (0,0); (0,1) = (0,1);(1,0) — (1,0); (1,1) — (1, 1)}
g2 = {(0,0) = (0,0);(0,1) = (1,1);(1,0) — (1,0); (1, 1) — (0, 1)}
g3 = {(0,0) — (070); (07 1) — (07 1); (170) — (L 1); (17 1) — (170)}
94 = {(0,0) — (0,0); (0,1) — (1,0); (1,0) = (0,1); (1,1) — (1,1)}
g5 ={(0,0) — (0,0); (0,1) = (1,0);(1,0) — (1,1); (1,1) — (0, 1)}
96 = {(0,0) — (0,0); (0,1) = (1,1);(1,0) — (0,1); (1,1) = (1,0)}.

Now, it is easy to see that, for g = ¢g; or go € G, A = A and for g = g4 or g5 € G, AY is given by

)L if(ry)eH — _ 0, if(x,y)eH
pas((:9)) = 0.5,if (x,y) & H 2 0.3, if (2,y) ¢ H.

Also, for g = g3 or g € G, AY is given by

() =4 o POV L0 Ly 0 i) 40,0, D)
| 0.5,if (z,y) # {(0.0), (1, 1)} | 0.3.if (z.4) ¢ {(0,0), (1, 1)},

From the definition of group action on an IFS, the following results are easy to derive.

Lemma 3.4. Let A and B be two IFSs of a I'-ring M, and let G be a finite group which acts on
A and B. Then:

1. (ANB)Y=AYNBI, Vg €G;

2. (AUB)Y =AU B9 Vg e g;

3. (Ax B) = AY x B9, Vg € G;
4. If AC B, then A C B9,N¥g € G;
5. (A9 = A% Vg, h € G;

6. (A9)9" = A° Vg e G.

Lemma 3.5. Let G be a finite group which acts on a I'-ring M. Then forx,y € M,y €T',g € G,
we have

L (z—y)? =a% —y%
2. (zyy)? = 2y
3. (z,y)? = (a9,y%);

Proposition 3.6. Let A be an IFI of a I'-ring M, and let G be a finite group which acts on A.
Then A9 is also an IFI of M.
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Proof. Letx,y € M,~v €', g € G be any elements. Then

pas(x —y) = pal(x —y)?) = pa(z? —y9)
> min{pa(z?), paly’)}
= min{pas (), pas(y)}.
Thus fuas(z — y) > min{pas (2), pas(y)}-
Likewise, it can be established that 140 (2 — y) < max{vas(z),vas(y)}. Also,
pas(zvy) = pal(@yy)?) = pa(@vy?)
> max{pa(a?), pa(y?)}
= max{fas (), pas(y)}.

Thus f14 (z7y) = max{jias (), pas(y)}-
Likewise, it can be proved that v4s (zyy) < min{vas (), vas(y)}-
Thus AY is an IFI of M. [

Remark 3.7. It is easy to check that the IFS A as defined in Example 3.3 is an IFI of M. Also,
for g = g, or gy or g4 or g5 € G, A9 is also an IFI of M. However, for g = g3 or g5 € G, A9 is
not an IFI of M, for

IMA%((L 1)(17 1)(0’ 1)) = MAQG(((): 1)) =0.5 2 1= maX{MAgG((L 1))7 MA6<<O’ 1>>} = {1’ 0'5};
vaos (1, 1)(1,1)(0,1)) = 406 ((0,1)) = 0.3 £ 0 = min{vass (1, 1)), wa (0, 1))} = {0, 0.3},

Definition 3.8. Let A be an IFI of a I'-ring M, and let G be a finite group which acts on A. Then
A is called an intuitionistic fuzzy G-ideal of M if A9 is an IFI of M forall g € G.

Proposition 3.9. If A, B are two IFIs of a I'-ring M, and let G be a finite group which acts on A
and B, then (AN B)Y is also an IFI of M.

Proof. Follows from Lemma 3.4(1) and Proposition 3.6. ]

Proposition 3.10. If A, B are two IFIs of a I'-ring M, and let G be a finite group which acts on
A and B, then (A x B)? is also an IFI of M.

Proof. Follows from Lemma 3.4(3) and Proposition 3.6. ]

Proposition 3.11. If P is an intuitionistic fuzzy prime ideal of a I'-ring M, then PY is also an
intuitionistic fuzzy prime ideal of M, where g € G be any element.

Proof. Let A, B be two IFIs of a near ring M with AI'B C P9, where g € G be any element.
Now, we claim that A9 'T'B9" C P. It is sufficient to show that i -1, 5,-1 () < pp(z) and
Vao-irpe—1 () > vp(x),Vy e Iz € M.

faoippet (€)= sup {min(p o1 (a), pge (b))}

r=a~b
sup  {min(ua(a? ), pp(t?
:a9717b971
NAFB(xg_l)
1

pps(2? )
= pp(z).

—1

)}

29”1

IN
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Thus p 4-1105,-1(2) < pp(z). Likewise, it can be established that v 11 5,-1(2) > vp(z).
Hence A9 'T'BY ' C P which implies that either A9 C PorBY ' C P,ie., either A C PY
or B C P9, for if, A9 C P, then pia(z) = pa((z9)9 ') = P (29) < pp(x?) = pps(x).
Similarly, we have v4(z) > vps(x). Thus A C P9. Hence PY is an IF prime ideal of M. O

By using the definition of G-invariant ideal of a ring M, we define G-invariant intuitionistic
fuzzy ideal and G-invariant intuitionistic fuzzy prime ideal of I'-ring M.

Definition 3.12. Let A be an IFS of a I'-ring M, and let G be a group which acts on M. Then A
is said to be G-invariant IFS of M if and only if

pas(x) = pa(x9) > pa(x),vas(z) = va(a?) <va(z),Vor € MandVg € G.

Proposition 3.13. Let A be an IFS of a I'-ring M, and let G be a finite group which acts on M.
Then A is G-invariant IFS of M if and only if A% = A, forall g € G.

Proof. Forz € M,g € G, we have jus(z) = pa((29)9") > pa(x9) > pa(x) implies that
pa(x) = pa(x?) = pas(x). Similarly, we have v4(z) = vaq(x). Hence A9 = A. O

Theorem 3.14. Let A be an IFS of a I'-ring M, and let G be a finite group which acts on M.
Let A = Nyeg A%~ Then AY = (pgs,va0), where pje(xr) = min{ua(29) : g € G} and
vao(z) = max{vy(z9) : g € G}, Vo € M. Moreover, AY is the largest G-invariant IFS of M
contained in A.

Proof. Since A be an IFS of M and so AY is IFS of M for all g € G. Also, intersection of IFSs
of M is an IFS of M and so AY is an IFS of M. Next, we show that AY is G-invariant IFS of
M. Now,

min{pn(2?) : h € G}
— win{ua{(s9)"}  h € G)
= min{pua(z9") : h € G}
= min{ua(2?) : ¢ € G}
= pras(x).

fra9(29)

Likewise, it can be proved that v4¢ (29) = v 49 (z), Vo € M. Thus AY is G-invariant IFS of M.
Further, let B be any G-invariant IFS of M such that B C A. Then for any x € M, g € G,
we get up(x9) = pp(r) < pa(x) and vp(x9) = vg(z) > va(z). Now,

pp(a?) = pp(@) = pp{(29)? "} < pa(29) = pp(r) < minfpa(2?) : g € G} = pao ().
Similarly,
vp(z?) =vg(x) = I/B{(acg)g_l} > va(2?) = vp(x) > max{va(a?) : g € G} = v e(x).

Thus B C AY. Hence AY is the largest G-invariant IFS of M contained in A. O
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Proposition 3.15. Let A be an IFI of a I'-ring M, and let G be a finite group which acts on M.
Then AY is the largest G-invariant IFI of M contained in A.

Proof. Letx,y € M,y €T, g € G be any element, then

pas(z —y) = min{ua((z —y)?): g € G}

min{pa(x? —y?) : g € G}

min{min{a(z?), pa(y?)} : g € G}

= min{min{us(z?) : g € G}, min{pa(y’) : g € G}}
min{/ise (x), pras (y)}-

v

Likewise, it can be established that v4¢ (r — y) < max{vq(x),v49(y)}. Also,

pas(zyy) = min{pa((z7y)?) : g € G}

min{pa(z?vy?) : g € G}

> min{max{pa(z?), pa(y?)} : g € G}

— max{mingua(e?), pas”)} : g € G}

= max{min{us(2?) : g € G}, min{ua(y?) : g € G}}
= max{fas(z), 11as(y)}.

2%\
27\

Hence AY is an IFI of M. Further, AY is the largest G-invariant IFI of M contained in A can be
proved similar to Theorem 3.14. O

Proposition 3.16. An IFI A of a I'-ring M is G-invariant IFI of M if and only if A = A.

Proof. From Proposition 3.15 we get A9 C A. Also, because A is G-invariant IFS of M and
A C Aimplies that A C AY. Hence AY = A. O

Example 3.17. Consider M, I', G and the IFS A as in Example (3.3).
Then it is easy to obtain AY as:

)L if(z,y) =(0,0) b eol(x _ 0, if(z,y)=(0,0)
pas((z,y)) = s 20,0 19 ((,y))

Since A9 # A. So A is not a G-invariant IFI of M.

Example 3.18. Consider M = Zg = {0,1,2,3,4,5}, ' = Zy = {0, 1}. Then M is a I'-ring.
Take K = {0, 2,4} be a I'-ideal of M. Define an IFS A on M as

1, ifrek 0, ifre
,uA(l') = . ) VA((x7y)) = .
0.5, ifz ¢ K 0.3, ifz¢ K.
It is easy to check that A is an IFI of M. Let G = Aut(M) = {i, g} be the automorphism group
of M, where g = {1 — 5,2 — 4,3 — 3,4 — 2,5 — 1,0 — 0}. Now it is easy to check that
A9 = A, Vg € G. Moreover, we also get that AY9 = A. Hence A is a G-invariant IFI of M.
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Theorem 3.19. If A and B are G-invariant IFls of a I'-ring M, then A+ B is also a G-invariant
IFI of M.

Proof. Suppose x € M, g € G be any elements, then

passye () = pasp(r?)

= s b{uA(a), pp(b)}

= sup {puala” ), a1}

= sup 1{MA(ag_1), pp(b?

x:a971 +b9™

= pasp().

1

)}

Likewise, it can be established that v(4yp)s(2) = vaip(x). Thus (A+ B)Y = A+ B,Vg € G.
Hence A + B is also a G-invariant IFI of M. [

Theorem 3.20. If A and B are G-invariant IFls of a I'-ring M, then AU'B is also a G-invariant
IFI of M.

Proof. Letx € M,~y € T', g € G be any elements, then

H(ATB)9 (l’) = SUPzg=avyb miH{MA(CL), :uB(b)}
— supbmin{/m(ag_l),uB(bg_l)}
rI=ay

)}

= sup  min{pa(a? ), pp (b’

x:a9717b971

= parp(7).

Likewise, it can be established that v arp)s (¢) = varp(x). Thus (AI'B)? = AT'B,Vg € G.
Hence AI'B is also a G-invariant IFI of M. O]

Definition 3.21. Let P be a non-constant IFI of a I'-ring M, and let G be a finite group which
acts on P. Then P is termed as an IF G-prime ideal of M if P is G-invariant IF prime ideal of

M.

Proposition 3.22. Let P be an IF G-prime ideal of M. Then Py is a G-prime ideal of M,
where s € [up(1), up(0)] and t € [vp(0),vp(1)] such that s +t < 1.

Proof. ltis easy to show that P, is an ideal of M. We show that P ;) is a G-invariant.

Let v € P4),9 € G be any element. Since P is G-invariant intuitionistic fuzzy prime ideal of
M, so pp(2?) = pp(z) > sand vp(a9) = vp(x) < t,Vg € G implies that 29 € P, y),Vg € G.
Hence P, is G-invariant.

Next we show that P ;) is a prime ideal of M. Let I and J be two G-invariant ideals of M
such that IT'J C P,4). Define two IFSs A = x; and B = x. It is easy to check that A and
B are G-invariant IFIs of M (as I and J are G-invariant ideals). We claim that AT'B C P. Let
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x € M,y € I be any element. If AI'B(z) = (0, 1), there is nothing to prove. If AI'B(z) #
(0,1), then p1arp(z) = sup,,, min{jea(y), 15(2)} = SUPy_yr, min{tig; (4). fs (=)} # 0 and
varg(x) = inf,—,, max{va(y),vp(2)} = inf,—,.. max{v,,(y), vy, (2)} # 1. This implies that
there exist y € I,z € J such that x = yvyz. Moreover, A'B(x) = (s,t). Thus
r = yyz € IT'J C Pyy. So up(xr) > s,vp(x) < t. Hence AB C P. Since P is an
intuitionistic fuzzy G-prime ideal of M, either A C P or B C P. Suppose that, A C P, then
I C Py. For, if I O Py, then there is an element a € M such thata € I, but a ¢ P . This
implies that pa(a) = py,(a) = s and v4(a) = vy, (a) = t, but up(a) < s and vp(a) > t. Thus
pa(a) = s> pup(a) and va(a) =t < vp(a). Hence A O P, a contradiction. Similarly, we have
B C P. Hence P is G-prime ideal of M. O

From the above discussion on the results on intuitionistic fuzzy prime ideals that are G-invariant
also. We can also define intuitionistic fuzzy G-prime ideals in the following ways too

Definition 3.23. A non-constant G-invariant IFI P of a ['-ring M is said to be G-prime IFI if for
any two G-invariant IFIs A and B of M such that AI'B C P implies either A C Por B C P.

Proposition 3.24. Let P be an intuitionistic fuzzy G-invariant ideal of 1'-ring M. Then the

following are equivalent:
1. P is an intuitionistic fuzzy G-prime ideal of M,

2. For any x(,.q), Y(sp) € IFP(M), where x,y € M are G-invariant points such that
o) L'Ys,e) © P implies that either x(, o) € P or ysy € P.

Proof. (1) = (2): Assume that P is an intuitionistic fuzzy G-prime ideal of M.
Let 2 (p.q), Y(sp) € 1F P(M), where =,y € M are G-invariant points such that Tl Y € P.
Then 2, ) ['y(s.6) = (2I'Y) (prs,gve)> Where pp(2ly) > p A s and vp(zl'y) < gV L.

Define IFSs A = x(,y and B = ) of M. Clearly, A and B are G-invariant IFIs of M. Now
parp(z) = sup min{pa(u), up(v)} = p A s; varp(z) = Zi:%f/vmax{uA(u),yB(v)} =q\Vt,

Z=uyv

where u € (x) and v € (y). Thus parp(2) =pAs < up(z) and varp(z) = ¢Vt > vp(z), when
z = uryv, where u € (x),v € (y) and vy € T'. Otherwise AT'B(z) = (0,1), i.e., ATB C P. As
P is an intuitionistic fuzzy G-prime ideal so either A C P or B C P. Then z(, ;) € A C Por
Y(s,t) - B.

(2) = (1): Let A and B be two G-invariant IFIs of M such that AI'B C P. Suppose A O P.
Then there exists a G-invariant element x € M such that pi4(z) > pp(x) and va(x) < vp(z).
Let pa(z) = p, va(z) = q. Let y € M be G-invariant element of M with p4(z) = r,va(z) = s.
If 2 = xyy, then 2, ) [y(s.0) = (1Y) (prs,qve)-

Hence jip(2) = pp(ryy) > parp(ryy) > min{pa(z), up(y)} = DA S = fiey)on.gvn (2)-
Similarly, we have vp(2) < gy (2). Hence x(p I'y(s4) € P, then by (1), we get either

(pAs,qVt)

T(pq) C Poryesy C P,ie., either up(x) > p, vp(x) < qor pp(r) > s, vp(xr) < t.

Since pip(z) < p,vp(x) > qand pp(y) = s < pp(y), va(y) =t > vp(y). So, B C P.
Hence P is an intuitionistic fuzzy G-prime ideal of M. O

Similarly, we can prove the following proposition.
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Proposition 3.25. If P is an IF prime ideal of a T'-ring M, then P9 is G-prime IFI ideal of M.
Conversely, if () is an intuitionistic fuzzy G-prime ideal of M, then there exists an IF prime ideal
P of M such that P9 = Q.

Proof. Let P be an intuitionistic fuzzy prime ideal of the I'-ring M and let A and B be two
G-invariant IFIs of M such that AT B C PY. Then AT'B C P (since P9 C P always). So, either
A C Por B C P. But PY is the largest G-invariant IFI of M contained in P. So, either A C PY
or B C PY. Hence PY is G-prime IFI ideal of M.

For the converse part, suppose that @ is an IF G-prime ideal of M. Therefore, QY = (). Let
S = {P|Pis an IFI of M with P9 C Q}. By Zorn's lemma, there exists an intuitionistic fuzzy
maximal ideal P such that PY C (). Let A and B be two IFIs of M such that AT'B C P. Then
(ATB)Y C PY9 C Q. Since A9 and BY are largest IFIs of M contained in A and B, respectively.
We claim that AST'BY C AT'B is G-invariant.

pasrpe(z?) = sup min{ 49 (u), ppe(v)}
xr9=uyv
= sup  min{pas(uf ), ppe(v? )}
x:u9717v97
= ftasrpe ().

Similarly, we can show that v or e (29) = v4opge(x). Hence AST'BY C (AT'B)Y C Q. Since Q
is an IF G prime ideal of M, then we have either A9 C Q or BY C Q. By maximality of P either
A C Por B C P. This implies that P is an IF prime ideal of M. As QY = , we have Q € S.
But maximality of P gives that ) C P. Since P and Q9 are G invariant and PY is largest in P,
we get (Q C PY. Hence PY = (). O

4 G-homomorphism of intuitionistic fuzzy G—-ideals

In this part of paper, we explore the image and preimage of intuitionistic fuzzy G-ideals under the
['-ring homomorphism.

Definition 4.1. A I'-ring homomorphism ¢ : M — M’ from a I'-ring M to a ['-ring M’ with
unity is called G-homomorphism, if for all g € G, 2 € M, ¢(g *x ) = g * ¢(x), where group G
acts on both the I'-rings.

Lemma 4.2. Let M and M’ be T'-rings and G be a finite group which acts on M and M'. Let
f: M — M be a function defined by f(x9) = (f(x))?,Vx € M,g € G. Then f is a I'-ring

homomorphism. Moreover, f is also a G-homomorphism.

Proof. Letx,y € M,y € T', g € G be any elements, then we have

f@9+y) = f((z+y)?) = (f(x) + f(v)? = (f(2) + (f(v)? = f(z?) + f(y?) and
f(@9yy?) = f((zyy)?) = (f(@)vf()? = (f (@) (f()? = f(@9)7f(y9).
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flgx (@1 +x2)) = fl(z1+32)?) = (f(a] +23))
= f(a]) + f(23) = (f(21))? + (f(22))
= gx* f(z1) +g* f(x2)
= g*(f(z1) + f(22))
= gx* f(x1 + x9).
Also,

flg = (@1yza)) = f((z1y22)?) = (f(2]y2))
= faDvf(@3) = (f(x1))'v(f (22))?
= (g9 f(z1)(g * f(x2))
= gx (f(z1)7f(22))
= g* f(z1722).
Therefore f is a G-homomorphism. ]

Lemma 4.3. Let M and M’ be T'-rings and G be a finite group which acts on M and M'. Let
f: M — M be a G-homomorphism and A, B are IFSs of M and M’, respectively. Then
(D) f7H(BY) = (f~1(B)),Vg € G;

2) f(A%) = (f(A)?,Vg € G.
Proof. (1) Letz € M and g € G be any element. Then
f7HB9) () = BI(f(x)) = B((f(2))?) = B(f(29))) = f~1(B)(2*) = (f7'(B))*()
Hence f~1(BY) = (f~*(B))%, Vg € G.
(2) Lety € M’ and g € G be any element. Then f(A%)(y) = (pf(a0)(Y), Vs(a0)(y)). Now
pran(y) = supfpas(z) - f(z) =y} = sup{ua(2?) : f(2) = y}
= sup{pa(e?) : f(2) = y*}
=y (f(2%) = iy ((F (2))7) = parians (F (@) = prans (v)-
Similarly, we can show that v¢(49)(y) = fi((a))s(y). Hence f(A9) = (f(A))?,Vg € G. O

Theorem 4.4. Let M and M’ be I'-rings and G be a finite group which acts on M and M'. Let
f: M — M be a G-homomorphism. If B is an intuitionistic fuzzy G-ideal of M', then f~1(B)
is an intuitionistic fuzzy G-ideal of M.

Proof. Let B be an intuitionistic fuzzy G-ideal of M’. To show that f~!(B) is an intuitionistic
fuzzy G-ideal of M. For this we show that (f~!(B))? is an IFI of M for all g € G. In view of
Lemma 4.2(1), we show that f~*(BY) is an IFI of M forall g € G.

Forz,ye M,yeTandg e G, f~1(BY)(x +y) = (uy—1(s)(x + y), Vj-1(5e)(x + y)), Wwhere

pr-in (@ +y) = ppdf(z+y)} = pp{f(@) + f(y)}
min{ s (f(x)), ups (f(y))}
= min{,uffl(Bg)(x),Mf*l(Bg)(y)}-

v

Thus Nf*l(BQ)@: +y) > min{ﬂffl(Bg)(@, Mf*l(Bg)(y)}'

150



Likewise, it can be established that v;-1(pey(x 4+ y) < max{vs-1(pe)(x), Vf-1(8s)(y) }.
Also, f~H(B)(zvy) = (py-1(8o)(T7Y), V-1(89)(27Y)), Where

prao(@vy) = pee{f(@19)} = ppa{ f(2)7f(y)}
max{yips (f(x)), pss (f(y))}
max{/iy-1(ps) (), fr-1(e)(y) }-

v

Thus p17-1(poe)(xvy) = max{ps-1(pe) (), ttr-1(59)(Y)}-
Likewise, it can be proved that vy-1(gey(zyy) < min{vy-1(pe)(7),vs-1(pe)(y)}. Therefore,

f7Y(BY) = (f~Y(B))Y is an IFI of M.

Hence f~!(B) is an intuitionistic fuzzy G-ideal of M. O
Theorem 4.5. Let M and M’ be I'-rings and G be a finite group which acts on M and M'. Let
f M — M be a G-epimorphism. If A is an intuitionistic fuzzy G-ideal of M which is constant
on Ker f of M, then f(A) is an intuitionistic fuzzy G-ideal of M'.

Proof. Let A be an intuitionistic fuzzy G-ideal of M. To show that f(A) is an intuitionistic fuzzy
G-ideal of M’. For this we show that (f(A))? is IFI of M’ for all g € G. In view of Lemma
4.2(2), we show that f(AY) is an IFI of M’ for all g € G.

Letx',y € M',v€T,g € G. As f is epimorphism, therefore there exist z, y € M such that

f(z) =2"and f(y) = y'. Now, f(A9)(2" + ) = (sas) (2" +¥'), Vja0) (2’ +¢')), where

ppcan (@ +9) = ppan(f(@) + () = tran(flz+y)

= pas(z +y)

> min{pas (), pas(y)}

= min{pya0) (f(2)), treas)(f(y)}

= min{pg(a0) (@), pyan (y)}-
Thus, ff(a0) (2" +y') = min{gescas (@), pa0)(y')}-
Similarly, we can show that vy a0y (2" 4+ ') < max{vye)(2), va9)(y')}.
Also, f(A?)(x"vy") = (ts(a0) (TVY), v(as)(2'7y')), where

,th(Ag)(£E/7y/) = a0 (f(@)7f(Y) = ppas (f(@7y))
= uAg(My)
> max{pas (), pas(y)}
= max{pras (f(2)), rasy(f(y)}
= max{jsa0(x), pran(y)}-
Thus, 1540y (2"y') = max{yisas) (@), pyas)(y')}-

Similarly, we can show that v(4e)(2'vy’) < min{vs(as)(2'), vra9)(y')}. Therefore, f(A?) and
so (f(A))? is an IFI of M’. Hence f(A) is an intuitionistic fuzzy G-ideal of M’. O

Theorem 4.6. Let M and M’ be T'-rings and G be a finite group which acts on M and M'. Let
f: M — M be a G-homomorphism. If P be an intuitionistic fuzzy G-prime ideal of M, then
f~Y(P) is an intuitionistic fuzzy G-prime ideal of M.
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Proof. Since P be an intuitionistic fuzzy G-prime ideal of M’ so by Theorem 2.11 f~1(P) is also
an intuitionistic fuzzy prime ideal of M. So, it remains to show that f~!(P) is G-invariant. For
this consider x € M, g € G be any elements. Then we have p;1(py(29) = pp(f(29)) =
pp((f(x))?) = pp((f(x))) = pprpy(x). Likewise, it can be proved that vy-1p)(29) =
ve-1(py(z). Thus f~1(P) is G-invariant. Hence f~'(P) is an intuitionistic fuzzy G-prime ideal of

M. O

Theorem 4.7. Let M and M’ be I'-rings and G be a finite group which acts on M and M'. Let
f: M — M be a G-epimorphism. If P is an intuitionistic fuzzy G-prime ideal which is constant
on Kerf of M, then f(P) is an intuitionistic fuzzy G-prime ideal of M’

Proof. Since P be an intuitionistic fuzzy G-prime ideal of M which is constant on Ker f of M
so by Theorem 2.11 f(P) is also an intuitionistic fuzzy prime ideal of M’. So, it remains to
show that f(P) is G-invariant. For this consider y € M’ g € G be any element. As f is an
epimorphism so, there exists x € M such that f(z) = y. Then we have

ey (Y0 = nens(y) = ppea(y) = pps(f7H ) = ppe(x) = pp(a?) = pp(x) =
pr(f~H(y)) = pppy(y). Similarly, we can show that vppy(y9) = vpp)(y). Thus f(P) is
G-invariant. Hence f(P) is an intuitionistic fuzzy G-prime ideal of M. Il
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