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Abstract

In this paper the authors discuss how intuitionistic fuzzy sets as defined by Atanassov
in [1] can be combined with a construction by Takeuti and Titani ([12]), given by its
authors the same name. The resulting object, has the semantics of the former, while
satisfying the azxioms of the latter. Correctness of the construction is proved in the
azxiomatic system presented in [12].

1. Introduction

The first research, devoted to the concept of “Intuitionistic Fuzzy set” (IFS) was in-
troduced in 1983 in [1] by the first of the authors (we will refer to this concept as
A-IFS). More than a year after this, G. Takeuti and S. Titani introduced in [12] anoth-
er mathematical concept, using the same name (we will refer to it as T-IFS). When the
first author of the present research understood about Takeuti and Titani’s paper, he
noted this fact in his book [4]. The first bibliography on IF'S contains about 400 papers
related to A-IFS, prepared in 18 year period (see [11]), while the second bibliography
contains new 400 papers only for 3-year period. This fact shows that the interest to
A-TFSs increases.

In the present paper the authors will show how the T-IFS construction can be
accommodated to an A-IFS representation. Moveover, we will demonstrate how a
variety of such constructions can be easily obtained. In [12] Takeuti and Titani suggest
that the interval [0;1], viewed as a complete Heyting algebra, can be used to construct
a model of the intuitionistic logic. They extend Gentzen’s LJ axiomatic of intuitionistic
logic with six additional axioms and one derivation rule and prove corectness and strong
completeness in the obtained system. We will show how this construction can be
trivially modified to use

L*={(z,y) € [0;1] x [0;1] |z +y < 1}

as the truth value set.

L* is the truth value set of A-IFS; the two independent components of the pair
represent the degree of membership and the degree of non-membership with the condi-
tion of non-contradiction. When the second degree depends on the first in the manner



y = 1—x, we obtain an ordinary fuzzy set. Therefore, Takeuti and Titani’s construction
can be modified by introducing an independent degree of non-membership y, which can
vary from 0 to 1 — z.

Formulas in intuitionistic logic always satisfy

A— ——A (1)
for every proposition A, but not always
-—A — A (2)
Whem proposition A satisfies simultaneously (1) and (2), the equality
A=--A (3)

holds, which is valid in classical logic.

Initially, connectives in A-IFS were defined in such manner, that (3) was valid in
Intuitionistic Fuzzy Logic (IFL), developed in 1988 in [2] (see, also [4, 5, 8, 9] and
others). This fact is the starting point for criticism from some colleagues who argue
that the word “intuitionistic” does not apply to A-IFS. Our goal in this paper is to show
that one of the possibilities to define connectives in A-IFS, which satisfy the axioms of

intuitionistic logic without collapsing to classical logic, is to follow the construction in
[12].

2. T-IFS style implication in A-IFS

The T-IFS implication is introduced for p,q € [0, 1] by

1, ifp<g
q, ifp>gq

p—a=\ireoapar<a={

This implication can be written in an explicit form, using the following auxiliary
functions:

1, ifz<0

() = 0, ifx<O0 “(z) =
=01 ife>0 BT 0, ifr>0

Obviously,
sg*(z) = sg(1 — sg(x)).
Therefore, the implication in T-IFS sense can be written as
p— q = max(q,sg"(p — q)).

In the same manner we can define an A-IFS implcation in L*:

(p1.p2) = (q1, 2) = (max(q1,sg" (p1 — q1)), min(qz,sg(p1 — q1))), (4)

or equivalently
(1,0), ifpr <aq
— = .
(p1,p2) — (01, q2) { (q1,92), ifp1>aq

Clearly



((p1,p2) = (q1.q2)) = (1,0) <= p1 < q1.

Further, the negation has the form
~(a,b) = (a,8) — (0,1) = {max(0,5"(a)), min(L, sg(a)))

— g @se@) = { 0 5070

The other logical connectives - conjuction and disjunction, are to be interpreted in
the classical A-IF'S manner:

(p1,p2) V (q1.92) = (max(p1, q1), min(pz2, q2)).
(p1,p2) A (q1.q2) = (min(p1, q1), maz(p2, q2)).

It is important to note that a partial ordering has been defined on the truth value
set L* as follows:

(p1,p2) < (q1,92)iffp1 < pa&eqi > qo,

thus making L* a complete lattice, as noted by Deschrijver and Kerre in [10]. Then
the implication defined above has the following property:

(p1.p2) < (q1,92) = ((P1,p2) — {(q1,q2)) = (1,0).

The implication over [0,1] defined by Takeuti and Titani holds the same property
for the standard linear ordering of real numbers.

3. A-IFS as a model of Takeuti and Titani’s
axiomatic

In [12] Takeuti and Titani extend the axiomatic of intuitionistic logic in order to use a
non-discrete truth value set with the power of the continuum. We will show that A-IFSs
with the connectives, defined in the previous section can be used as semantics for this
axiomatic system. Moreover, this can be done following strictly the construction in [12]
by translating the operations in [0,1] to the appropriate operations in L*.

Let us consider the language £ of first-order predicate logic with propositional vari-
ables, in which the axiomatic is presented:

e individual free and bound variables: ag, a1, ..., xg,T1,...;

e individual constants: cg,cq,...;

e propositional variables: pg, p1,...;

e propositional constants: zg, z1, .. .;

e predicate symbols with their arity: Ro/ng, Ri/n1,...;

e logical symbols: V, A, —,—, 3, V.

In the A-IFS model, propositional variables and constants are to be interpreted in
L*, while predicates are to be interpreted as functions, ranging over L*.

Let A be a non-empty set. Let us consider the language £’, extended with a contin-
uum of propositional constants (3 for each 3 € L* and individual constants @ for each



a € A. We will call (A,[[]]) an A-IF'S model of Takeuti and Titani’s axiomatic if [[ ]]
is an interpretation function over the set of closed terms and formulas in £’ as follows:

(] € foreachindividualconstantc,
[@]] = « foreacha € A,

[[p)) € L*

[[B]] = foreach3 € L*,

[

R]] : .A — L* foreachn — aritypredicatesymbolR,

[[R(tr, - s tn)ll = [[RII({[E]], - - [[Ea])),

[AAB] = [[A]] A[[B]],
[[AvB]] =[[A] v[[B]],
[2A]] = ~[[A]l,
[[A— B]l = [A]] — [[B]],
[Veo(@)]] = Aacallr@]],
[Bae(@)]] = Vacallp@)]].

In order to evaluate an open formula in £, we need an assignment of values to the
individual and propositional variables p : {ag, a1,...; 20, 21,...} — AU L*. We will use
the notation from [12] for substitution of free variables in an open formula A in £ with
their values, given by an assignment p to receive the closed formula A, in £’. The truth
value of a sequent is defined in a natural way via the implication:

(2= A= \/1¢ — Al
ey
A sequent ¥ = A is valid in a model (A,[[ ]]) iff [¥ = A]], = (1,0) for every
assignment p. A sequent is valid (an A-IFS predicate tautology as defined in [8, 9]) if
it is valid in every model.

We should note here that this definition of validity is monotone in L*, as is the case
in [0,1]:

(2] < [[A]] = £ = Asvalid.

4. Correctness of the A-IFS model

In [3] Atanassov showed that the axioms and rules of intuitionistic logic are valid in
the A-IFS sense. This proof can be translated with the definitions of the validity and
implication given above. In this paper we will prove that

(1) the Extra Axiom Schemata are valid in the A-IFS sense

(2) the Extra Inference Rule preserves validity in the A-IF'S sense
Theorem 1. The Extra Axiom Schemata for TT-IF are valid.
Proof. In all proofs we will consider an arbitrary model (A, [[ ]]) with an arbitrary
assignment p. Furthermore, let

[A]] = (a,b),
([B]] = (¢, d),
[[C] = (e /),
(DI = (g, h)-



Extra Axiom Schemata of Takeuti and Titani:

() =(A—B)V((A—B)—B);

(A—-B)—B=(B— A)VB,

(AANB) - C=(A—-C)V(B—C(C);

A— (BVC)=(A— B)V(A—C);

Vz(C'V A(x)) = C V Vz(A(z)), wherexdoesnotoccurinC;

VrA(x) — C = Jz(A(x) — D) V (D — C), wherexdoesnotoccurinD.

(b
(c
(d
(
(

(&

s
S N N N N

(a) Let A and B be formulae in L.

(((A—B)V(A—B)—=Bll,=

({a;0) = (e, d)) V ({a,b) = (¢, d)) — (¢, d)

<max(c sg*(a — ¢)), min(d, sg(a — ¢)))

V(max(e,sg*(a — ¢)), min(d,sg(a — ¢))) — (¢, d)

(max(c,sg*(a — ¢)), min(d, sg(a — ¢)))

V(max(c, sg*(max(c,sg*(a — ¢)) — ¢)), min(d, sg(max(c,sg*(a — ¢)) — ¢))).

If a < ¢, then sg*(a —¢) = 1 and

[(A— B)V ((A— B) — B)]
= (1,0) V (max(c,sg*(1 — ¢)),
min(d, sg(max(c,1 — ¢))))
= (1,0).

If a > ¢, then sg*(a — ¢) =0, sg(a —¢) = 1 and

[[(A— B)V((A— B) — B)]], = {c¢d)V (max(c,

1), min(d, 0))
= (e, d) v (1,0) = (1,

0).

Therefore, (a) is valid.
(b) Let A and B be formulae in £. From above, we have

[[(A— B) — BJ],

= (max(c,sg*(max(c,sg*(a — ¢)) — ¢)), min(d, sg(max(c,sg*(a — ¢)) — ¢)))

and

(B —A)Vv B, = (max(a,sg"(c—a)), min(b,sg(c—a)))V (c,d)

= (ma
= (max(a, &) Sg* (C - a))v min(b, d7 Sg(C - a))>
If a <c=1, then d =0 and

max(a, ¢,sg"(c — a)) — max(c, sg” (max(c,sg"(a —¢)) —¢)) =1—-1=
and

min(d, sg(max(c,sg*(a — ¢)) — ¢)) — min(b,d,sg(c —a)) =0—0=0.
If a <c< 1, then
max(a, ¢,sg*(c—a)) —max(c,sg*(max(c,sg*(a—c)) —c))e—max(c,sg"(1—c¢)) =c—c=0
and
min(d, sg(max(c,sg*(a — ¢)) — ¢)) — min(b, d, sg(c — a))
= min(d, sg(1 — ¢)) — min(b, d,sg(c — a)) > d — min(b, d, sg(c — a)) > 0.

bt



If a > ¢, then
max(a, ¢,sg*(c — a)) — max(c, sg™(max(c,sg*(a — ¢)) — ¢))1 —max(c,0) =1—¢c>0
and
min(d, sg(max(c,sg*(a — ¢)) — ¢)) — min(b, d, sg(c — a))
= min(d, sg(max(c,0) — ¢)) — min(b,d,0) =0 — 0= 0.

Therefore, the value of the left side of (b) is smaller than the value of the right side,
hence (b) is valid.
(c) Let A, B and C be formulae in L.

[AAB) = Cll, = (ab)Afe,d) — (e, f) = mina, c), max(b, d)) — (e, f)
= (max(e, sg*(min(a, ¢) — e)), min(f, sg(min(a, c) — e))).

and
[[(A_> C) \ (B - C)HP = <a7b> - <€7f> \ <C7d> - <€7f>
= (max(e,sg*(a — €)), min(f,sg(a — e)))
V(max(e,sg*(c — e)), min(f,sg(c —e)))
= (max(e,sg*(a — e),sg*(c —€)),
min(f,sg(a — e),sg(c —e))).
Let

X = max(e,sg*(a — e),sg*(c — e)) — max(e,sg*(min(a, c) — e)).

If min(a,c) <e, then a < e or ¢ < e and hence
X = max(e,sg"(a —e),sg"(c—e€)) —1=1-1=0.
If min(a, c) > e, then a > e and ¢ > e and hence
X=e—e=0.

Therefore, X = 0.
For the difference min( f, sg(min(a, c) —e)) — min(f, sg(a —e),sg(c— e)) we construct
the expression

Y = sg(min(a,c) — e) — min(sg(a — €),sg(c — e)).
If min(a,c) <e, then a < e or ¢ < e, and hence
Y =0 — min(0,0) = 0,
if min(a,c) > e, then a > e and ¢ > e, and hence
Y =1—min(1,1) =0.

Therefore, Y = 0. Hence, the two sides of (c) have the same values, in particular (c) is
valid.
(d) Let A, B and C be formulae in L.

HA - (B A C)HP = <a7 b> - <Cv d> N <67 f>
= (max(c, e, sg*(a — max(c, e))), min(d, f, sg(a — max(c,e)))) °
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and

[(AVB)V(A—=CO)l,= (a,b) = (c,d) V{a,b) = (e, f)
(max(c,sg*(a — ¢)), min(d, sg(a — ¢)))
V(max(e,sg*(a — €)), min(f,sg(a — €)))
= (max(c,e,sg*(a — ¢),sg*(a — €)),

min(d, f,sg(a — ¢),sg(a — €))).

For the difference
max(c, e,sg”(a — ¢),sg*(a — e)) — max(c, e,sg" (a — max(c, e)))

let
X = max(sg”(a — ¢),sg"(a — €)) — sg"(a — max(c, e)).

If a <cora<e,then a < max(c,e) and
X=1-1=0,
if @ > ¢ and a > e, then a > max(c, e) and
X = max(0,0) —0=0,
i.e., X = 0. Therefore,
max(c, e,sg"(a — ¢),sg*(a — e)) = max(c, e,sg"(a — max(c, e))).

Let
Y = min(d, f,sg(a — max(c,e))) — min(d, f,sg(a — ¢),sg(a — e)).

If a <cora<e, then a < max(c,e) and
Y = min(d, f,0) — min(d, f,0,0) =0,
if a > c and a > e, then a > max(c, e) and
X =min(d, f,1) — min(d, f,1) = min(d, f) — min(d, f) = 0,

i.e.,, Y = 0. Therefore, the two sides of (d) have the same value and (d) is valid.
(e) Let A(z) and C be formulae in £ and let = do not occur in C. Let

[[A(2)]], = (a(p(x)), b(p(x)))forsomeassignment p.

Then
[Ve(CV A@)]l, = Naealle, F) v (a(a),b(@)))
=/\aeA<maX(€,a( a)), min(f, b(a)))
= (min, max(e, a(a)), max, min(f, b(«)))
and
([CVVzA@)]]l, = (e, f)V Naeala(@), b(a))
= (e, f) V (ming a(a), maxq b())
= (max(e, ming a(«)), min( f, max, b(«a))).
Let

X = max(e, min a(a)) — min max(e, a()).



If e < min, a(a), then for all a € A: e < a(a) and

X =mina(a) —mina(a) =0,

if e > min, a(«), then there exists a € A for which e > a(a) and
X = e —minmax(e,a(a)) >e—e=0.
(6%

Let
Y = max min(f,b(a)) — min(f, max b(a)).

If f < max,b(a), then there exists o € A for which f < b(a) and
Y = maxmin(f,b(e)) = f > [ = [ =0,
if f > max, b(a), then for all o € A: f > b(a) and
Y=f —moz}xb(oz) >0,

i.e., Y > 0. Thereforfe, (e) is valid.
(f) Let A,C and D be formulae in £ and let x do not occur in D. Similarly, let

[[A(2)]], = (a(p(x)), b(p(x)))forsomeassignment p.

Then

[¥zA(z) — C1], = (max(e.se*(mina(a) — ¢)), min(/, sg(min a(a) - ¢)))

and

[Fz(A(z) = D)V (D — C)l], = V,ea(max(g,sg*(ala) — g)),
min(h, sg(a(a) — g)))
V(max(e, sg*(g — €)), min(f,sg(g — €)))
= (max,(max(g,sg*(a(a) — g))),
min, (min(h, sg(a(e) — g))))
V(max(e, sg*(g — €)), min(f,sg(g — €)))
= (max(max,(max(g,sg*(a(a) — g))),
max(e,sg*(g —€))),
min(ming, (min(h, sg(a(a) — g))),
min(f,sg(g —e))))
= (max(g, max, sg*(a(a) —g)),e,sg*(g — e),
min(f, h, ming sg(a(a) — g)),sg(g —€)).

«

svl

Let
X = max(g, maxsg*(a(a) — g)),e,sg" (g — e) — max(e,sg* (mina(a) — e)).
If there is o € A: e > a(a), then

X = max(e, g, max,sg*(a(a) — g),sg*(g — e)) — max(e, 1)
= max(e, g, max, sg*(a(a) — g),sg*(g —e)) — 1.

RS
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If g <e, then
X = max(e, g, maxsg*(a(a) — g),1) —1 =0,
«

if g > e, then there exists a € A: g > e > a(a) and
X = max(e,g,1,0) — 1 =0,
if for all a € A: e < a(«), then
X = max(e,g,mgx sg*(a(a) — g),sg" (g — e)) — max(e,0) > 0.

Therefore, always X > 0.
Let

Y = min(f, sg(moin a(a) —e)) — min(f, h,moin sgla(a) — g),sg(g —e)).
If there is o € A: g > a(a), then
Y = min(f,sg(ming a(a) —e)) —min(f, h,0,sg(g —e))
= min(f, sg(min, a(a) —e)) — 0> 0,
if for all @ € A: g < a(a), then
Y = min(f,sg(miny a(a) —€)) — min(f, h, 1,sg(g —e€))
= min(f, sg(min, a(a) — e)) — min(f, h,sg(g — e)).

If e > g, then
X = min(f,sg(min, a(a) — e)) —min(f, h,0)
= min(f, sg(miny a(a) —e)) — 0> 0,

if e < g, then for all @ € A: e < g < a(a). ie.,

mina(a) > e.
(63

Hence
Y = min(f,1) — min(f, h,1,sg(g —€)) = f —min(f, h,1) = f —min(f,h) > 0.

Therefore, always Y > 0 and (f) is valid. 2
Theorem 2. The Extra Inference Rule TT-IF preserves validity in the A-IFS model.
Proof. We will prove that in the Extra Inference Rule

I'=Av(C—2z)V(x— B)
I'= Av(C— B)

whenever the upper sequent is valid then the lower sequent is also valid, where I' is
a finite set of propositional formulas and z is a propositional variable, which does not
occur in the lower sequent.

The proof for the TT-IFS case, as done in [12] can easily be translated in the A-TFS
model in the following manner.

We will prove the contraposition of the rule, i.e. whenever the lower sequent is not
valid, the upper sequent is not valid either. Let (A, [[]]) be an A-IFS model, and p be
an assignment in this model for which:

[I'= AV (C — B)]], # (1,0).

9



As [[I'= Fl], = Veerll§ = Flp, then for every £ € I' it is true that
[§ = AV (C = B)ll, # (1,0).

Let [[A]], = (a1, a2),[[Bll, = (b1,b2),[[Cl], = (c1,¢2), [[€]], = (61, &), [[C — Bll, =
(dy1,ds). Let us fix a formula £ € I'. From the properties of the implication we have

&1 > mazx(ay, dy),
or equivalently
&1 > a1,& > dr.

Therefore di < 1 and from the properties of the implication again we have
c1 > by, (dy,d2) = (b1, b2).
Finally, for each £ € I" we have
§1 > a1,61 > by, e > by,
min(&1,c1)>b1

Since I' is finite, we can find a number z; for which:
min(minger(§1), c1) > 21 > by.

Therefore if we take a propositional variable z for which [[2]], = (21, 22) for any 2z, €
[0; 1 — 21], then we shall have

[C = =]l, # (1,0),

[z — Bll, # (1,0),
[ = AV(C —2)V(z— B)ll, # (1,0),
for each ¢ € I'. Finally,

[I'= AV (C —z)V(z— B)]|, #(1,0). 2

Theorems 1 and 2 complete the proof of the A-IFS model correctness in Takeuti
and Titani’s axiomatic.

6. Conclusion

The present arctile is the first step in our research. In future we will prove strong
completeness of this construct with respect to the axiomatic. We will also show that
this construction is not the only possibility for building an A-IFS model. In this paper
we have only discussed the straightforward generalization of Takeuti and Titani’s im-
plication. It should be noted that in [2] there has been defined a sg—implication, which
is already more general than (4). However, an even more stronger implication can be
defined and we plan to show this in our future work. Other A-IFS implications have
been discussed in [6] and A-IF'S negations — in [7].

This paper is an illustration for an object, which can be constructed to follow the
intuitionistic idea but in two senses - TT-IFS sense and A-IFS sense. How should
we name such kind of object? From A-IFS point of view it is a natural extension by
introducing two new opearations. The authors’ opinion is that it is not justified that
for every set of logical connectives on A-IFS we should come up with a new name.
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