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1. INTRODUCTION

Yager in his paper [27] indicated the possible application of bags in the area of relational databases
and suggested that a more useful version of database calculus can be developed using this theory.
In [27], he also defined fuzzy bags and investigated a calculus for fuzzy bags. Intuitionistic fuzzy
set(IFS) theory introduced by Attanassov [1] is a generalization of the fuzzy set theory. Intuitionistic
fuzzy sets are not fuzzy sets but fuzzy sets are intuitionistic fuzzy sets[1]. As a result, IFS theory
has become another mathematical tool to deal with vagueness. The problems which are dealt with
fuzzy set theory can be well dealt with IFS theory, but there are some situations where IFS theory
is more appropriate than fuzzy set theory[10].

In the present paper, the authors define intuitionistic fuzzy bags(IF-bags) and study their prop-
erties.

2. PRELIMINARIES

Definition 2.1

A bag B drawn from a set X is represented by a function C'ountg or Cg defined as
Cg: X — N

where NV represents the set of non-negative integers. Here C'4(z) is the number of occurrences of
the element z in the bag B. We represent the bag B drawn from the set X = {21, 29, ...... 5B }
as B = {z1/n1,22/n2, ... Tm/Mm} where n; is the number of occurrence of the element z; (i =
1,2,3,....) in the bag B, that is n; = Cg(z;).

However we do not include those elements in the bag B which have zero count. That is, if an
element of X do not appear in a bag B, then it is supposed to have taken a zero count.

Example 2.1



Let X = {p,q,r,s} be any set. Then B = {p,p,q¢,q¢,¢,7,7,7,7,58} is a bag drawn from X which
is represented by B = {p/2,q/3,7/4,5/1}.
It is to note that a set is a special case of a bag.
A bag B is said to be equal to a bag B, if V 2 € X,
C5,(2) = Cr,(2).

Here both the bags By and B, are drawn from the same set X.
Definition 2.2

(I) If B be a bag drawn from a set X, then the set B* which is a subset of X is called to be the
support set of B if

Cp(z)>0= 2 € B*
and
Cplel=D=3z¢ 5"
The characteristic function of the set B* is given by
ép+(z) = min{Cpg(z),1}.
Different bags can have the same support set.

(IT) If B; and B, be two bags drawn from a set X', then we call B; to be a sub-bag of B;, denoted
byBlngifVl’EX,

C,(z) < C, ().
By is called to be a proper sub-bag of B, denoted by By « By if V z € X,
Cp,(2) < Cp,(2).
(IIT) A bag B is called to be an empty bag if for all z € X,
Cgla)= 0.
Note that the support set of an empty bag is the null set.

(IV) The cardinality of a bag B drawn from a set X is denoted by Card(B) and is given by

Card(B) = Z Cp(z).
zeX
(V) For a bag B drawn from a set X, 11_'163\}( Cg(2) is called to be the peak value of the bag. We
call any 2* € X such that o

Cp(2™) = maxCpg(x)
zeX

to be the peak element of the bag B.



(VI) Let B be a bag drawn {rom a set X and let @ € X. Then the insertion of 2 into the bag B
results in a new bag B’, denoted by B’ = B & « such that
Cele} = Cglz)+1
Cp(y) = CB(y) Yy #uz.

(VII) Let B be a bag drawn from a set X and let 2 € X. Then the removal of z from the bag B
results in a new bag B’, denoted by B’ = B & « such that

Cgi(z) max[Cp(z) —1,0]
Cp(y) = Cply) Vy#e.

(VIII) Addition of two bags B; and B drawn from a set X results in a new bag B , denoted by
B = By @ By such that V z € X,

Cp(z) = Cp,(z) + Cp,(x).

Clearly the operation of bag addition is commutative and associative. Also there exists a null bag
¢, such that B @ ¢ = B for any bag B.

(IX) If By and B3 be two bags drawn from a set X', then the removal of the bag By from the bag
By results in a new bag B, denoted by B = By & By such that Vo € X,

Cg(z) = maz[Cp,(x) — Cp,(2),0].

(X) The union of two bags By and B, drawn from a set X is a new bag B denoted by B = B;U B,
such that for all z € X,

Cgl{z) = man[Cg, (x), Cp,(z)].

(XI) The intersection of two bags By and By drawn from a set X is a new bag B denoted by
B = B; N By such that for all z € X,

Cp(z) = min[Cp,(z),CB,(2)].

Theorem 2.1
If By and B3 be two bags drawn from a set X and if B = By @ Bs, then
B* = DBiU B3
where B*, B} and B} represent the support sets of the bags B3, I3) and By respectively.
Definition 2.3
A fuzzy bag F' drawn from a set X is characterized by a function C'Mp such that
CMp:X — B

where B is the set of all crisp bags drawn from the unit interval I = [0,1].
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Thus for any ¢ € X, CMp(z) is a crisp bag drawn from /. Again since any crisp bag can itself be
characterized by a count function over its set, hence C'AMp(a) can be characterized by the following
count function

Cemz : I — N

where N is the set of non-negative integers. In this case, for any a € I, C'CM}(a) is a positive
number which indicates the number of occurrence of @ with membership value « in the fuzzy bag
F,

Note that for all F and =z,

Conmz(0) =0

that is, zero elements are not counted as belonging.

An ordinary or crisp bag B drawn from a set X can be considered as a fuzzy bag by the following
formulation, where C Mp(z) is the usual count of  in B. If C'(;Mir?(a) is the fuzzy bag representation
of the crisp bag B, then for each z € X

Comz(l) = CMpg(z)
Cengla) = 0 for a#l.

Hence the objects C' Mp(a) are considered as bags in which the only element that can have a non-
zero count are the o = 1 elements.
Thus the concept of fuzzy bags is a generalization of the concept of bags.

Definition 2.4

(I) Two fuzzy bags Fy and Fy drawn from a set X are said to be equal, denoted by Fy = Fy if
forallze X and a €1,

Ceng (a) = Cenrg (@)

(IT) For any two fuzzy bags F and F, drawn from a set X', Fj is said to be a fuzzy sub-bag of
F; denoted by Fy C Fy if for all 2 € X and a €

Cong () < Cenrg ().

(III) Let F be a fuzzy bag drawn from a set X. Then the fuzzy supporting set of F is a fuzzy
subset of X denoted by F* whose membership function is given by

Y (x) = max[min( C'CM;;(C\/), a)l.
o

Note that ¥p«(2) is actually the maximum membership value which has a non-zero count in the
bag CMp(z).

(IV) The sum of the two fuzzy bags Iy and I drawn from a set X results in a new fuzzy bag F'
denoted by F' = Fy & F; such that for each 2 € X and a € I,

Comgla) = Conrg (@) ® Cearg, (a).



Thus the insertion of an element y with membership value ‘e’ into a fuzzy bag F results in a new
fuzzy bag F’ such that

Comy, (@) = Ceoppgla) +1,
Comy,(a) = Cepyla) a#a,
Comz,(a) = Ceomgla) a#a and z#y.

(V) Let Fy and F, be two fuzzy bags drawn from a set X. Then the removal of the fuzzy bag
Fy from the fuzzy bag Fj results in a new fuzzy bag F' denoted by F' = F; © I, such that for all
z€ X and a €I,

C'CM}E(Q) = 771@.’5[001\1}51 (a) = CCA/I;;Q (a),0].

(IV) The union of the two fuzzy bags Iy and Iy drawn {rom a set X results in a new fuzzy bag
F denoted by F = Fy U I3, such that for each 2 € X and o € [,

Comz(a) = ma:L'[C'cM;l (@), Conrg, (a)].

(V) The intersection of the two fuzzy bags F; and F, drawn from a set X results in a new fuzzy
bag F denoted by F = F; N F; such that for each 2 € X and « € I,

Cc]\,{}r?(a') = min[CCM;;l (a), Cc;\[;;z(a')].
Definition 2.5

Consider the universal bag U of an information system. Let X be the support set of U. Then
for a sub-bag B of U, the complement of B in U is the sub-bag of U denoted by B¢ and is defined
as forall z € X,

Cpe(z) = Cy(z) — Cp(z).
Clearly, U¢ = The empty bag ¢.
and ¢°=U.
Also we can write B¢ = U — B.

Definition 2.6

Let a set E be fixed. An intuitionistic fuzzy set(IF'S) A in £ is an object having the form
A" ={< a,pa(2),va(a) >z € E}

where the functions pg : E — [0,1] and vy : 2 — [0, 1] define respectively the degree of mem-
bership and the degree of non-membership of the clement 2 € IV to the set A, and for every z € F,
0 < pa(z)+va(z) < 1.

If rp(z) = 1 — pp(z) — ve(e), then 7p(2) is the degree of indeterminacy or hesitation on belong-
ingness of the element 2 in the IFS A.

Definition 2.7
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For every two IFS’s A and B,

(I) Ac Biff Vz e E) (pz) < pp(r) and va(x) > vp(e)),

(I) AD Biff B C 4,

(II) A=Biff (V2 € E) (ur) = pp(r) and va(z) = vp(z)),

(IV) A= {< :L‘,I/A(IIZ),/LA(.’B) >|‘7" = E}7

(V) AN B = {< z,min(pa(z), up(2)), mez(va(z),vp(z)) >z € E},
(VI) AU B = {< z,maz(pa(z), up(z)), min(rva(a),ve(z)) > a € E}.

3. INTUITIONISTIC FUZZY BAGS
In this section we intoduce the concept of intuitionistic fuzzy bags.
Definition 3.1

Let X be a non-empty set. Then an intuitionistic fuzzy bag(IF-bag) A drawn from X is charac-
terized by a function

CMyg: X — @,

where @ is the set of all crisp bags drawn {rom the cartesian product I x I of the unit interval I =
[0,1].
Thus for any z € X, CM4(x) is a crisp bag drawn from I X [ and

CC‘]\IA(:L') I x I — N

which is the characterizing count function for the bag C'M4(2). Thus, for any (a,8) € I X I,
CeMa(z)(@, B) indicates the number of times x appears with the degree of membership « and the
degree of non- membership § in the intuitionistic fuzzy bag A; that means it is the number of
z/(a, B) objects in the bag A.

We note that for all A and =z,
Cenry(0)(0,0) =0,

An intuitionistic fuzzy bag A reduces to a fuzzy bag A if for each ¢ € X, CM4(2) is a crisp bag in
which for each (a,8) € CMy(z), a+ /=1

Definition 3.2
Let X be a set of elements. Then there exists one I[F-bag drawn From X, denoted by ¢ such that
for each z € X, CMy(z) is an empty bag. i.c. Coay,y(a,B) =0,forcachz € X and (o, ) € I X 1.
This IF-bag is called the null IF-bag.

Definition 3.3

Two IF-bags A and B drawn from a set X are said to be equal denoted as A = B ifforall z € X,
CMy(z) = CMgp(2),

i.e. the bag characterizing o in A is equal to the bag characterizing x in B.

58



Note that CM4(2) and C Mp(z) are crisp bags over the cartesian product of the unit interval
and are equal when their characterizing counts are equal. That is, the equality of two fuzzy bags A
and B drawn from X requires that Va € X and V («,3) € I X I,

CoMae) (@, B) = Conmpa) (@, B).

Definition 3.4

Suppose A and B be two IF-bags drawn from the set X. We say that A is a sub-bag of B,
denoted by AC Bifforallz € X, (a,08) € I x I,

Comye)(@,B) £ Conpa)(a, B).

Definition 3.5

Suppose A and B be two IF-bags drawn from the set X. Then we define the following:-
(I) The addition of A and B results in a new IF-bag, denoted as A @ B such that V2 € X and

V(e B)€lxI,
CoMagn(z)(@: B) = Conry(z)(@, B) + Corrg(z)(@, B)-

(IT) The removal of B from A results in a new IF-bag, denoted as A © B such that Vz € X and
V(e,B)€eIXI,

CoMagp(e) (@ B) = max{Cen ), B) = Conry(z) (@, B8),0}.
(III) The insertion of an element y/(«,b) into A results in a new IF-bag B such that

for (a,f) # (a,b) and & # y we have
Comp@)(@,8) = Comye)(a,B);
otherwise,
Congy)(a,d) = Cony)(a,b)+ 1.

(IV) The union of A and B results in a new IF-bag, denoted as A U B such that Yz € X and
V(a,B)€IxI,

CoMayp(z)(@B) = maz{Ceon,(z)(a, B), Comp(z)(a, B)}-

(V) The intersection of A and B results in a new IF-bag, denoted as AM B such that Vz € X
and V (a,8) € I x I,

CoManz(z)(@ B) = min{Cen () (@, B), Corp(z)(a, B)}-
Example 3.1
Let X = {a,b,c,d,e} be any set and let

A = {a/{(0.5,0.3)/2,(0.6,0.1)/3},0/{(0.9,0)/1,(0.2,0.3)/5},
¢/{(0.8,0.2)/8,(0.4,0.4)/6,(0.3,0.1)/5},d/{(0.3,0.3)/1},¢/{(0.9,0)/1,(0.2,0.1)/6}}



and

B = {a/{(0.5,0.5)/3},b/{(0.6,0.4)/2}, ¢/{(0.4,0.4)/3}.d/{(0.3,0.1)/2,(0.4,0.3)/5},
e/{(0.9,0)/8,(0.2,0.2)/1}}

be two IF-bags drawn from X.
Then,

A®B = {a/{(0.5,0.3)/2,(0.6,0.1)/3,(0.5,0.5)/3},b/{(0.6,0.4)/2,(0.9,0)/1,
(0.2,0.3)/5},¢/{(0.8,0.2)/8,(0.4,0.4)/14,(0.3,0.1)/5}, d/{(0.3,0.3)/1,
(0.3,0.1)/2,(0.4,0.3)/5}, ¢/{(0.9,0)/9,(0.2,0.1)/6, (0.2,0.2)/1}}

AeB = {a/{(0.5,0.3)/2,(0.6,0.1)/3},b/{(0.9,0)/1,(0.2,0.3)/5},¢/{(0.8,0.2)/8,(0.3,0.1)/5}
d/{(0.3,0.3)/1},¢e/{(0.2,0.1)/6, }}

AUB = {a/{(0.5,0.3)/2,(0.6,0.1)/3,(0.5,0.5)/3},b/{(0.6,0.4)/2,(0.9,0)/1,(0.2,0.3)/5},
¢/{(0.8,0.2)/8,(0.4,0.4)/8,(0.3,0.1)/5},d/{(0.3,0.3)/1,(0.3,0.1)/2,(0.4,0.3) /5},
e/{(0.9,0)/8,(0.2,0.1)/6,(0.2,0.2)/1}}

ANB = {a/{(0.5,0.3)/2,(0.6,0.1)/3,(0.5,0.5)/3},b/{(0.6,0.4)/2,(0.9,0)/1,(0.2,0.3)/5},
¢/{(0.8,0.2)/8,(0.4,0.4)/8,(0.3,0.1)/5},d/{(0.3,0.3)/1, (0.3,0.1)/2, (0.4, 0.3)/5},
¢/{(0.9,0)/1,(0.2,0.1)/6,(0.2,0.2)/1}}

The results in the following propositions are straightforward.

Proposition 3.1
If A be any IF-bag and ¢ be the null IF-bag, then the following holds:
(i)edd=0¢ (i)Ade=4 (ii)Adosé=A (v)¢oAd=2¢
(v) A6A=¢ (vi)AUgp=A (vii) AN¢ = ¢.

Proposition 3.2

(1) For any two IF-bags A and B, if A « B and B « A, then A = B.
(2) The operation ‘addition’ of IF-bags is
(i) Commutative: i.e for any two IF-hags A and B,
A B=DBo A.
(ii) Associative: i.e for any three IF-bags A, B and C,

A®(BaC)=(AaB)aC.
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